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PREFACE 



TO THE AMERICAN EDITION. 



The Editor, in offering to the public Dr. Brewster's 
translation of Legendre's Geometry under its pre- 
sent form, is fully impressed with the responsibility 
he assumes in making alterations in a work of such 
deserved celebrity. The alterations made, are 
chiefly in the texts of the propositions. 

In the original work, as well as in the transla- 
tions of Dr. Brewster and Professor Farrar, the 
propositions are not enunciated in general terms, 
but with reference to, and by the aid of, the parti- 
cular diagrams used for the demonstrations. The 
fact to be demonstrated is stated as belonging to 
particular lines, or to particular figures, and after 
the proof is made, the mind is left to infer that it is 
a general truth, and exists independently of the 
diagram used to demonstrate it. 



IV 



This method seems to have been adopted to 
avoid the difficulty which beginners experience in 
comprehending abstract propositions. But in 
avoiding this difficulty, and thus lessening, at first, 
the intellectual labour, the faculty oPabstraction, 
which it is one of the peculiar objects of the study 
of Geometry to strengthen, remains, to a certain 
extent, unimproved. 

Geometry is a trairi of connected principles. Itfe 
axioms are abstract truths, to which the mind by 
the very law of its nature readily assents. The 
existence of these truths is independent of lines, 
ot figures; and to illustrate them by diagrams, 
would rather limit than extend our ideas. 

The propositions of Geometry are also general 
truths, and co-existent with extension. In enunci- 
ating them, therefore, there seems to be no good 
reason for limiting their application to the particu- 
lar diagrams presented to the eye. 

Geometry is not studied merely for the facts 
which it teaches — ^merely because it shows certain 
relations existing between bodies, and certain pro- 
perties belonging to them — but, because it disci- 
plines the untrained intellect, and conducts the 
untaught mind to the temple of truth. The study 
of Geometry ought, therefore, to be so pursued, as 



to improye that faculty of the mind which enables 
it to comprehend general propositions, and to pur- 
sue trains of thought disconnected with sensible 
objects. 

These considerations have induced the Editor to 
venture the alterations he has made, notwithstand- 
ing that the other method has been followed by the 
eminent author and his distinguished translators. 

In the Trigonometries, the Editor had taken the 
liberty to omit several of the articles — a few also 
have been a^ded. The Author will perhaps not 
feel himself responsible for that part of the 
volume, in its present form. 



MlUTART ACADEMT, WkST PoINT, 

Augiuty 1828. 
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INTRODUCTION. 



ON PROPORTION. 

The doctrine of Proportion belongs properly to Arithmetic, 
and ought to be expladned in works which treat of that sci"* 
ence. its object being to point out the relations which subsist 
among magnitudes in general, when viewed as meamredy or 
represented by 7iymber$y the connexion it has with Geometry 
is not more immediate than with many other branches of 
knowledge, except indeed as Geometry affords the largest class 
of magnitudes capable of being so measured or represented, 
and thus offers the widest field for reducing it to practice* 
Owing* however, to our general and long-continued employ- 
ment of Euclid's Elements, the fifth Book of which is devoted 
to Proportion, our common systems of Arithmetic, and even of 
Algebra^ pa^s over the subject in silence, or allude to it so 
sUgbtly as to afford no adequate information. For the sake 
of tbe British student, therefore, it will be requisite to prefix a 
brief outline of the fundamental truths connected with this de- 
partment of Mathematics ; at least, in so far as a knowledge 
of tbem is essential for understanding the work which follows. 
The proper mode of treating Proportion has given rise to 
mnch eontroversy among mathematicians ; chiefly originating 
firom the difficulties which occur in the application of its 
theorems to tfiat class of magnitudes denominated inammenr 
mraiief (nt having no common measure. Euclid evades this 
obstacle ; but his method is cumbrous, and, to a learner, dif* 
ficult of comprehension* All other methods have the disad* 
vaortage of firequently employing the principle of reducUo ad 
nAmiKrduffi^ a species of reasoning, which, though perfectly 
conclusive, tbe mathematician wishes to employ as seldom as 
posttble. The oj^posite advantages, however, have generally 
overcome this reluctance ; and EucUd's method is now almost 
entirely abandoned in elementary treatises. On this matter, 
we are happily delivered from the necessity of making any 
selection ; the author having himself provided for the appli- 
cation of proportion to incommensurable quantities, and de- 
monstrated every case of this kind as it occurred, bv means 
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X INTRODUCTION. 

of the reductio ad ahmvdum* He has also in various parts of 
these Elements interspersed explanations of the sense in which 
geometrical magnitudes may be viewed, as coming under the 
dominion of numbers, and bearing a proportion to each other. 
So that our duty, on the present occasion, is reduced to little 
more than defining a few terms, and in the briefest manner, 
exhibiting the leading truths of the subject, when referred to 
mere numbers, or to magnitudes capable of being completely 
represented by numbers. 

DEFINITIONS. 

I. One magnitude is a muUiple of another, when the for- 
mer contains the latter an exact number of times : thus, 6 is a 
multiple of 2, 10 of 5, &;c. Ldke^ or equimultiples^ are such 
as contain the magnitudes they refer ,to, the same number of 
times : thus, 8 and 10 are like multiples of 4 and 5. 

One magnitude is a subm/tdtiple^ or measure of another, 
when the former is contained by t^e latter an exact number 
of times : thus, 2 and 3 are submultiples of 6. Like submut- 
tipleSf or equal submulUpleSj are such as are contained ||by the 
magnitudes they refer to, the same number of times : thus, S 
and 4 are like submultiples of 10 and 8. 

II. Four magnitudes are proportional, if when the first and 
second are multiplied by two such numbers as make the pro- 
ducts equal, the third and fourth being respectively multiplied 
by the same numbers, likewise make equal products. 

Thus, 6, 15, 8, 20, are proportional; because, multipljdng 
the first and second by 6 and 2 respectively, so as to make 
6x5 = 15x2, we have likewise 8 X 5 =20 X2 ; and generally, 
the magnitudes A, B, C, D, are proportional, if m and n be- 
ing any two numbers such that n A=m B, we have likewise 
n C=9n D. The magnitude A is ssud to be to B, ^sC is to 
D ; the four together are named a proportion or analogy, and 
are written thus, A : B : : C : D. 

Note. To make this definition complete, two things are 
required : first, that such a pair of numbers n, and m, be al- 
ways discoverable as shall msdke n A =m B ; secondly, we must 
prove that when one such pair of numbers m and n is dis- 
covered, and found likewise to make n C=m D, ever^^ther 
pair of numbers p and q, making p A=<jrB, will also make 
pC=qD. 

First. With a view to the former of these conditions, we 
must find a common measure of A and B ; the mode of doing 
which is explained at large in Article 157, Book IL of these 
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Elements. Suppose this Gommon measure to be £, and that 
A=m E, B^n £ : the numbers required will be n and m. 
For, by the supposition, we have n As=n • m £s=n m E, and 
^B=m.nE=»mE; hence nA=«»B.* 

Secondly. Suppose n A=in B, and n C=fli D ; we are to 

* It is obvious, however, that when the magrnitudes A and B are in- 
commensarable, or have no common measure, this method will not serve. 
If, for example, the first term A were the side of a square, B the second 
term being its diagonal, and the third term C=:A4-B the sam or the 
difference of the former two, there could exist no common measure be- 
tween any of theterms, and no such pair of numbers n and m could be 
found as would make n A=zm B. Hence our Definition, not being ap- 
plicable to the magnitudes in question, could, strictly speaking, form no 
criterion for distinguishing their proportionality, or any other property 
possessed by them. Nevertheless it is certain that, ifC were made the 
side of a new square, and the diagonal were named D, the two lines C 
and D would stand related to each other in regard to their length, ex- 
actly as the lines A and B stand related to each other in regard to theirs: 
and though a line, measuring any one of the four must of necessity be 
incapable of measuring any of the remaining three ; though when ex- 
pressed by numbers, each of them, except one, must form an infinite 
series ; yet these four lines are undoubtedly proportional, as truly as if 
they admitted any given number of common measures : and consequent- 
ly they, and all other magnitudes, exhibiting similar properties, ought to 
be included, directly or indirectly, in every definition of proportion* 

It is likewise certain, that if the Definition given above could be ap- 
plied to such magnitudes, it would correctly indicate their proportionali- 
ty : that if in the example just alluded to, a pair of numbers n and m 
could be fi>und giving n A=fn B, they would also give n C=:mD. * We 
have now, therefore, to inquire in what manner our Definition can be 
brought to bear on this class of magnitudes, with regard to which, it ap- 
pears to be, as it vierey potentially tme^ though never actually applicable. 

If B is divided by any measure of A it wiU leave a certain remainder 
less than that measure : if B is then divided by a half, a third, a ninth, a 
sixteenth, or any submultiple of that measure, the remainder will evi- 
dently in each case be less than that submultipld ; and as the submulti- 
ple, which of course will still measure A, may be made as little as we 
please, the remainder may also be made as little as we please ; and thus 
a magnitude be found which shall correctly measure A and B— B', B' 
being less than any assigned magnitude. Suppose £ were a measure of 
A, such that A=»i E, B— B'=n B ; we shall haven A=m (B— BM; and 
if at the same time we have n C=»i (D— IX), the magnitudes A, B-— F, 
C, D— D', are proportional by the Definition. Now, if it is panted 
that, as by using a sufficiently smalfeubmultiple of E we can diminish 
the remainder B ,so also we can diminish the remainder D', and at length 
reduce them both below an^ assigned magnitude , then it is evident that 
B — B', D — D', may approximate to B and D, as near as we please; and 
since the proportion still continues accurate at every successive approxi- 
mation, we infer that it will, in like manner, continue accurate at the 
limit which we can approach indefinitely, though never actually reach. 
In this sense our Definition includes incommensurable as well as com- 
fnensurable quantities ; and whatever is found to be true of proportions 
among the latter, may also, by the method of reductio end ahmrdtm, bo 
shown to hold good when applied to the latter. 
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prove ffaat if p and q are any other tvro numbers which give 
f Ass^ B, diey will Ukewise give f C^q D. 

For, by hypothesis, we have < -n^ A v » and multi- 
plying* together the terms which stand above each other, we 
otkaln 

nqAB^mpAHy hence nq==fnp; hence nqC:=^nipC* 
But by hypothesis we have 

nC=mD; hence nqC^rnqD. 
Now we have already shewn 

nqC=^mpC; hence. ^C==i»^D; hence |iC=jD. 

Ill* The ratio or relation which is perceived to exist be- 
tween two magnitudes of the same kind, when considered as 
mere magnitudes, appears to be a simple idea, and therefore 
unsusceptible of any good definition. It may be illustrated by 
observing, that when we have A : B : : C : D, the ratio of A 
to B is said to be ^ same as that of C to D. In Arithmedc, 
the ratio of two numbers is usually represented by their quo- 
tient, or by the fraction which results from making the first of 
them numerator, and the second denominator. It is in this 
•sense that one ratio is said to be equal to, lesSf or greater, than 
another ratio. 

IV. The first and third terms of a proportion are called the 
antecedents; the second and fourth, the consequents. The 
first and fourth are likewise called the extreme terms, or the 
extremes; the second and third, mean terms, or means* When 
both the means are the same, either of them is called a mean 
proportional between the two extremes ; and if in a series of 
proportional magnitudes each consequent is the same as the 
next antecedent, those magnitudes are said to be in continued 
proportion. 

Thus, if we have A : B : : C : D, A and C are antece*- 
dents, B and D are consequents ; A and D are extremes, B 
and C are means. If we havt A:B::B:C::C:D::D 
: £, B is a mean proportional between A and C, C between 
B and D, D between C and E ; and the magnitudes A, B, C, 



* Unless one of the magnitudes A and B is a number, they evidently 
cannot, in a literal sense, be multiplied together. The expression vro^ 
duct of A and B must therefore, in all such cased, be regarded as ellip- 
tical, or employed merely for the sake of brevity. 
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D, E, are said to be in eontiatBed pniportioii, or soawtiaiest in 
geometiicid piogressioa. 

If J(A»T tnagnUudes are praparlianal^ the product of the extremes 
fpiU be efual U^that of the means ; and amtersely^ if two producig 
are efudlf any two factors con^fosing the first wiUform the extremes 
of a proportion^ in which any two factors composing the seeendf 
form the means. 



Suppose A: B::C:D; theo is AD^BC. 

Fiad a common measare of A and B, if they haye mie» 
suppose it to be £; and that A=m £, Basil BL Then we 
shaU have n A^m B ; and therefore {Def 2.) n C^m D* 
Equal quantities multiplied by equal quantities yield equal 
products; hence 

n AxmDsm Bxn C, or 
n m AD=szn m BC, or 
AD=BC.* 

Seisendfy. If we have ADs=BC ; then we are to prove that 
A:B::C:D. 

Find the common measare of A and B ; and suppose T/tt 
havenA=fliB. 

Now we have AD=bBC, > , * u- i - 

m DABacfiCAB, hence by dividing 
m DssnC ; and therefore {Drf. SL) 
A:B::C:D. 



*UA sndB are tncommeiuunLble, still we shall have ADsBC. For, 
if not, one of them must be greater : suppose AD less, and that we 
have ADssBC->CF. By the method exolained in D^. 2, find a mea- 
sure of A which shall be less than F; and suppose n A=:o» (B — W)^ W 
being of course less than the measure, and therefore still less than F. By 
the same Definition, we shall hare n Csrm (D— D^, If being a positive 
quantity. Hence we have • 

n AX«(I>— l>')=«Cx«» B— F);thatis 

n m AD — n mAtycsn m CB — nm CB' ; or dividing, 

AD — Aiy = CB — CB' ; but By the supposition, we had i 

AD = CB— CF. 



D — A0^ being; less than AD, CB — CBf must also be less than 
; hence CB' is greater than CF, and F is greater than F. On 



Hence AD- 
CB— CF 

Ihe contrary, however, it is less than F by hypothesis : hence that hypo- 
thesis was false ; hence AD is not less than BC. We could show, in the 
same manner, that it is not greater : hence it is equal to BC. 
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If B and C are incommensurable, the reasoning is exactly 
analogous to that employed in the note to the foregoing case^ 
and need not be repeated here. 

Car. I. Thus we have obtained anew test of proportion-* 
ality; and henceforth, whenever we find four factors capa- 
ble of forming two equal products, we are at liberty to con- 
stitute an analogy of these factors, making those of the one 
product means, diose of the other extremes. For this reason^ 
if we have 

A : B : : C : D, then also, 
we shall have A : C : : B : D, which is termed dttemando 
and B : A : :D : C, which is termed invertendo: 

because, in both cases the product of the extremes is still 
equal to that of the means. 

Car. 2. Hence also supposing A : B : : C : D, we shall 
have A:1B:: p C : pDf p being any number whole or firac* 
tional ; because, if we have AD=BC, then also p AD==p BC 
whatever be the value of p. Hence, a rcMo is not affected 
hy multiplying or dividing iU terms by the same mmber. 

Car. 3. If we have A : B : : C :D, and A : E : : F : D ; then 
from the first of these AD=BC, firom the second ADs=£F^ 
hence BC=sEF, therefore, E : B : : C : F ; which inference 
is said to be drawn ex equaK perturbatet in allusion to the po* 
sition of "^he terms. 

Car. 4. Also, if we have A : B : : C : D, and B : E : t 
D : F ; then from the first of these (Cor. 1.) we have B : D 
::A:C, and from the second B:D::E:F; hence A:.C 
: : E : F ; which is said to be ex equaU directe^ for a similar 
reason. 

C(W. 5. If we have A : B : : B : G ; then B'=AC, and 
Bs VAC ; hence a mean proportianai is equal to the sqjoare^ 
root of the product farmed by mxMpl^ng the two extremes. 

Sch(dium. From this proposition is derived the mode of ope- 
rating in the common arithmetical Rule of Threes where three 
terms of a proportion being given, it is required to find the 
fourth. We have A : B : : C : x; hence Ai:=BC, hence a:= 

BC 

_^— which is the rule adverted to. The right arrangement of 

A 

the three given terms, or the stating of the quegHan^ as it is 
called, does not properly form an arithmetical problem : it 
depends on a knowledge of the objects treated of by the ques- 
tion ; which objects may be geometrical, mechanical, ccmimerr 
cialy or of any conceivable kind. 
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THBORBVn, 

The ratio of too nmgmtudes it not (Reeled ukm Aeg are tc. 
^rpediioelp mereated or iimimshedf 5y any pair or fotrt o^ magm^ 
tadet hamig the same raiio. 

Thus, haying A:B: : C: D : : E : F, we flhall likewise 
liavcA:B::A±C±E:B±D±F. 

For by the last Theorem we have 

AF=BE, 
AD=BC; 
also AB=BA. 

Adding orv subtracting which, we have 

AB ± AD ± AF=BA ± BC ± BE. 
or A (B ± D ±F)=B(A ± C ±E.) 

Hence by the last Theorem 

A:B::A±C±E:B±D±F. 

And the same may be shown of any number of magnitudes 
having the same ratio. 

Cor. 1. If we have A : B : : C : D, then aUemando we 
shall have A : C : : B : D, and by the Proposition A : C : : 
A+B : C+D ; hence, aUemando once more, 

A:A+B::C:C+D; 

t 

which inference is said to be drawn comertendo^ Sometimes 
also it is written 

A+B:B::C-hD:D; 

the reasons for which are exactly similar. 

Car. 2. By the very same process we deduce 

A : A— B : : C : C— D, 
or A— B : B : : G— D : D ; 

which is said to be dividendo. 

Cor. 3. And combining these two CoroOaries with Cor. 4k 
of the last Theorem, we have 

A+B : A— B : : C+D : C— D ; 

which is said to be mUcendo. 

THEOREM m. 

The products of the corresponding terms of two analogies ate 
proportional. 

Suppose we havej^lp;;^:^',^"^ I; then we shall 
likewise have AE : BF : f CG : DH. 



xn urmonmTnoS' 

for Ae first aaaktgy gives 

AO=BC. 
the sKawl gives £H=rFG; 



' ; -. J - I 



AD . £H=BC . F6 by 
•r AE.DH=BF.CGw 

HeBoe, Theo. L, we have 

A£:BF::C6:DH. 

And Ifae ame icasomug woaU extend to anj nmalifr of 



Car. I. If tht second analogy veie the siae as die first, 
we sfaoold love A' : B' : : C> : D> ; bescc, lie apwes of 

ly tme of die cubes, w any o&er poweis. 



Car. 2. Siqqpose we bave Ibe rwrti— rd piopoitMMi 
::B:C::C:D; dKO, 

FbnL Havb^ A:B::B:C, 
aiad A:B::A:B, 



wednDbave A* : B* : rBA: BC; 
ot(Cor.2. Theor. 1.) A* : B* : : A :C. 



^sfmareofAe Jlrti u kf tkt jfMre of lir 
ratio wbicfa A beans to C, is sometaaes cdled 
ibat iHncb it bears to B. 

Saxmi^. Having A : B : : B :*C, 

A:B::C:D» 
and A:B::A:B, 



wesbaUbave A' : B> : :BCA :BCD; 
or(Cor.2LTbeor. 1.) A» : B» : : A:D, 

Hence, im eomimmed praporibmabj Ae Jbni at la AefamAj 
asikeaAe€f1ieJbnihta1ieaAt€f1ie$eemd. Tberatio 
A' : B', or A: D, b aoBednws cded ibe ig^^kmie of A : 
B;A«:B%tbe4MrfriQiKMle, and saon. Tbe law lAkb 
cowthmfd propoilioaak observe, in r^aid to sndi ratios, is 



By flKans of tbese Tbeorems, and tbdr Corollariess it i^ 
easy to d em o ns trate, or even to £scorcr, aD die most iapor- 
tant facts connected widi the doctrine of Proportiott. The 
facts g^¥cn here wiD enable the student to go tbroogb Aese 
Hcments, widioat anv oktraction on that bead. 
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THE PRINCIPLES. 

DefimHom. 

1* Geometry is the science which has for its object the 
measureinent of extension. 

Extension has three dimensions, length, breadth, and height. 

2. A line is length without breadth. 

The extremities of a line are called points : a point, there^ 
fore, has no extension. 

3. A straight line is the shortest distance from one point 
to another. 

4. Every line, which is not straight, or composed of straight 
lines, is a curv^ Une. 

Thus, AB is a straight line ; ACDB is 
a hrokenliney or one composed of straight -^^ 
lines; and AEB is a curve line. 

e D 

5. A surface is that which has length and breadth, without 
height or thickness. 

6. A plane is a surface, in which, if two points be assumed 
at will, and connected by a straight line, that line will lie 
wholly in the surface. 

7. Every surface, which is not plane, or composed of plane 
surfaces, is a curved surface. 

8. A soUd or body is that which combines all the three £- 
mensions of extension. 

9. When two straight lines, AB, AC, ^ 
meet together, the quantity, greater or less, 
by which they are separated from each other 
in regard to their position, is called an an- 
gle; the point of intersection A is the ver- A f B 
tex of the angle ; the lines AB, AC, are its sides^ 

3 
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The angle is sometimes designated simply by the letter at 
the vertex A ; sometimes by three letters B AC, or CAB^ the 
letter at the vertex being always placed in the middle. 

Angles, like all other quantities, are susceptible of addition, 
subtraction, multiplication, and division. Thus the angle DC£ 
(see Fig. to Art. 33.) is the sum of the two angles, DCB, 
BCE ; and the angle DCB is the difference of the two angles 
DCE, BCE. 

10. When a straight line AB meets ano- 
ther straight line CD, so as to make the ad- 
jacent angles BAC, BAD, equal to each 
other, each of those angles is called a tight 
angle ; and the line AB is said to heperpen- C 
dicular to CD. 

11. Every angle BAC, less than 
a right angle, is an €icute angle ; eve- 
ry angle DEF, greater than a right 
angle, is an obtuse angle. 




12. Two lines are said to be iMerofiel, when, 

being situated in the same plane, they cannot ""* ""^ 

meet, how far soever, either way, both of th^m _ 

be produced. ' 

13. A plane ^figure is a plain terminated on all 
sides by lines. 

If the lines are straight, the space they enclose 
is called a rectilinedl Jigurey or potygoHy and the 
lines themselves taken together form the contour, 
or perimeter of the polygon. 

14. The polygon of three sides, the simplest of all, is called 
a triangle ; that of four sides, a quadrilateral ; that of five, a 
pentagon ; that of six, a hexagon ; and so on. 







15. An equilateral triangle is one which has its three 
sides equal ;Nan isosceles triangle, one which has two of it& 
sides equal ; a seakne triangle, one which has its three sicfes 

unequal. 
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16. A right-angled triangle is one which 
has a right angle. The side opposite the 
right angle is called the hypotenuse^ Thus, 
ABC is a triangle right-angled at A ; the ^ 
aide BC is its hypotenuse* 

17. Among quadrilaterals, we distinguish : 



The squar^f whidi has its sides equal, and its 
, angles right (Art. 80*) 



The recUmglef which has its angles right an- 
gles, without having its sides equal. (See the 
same Art.}» 




HA 



. The paraUehgram^ or rhomboid^ which 
has its opposite sides parallel, v 
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The hzenge^ or rkombus^ which has its sides equal, 
without having its angles right angles. 




And, lastly, the trapezoid^ only two of whose 
sides are paraUel. 



18* A diagonal is a line which joins the vertices of two 
angles not adjacent to each other. Thus, AC, AD, A£, AF, 
ip the diagram of Art. 79, are diagonals. 

19. An equilateral polygon is one which has all its sides 
equal ; an eqaiangtHar polygon, one which has all its angles 
equal. 

20» Two polygons are mutual^ equilateral, when they have 
tfaeir sides equal each to each, and placed in the same order ; 
that is to say, when following their perimeters in the same di- 
rection, the first side of the one is equal to the first side of the 
other, the seccNid of the one to the second of the other, the 
thiid to the third, aad so on. The phrase, mutually equian- 
g^doTf has a corresponding signification. 

In both cases, the equal sides, or the equal angles, are 
named kanudagous sides or angles. 
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Explanatiott of Terms and Signs. 

21. An axiom is a self-evident proposition. 

A theorem is a truth, which becomes evident by means of a 
train of reasoning called a demongtration. 

A problem is a question proposed, which requires a «ofo* 
tian* 

A lemma is a subsidiary truth, employed for the demonstra- 
tion of a theorem, or the solution of a problem. 

The common name, proptmtion^ is applied indifferently to 
theorems, problems, and lemmas. 

A corcUary is an obvious consequence deduced from one or 
several propositions. 

A scholium is a remark on one or several preceding propo- 
sitions, which tends to point out their connexion, their use, their 
restriction, or their extension. 

An hypothesis is a supposition, made either in the enuncia- 
tion of a proposition, or in the course of a demonstration. 

The sign == is the sign of equality ; thus, the expression 
A=B, signifies that A is equal to B. 

To signify that A is smaller than B, the expi^ession A^B 
is used. 

l^o signify that A is greater than B, the expression A7B 
is nsed^ 

The sign + is pronounced ji^uf: it indicates addition. 

The sign — is pronounced minus : it indicates subtraction. 
Thus, A+B represents the sum of the quantities A and B ; 
A — B represents their difference, or what remains after B is 
taken away firom A; and A — ^B + C, or A+C — ^B, signifies, 
that A and C are to be added togetiier, and that B is to be 
deducted from the whole. 

The sign X indicates multiplication ; thus, A X B represents 
the product of A and B. Instead of the sign X , ^ point is 
sometimes employed ; thus, A . B is the same thing as AxB. 
The same product is also designated without any intermediate 
sign byAB; but this expression should not be employed, 
when there is any danger of confounding it vnih that of the 
fine AB, the distance between the points A and B. 

The expression Ax(B+C — D) represents the product of 
A by the quantity B+C — D. If A + B were to be multi- 
plied by A — B + C, the product would be indicated thus, 
(A+B)x(A — B+C), whatever is enclosed witiiin a parenthe- 
sis being considered as a single quantity. 

A number placed before aline, or a quantity^ serves as a 
innltiplier to that line or quantity ; thus, 3 AB signifies that 
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the line AB is taken three times ; f A signifies the half of the 
dingle A. 

The square of the line AB is designated by AB' ; itSvCube 
by AB'« What is meant by the square and die cube of a line 
will be explained in its proper place. 

The sign yf indicates a root to be extracted; thus y/3i 
means the square-root of 2 ; ^AxB means the square-root of 
the product of A and B, or the mean proportional between 
them* 

22. Two quantities, each of which is equal to a third, are 
equal to each other* 

. 23* The whole is greater than any of its parts. 

24. The whole is equal to the sum of all its parts. 

25. From one point to another, only one straight fine caii 
be drawn. 

26. Two magnitudes, lines, surfaces, or solids, are equal, 
if, when applied to each other, they coincide throughout their 
whole extent. They then fill the same space. 







THEOREM. 

27. All rigid angles are equal to each other. 

Let the straight line CD be, perpendicu- 
lar to AB, and GH to EF ; the angles 
ACD and £6H will be equal to each 

other. 

Take the four distances C A, CB, GE, j^ q 

GF, all equal ; the distance AB will be 
equal to die distance EF, and the line 
EF being placed on AB,so that the point 
E faDs on A, the point F will fall on B. 
Those two lines will thus coincide entire- 3J~ 6- V 

ly ; for otherwise there would be two straight lines extending 
from A to B, which (Art. 25.) is impossible : and hence G, the 
middle point of EF, will fall on C, the middle point of AB. 
The side GE being thus applied to C A, the side GH must fall 
on CD. For suppose, if possible, that it falls on a line CK 
different from CD : then, smce by hypothesis (10^ the angle 
EGH=HGF, ACK wouldin that case be equal to KCB. But 




6 6E01IBTRY. 

the ftngle ACK it gretter than ACD ; and KCB is tuttftUer 
than BCD, but by hypothesis ACD=BCD ; hence ACK ia 
gfeaier than KCB. Therefore the line 6H camnot fidl on a 
fine CK difemn Bnm CD ; therefore it falls on CD, ud die 
an^e EGH on ACD : theicfere aU right angles tte eqad to 
each odier {M.)* 

THEOREM. 

28. Every strmghi Isne, wAtcA meets amiherj nudkes with U <m 
mdjaeent angles, the sum of which is equal to two right angles. 

Let AB and CD be the straight lines, 
needng each other at C, then wiU the an* 
gle ACD + the angle DCB, be equal to two 
right angles. 

At die point C,erect C£ perpendicular to 
AB. The angle ACD is the sum of the an- 
gles ACE, ECD: therefore ACD + BCD is die sum of die 
three angles ACE, ECD, BCD : but the first of those three 
angles, is a ri^t angle ; and the other two tog^ier make m 
^ right angfe BCE; hence the sum of the two iagles ACD 
and BCD is equal to two right angles. 

29. Car. 1. If one of die angles ACD, BCD is right, the 
odier must be right also. 

30.' Cor. 2. If die line DE is perpendi- 
cular to AB, reciprocally AB will be per- 
pendicular to DE. 

For, since DE is perpendicular to AB, 
die angle ACD must be equal to its adja- 
cent one DCB, and both of them must he 
right. But since ACD is a right angle, its 
adjacent one ACE must also be right : hence the angle AC£ 
= ACD ; therefore AB is perpendicular to DE. 

31. Cor. 3. The sum of all the suc- 
cessive angles, BAC, CAD, DAE, 
EAF, formed on the same side of a 
straight line BF, is equal to two right 
angles ; because their sum is equal to 
that of the two adjacent angles, BAC, 
CAF. 

^THBOREM. 

«^ Tieo straight lines j which have fwo points comnotty coincide 
with each other throughout their whole extent, and form one ofid 
fhe same ^uigM Une» 
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Let A and B be the two common 
points. In the first place, it is evident 
^ that the tv(^ lines mu^t coincide entirely 
between A and B, for odierwise there 
would be two straight lines between A 
and B, which is impossible (25.). Suppose, however, that on 
being produced, these lines begin to separate at C, the tme 
becoming CD, the other CE. s From the point C draw the 
Ifaie CF, msdcing with CA the right angle ACF. Now, since 
ACD is a strai^ line, the angle FCD wffl be right (29) ; 
and since ACE is a straight line, the angle FCE will like* 
wise be right. But die part FCE cannot be equal to the 
whole FCD ; hence the straight lines which have two points 
A and B common, <^annot separate at any point, when pro* 
duced ; hence they form one and the same straight line. 

THEOHEHf. 

33. If two angles, have a eommon vertex and a common side, awl 
their mim equal to two right angle*, the exterior eides of these 
tmgles wiU lie in the same ttraigkt line* 

Let ACD and DC B be the two an- 
gles, C the common vertex, and CD 
the common side ; then will the exte- 
rior side CB of the former, and CA 
of the latter, be in the same straight 
line. 

For if CB is not the production of AC, let CE be that pro- 
duction : then the line ACE being straight, the sum of the 
angles ACD, DCE, will (28.) be equal to two right angles. 
But by hypothesis, the sum of the angles ACD, DCB, is also 
equal to two right angles: therefore, ACD + DCE must be 
equal to ACD -h DCB; and taking away the angle ACD 
from each, there remains the part DCB equal to the whole 
DCE, which is impossible ; therefore, CB is the production 
of AC. 

THkOKEM. 

34* Wheneeer two straight lines intersect each other, the opposite 
or vertical angles, which they form, are equal* 

Let AB and Ditf be the given 
str^ght lines intMgbting each other 
at C ; then is the fflleECB:::: ACD, 
and the angle AC£==:DCB. 

For, since DE is a straight line. 
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the sum of the angles ACD, ACE, is equal to two right an- 
gles ; and since AB is a straight line, the sum of the angles 
ACE, BCE, is also equal to two right angles : hence the sum 
ACD+ ACE is equal to the sum ACE + BCE. Take away 
from both, the same angle ACE ; there remains the angle 
ACD, equal to its opposite or vertical angle BCE. 

It may be shown, in the same manner, that the angle ACE 
is equal to its opposite angle BCD. 

35. SchoUum. The four angles formed about a point by 
two straight lines which intersect each other, are together equal 
to four right angles : for, the sum of the two angles ACE, 
BCE, is equal to two right angles ; and the other two, ACD, 
BCD, have the same value ; therefore, the sum of the four, is 
four right angles. 

In general, if any number of straight 
lines CA, CB, CD, be meet in a point 
C, the sum of all the successive angles 
ACB, BCD, DCE, ECF, FCA, will be 
equal to four right angles : for, if four 
right angles were formed about the point 
C by means of two lines perpendicular 
to each other, the same space would be occupied^ either by 
the four right angles, or by the successive angles ACB, BCD, 
DCE, ECF, FCA. 




THEOREM. 

36. Two triangles are equdl, when an angle and ihe two sides whkh 
contain U, in the one, are respectively equal to an angle and the 
two sides which contain ity in the other* 

Let the angle A be 
equal to D, the side AC 
equal to the side DF, 
the side AB equal to 
DE ; then will the trian- 
gle ABC be equal to 
DEF. 

For these triangles may be applied to each other, so that 
they shall perfectly coincide. If the side DE be placed on its 
equal AB, the point D will fall on A, and the point E on B; 
and since the angle D is equal to the angle A, when the side 
DE is placed on AB, the side DF wiU take the direction AC. 
Besides, DF is equal to AC ; therefore, the point F will fall 
on C, and the third side EF will exactly cover the third side 
BC ; therefore (26.) the triangle DEF is equal to the triuQgle 
ABC. 
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37. Cor, When, in two triangles, these three inglai are 
equal, namely, the angle A=D, the side AB=:DE, and the 
side AC=DF, the other diree are equal also, namely, the an- 
gle B=E, the angle C=F, and the side BC=£F. 



THEOREM. 

38. Two trianglu are eqwd^ if two angles and tAe inietjaeeid 
ride €f tim one are eqmi to two angks and the mterjmoeni side tif 
theoAer. 

Let the side BC, (see the last figure) be equal to the side 
EF, the angle B to the angle E, and the angle C to the angle 
F ; then will the triangle DEF be equal to the triangle ABC. 

For, to apply the one to the other, let the side EF be placed 
on its equal BC ; the point E will fall on B, and the point F 
on C. And, since the angle E is equal to the angle B, the 
side ED will take the direction BA ; therefore, the point D 
will be found somewhiere in the line BA. In like manner, 
since the angle F is equal to the angle C, the line FD will take 
the direction CA, and the point D will be found somewhere in 
the line CA. Hence, the point D, occurring at the same time 
in the two straight lines BA and CA, must M\ on their inter- 
secdon A; hence the two triangles ABC, DEF, coincide 
with each other, and are' perfectly equal. 

39. Cor. Whenever, in two triangles, these three things are 
equal, namely, BC = EF, B = E, C = F, it maybe inferred that 
tfa^ odier three are equal also, namely, AB=DE, AC^DF* 
A=D. 



THEOREM. 

40. In every triangle^ any side is less than Ae sum of ihs tther 

two. 

For the line BC, for example, (see the preceding figure,) 
is the shortest distance from B to C ; therefore, BC is less than 
BA+AC. 



THEOREM. 

41. Ify from any point wUhin a triangle two straight lines he 

drawn to the extremities of either side, the sum of these straight 

Unes wiU be less thanthat of the two other sides of the triangle. 

4 
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liCt any point as O be taken within the trian- 
gle ABC, and the lines OB, OC, drawn to the 
extremities of either side, as BC ; then will 
OB + OCZAB + AC. 

Let BO be produced till it meet the side AC 
in D. The line OC (40.) is shorter than OD 
-f DC : add BO to each, and we have BO + B 
OCzBO + OD + DC, or BO+OC^BD + 
DC. 

In like manner, BD^ BA + AD : add DC to each; and we 
have BD+DC ^ BA -f AC. But we have just found BO + 
OC ^ BD + DC ; therefore, still more is B0+ OC ^ B A + AC- 





THEOREM. 

42. If two triangles have two sides of the one respectively equal 
to two sides of the other^ and the included angles uneqwdy the 
third sides wiU be unequal ; and the greater side^ will belong to the 
triangle which has the greater included angle. 

Let BAG and EDF 

be the two triangles, 
having the side AB= 
DE,AC=DF,andthe 
angle A 7 D ; thenwill 
BC7EF. 
Make the angle GAG 
=D ; take AG=DE, 
and join CG. Thetri- 
angle GAG is equal to DEF (36.), since, by construction, 
they have an equal angle in each, contained by equal side» ; 
therefore CG is equal to EF. Now, there maybe three cases 
in the proposition, according as the point G falls without the 
triangle ABC, or upon its base BC, or within it. 

First Case. The straight line GCZ.GI+IC, and the 
straight line AB^ AI+IB ; therefore, GC+AB^ GI+AI-h 
IC+IB, or, which is the same thing, GC+AB^AG + BC. 
Take away AB from the one side, and its equal AG from the 
other, there remains GCz, BC ; but we have found GC=EF, 
therefore, EFZBC* 



Second Case. If the point G 
fall on the side BC, it is evident 
that GC, or its equal EF, will be 
shorter llian BC* 
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3%ird Cctse. Lastly, if the point G 
fell within the triangle ABC, we shall 
have, by the preceding' theorem, AG+ 
GC ^ AB + BC ; and, takuig AG from 
the one, and its equal AB from the 
other, there will remain GC^BC, or® 
EF^BC. 

Scholium. Conversely, if the two 
sides AB, AC, of the triangle ABC 
are equal to the two DE, EF, of the 
triangle DEF, while the third side, 
CB of the first triangle, is greater than 
the third side EF of the second : then 
will the angle BAC of the first triangle 
be greater than the angle EDF of the second. 

For if not, the angle BAfc must be equal to EDF, or less 
than it. In the first case, the side CB would (36.) be equal 
to EF ; in the second, CB would be less than EF : but both 
of these results contradict the hypothesis ; therefore, BAC is 
greater than EDF. 





THEOIUSH. 

43. Two irianghs are equal, when the three sides of the one are 
respectively equal to the three sides of the other, 

LetthesideAB=DE, 
AC==DF, BC=EF, 
then is the angle A=D, 
B=E, C=F- 

For, if the angle A 
were greater than D, 
since the sides AB, AC, ^ 
are respectively equal to DE, DF, it would follow, by the last 
proposition, that the side BC must be greater than EF, and, 
if the angle A were less than D, it would follow that the side 
BC must be less thjin EF. But BC is equal to EF ; there- 
fore the angle A can neither be greate/ nor less than D ; 
therefore they are equal. In the same manner it may be shown, 
that B is equal to E, and C to F. 

44. Scholium. It may be observed, that the equal angles 
lie opposite to the equal sides : thus the equal angles A and D 
lie opposite to the equal sides BC and EF. 
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THEOREM. 

45. In an isosceles triangle, the angles opposite to the equal sides 

are equal. 

Let the side AB be equal to AC, the angle C 
will be equal to B. 

Join A the verteXj and D the middle point of 
the base BC. The triangles ADB, ADC, have 
all the sides of the one respectively equal to 
those of the other, AD being common, AB=ACb 
(hyp.) and BD=DC by construction ; therefore, by the last 
proposition, the angle B is equal to the angle C. 

46. Cor. An equilateral triangle is likewise equiangular, 
that is to say, has aU its angles equal. 

' 47. Scholium. The equality of the triangles ABD, ACD, 
proves also that the angle BAD is equal to DAC, and BDA 
to ADC ; hence the latter two are right angles ; hence the line 
drawn from the vertex of an isosceles triangle to the middle 
point of its base^ is perpendicular to that ba^se, and divides the 
angle at the vertex into two equal parts. 

In a triangle which is not isosceles, any side may be as- 
sumed indifferently as the base ; and the vertex is, in that case, 
the vertex of the opposite angle, ^n an isosceles triangle, 
however, that side is specially assumed as the base, which is 
not equal to either of the other two. 



THEOREM. 

48. Comersely, if two angles of a triangle are equals the sides 
opposite them wiU be equals and the triangle wiU he isosceles. 

Let the angle ABC be equal to ACB ; then 
will the side AC be equal to the side AB. 

For, if those sides are not equal, let AB be 
the greater. Take BD=AC, and join DC. 
The angle DBC (Hyp.) equal to ACB ; the 
two sides DB, BC, are equal to the two AC, 
CB, by construction ; therefore (36.), the tri-] 
angle DBC must be equal to ACB. But the part cannot be 
equal to the whole ; hence there is no inequality between the 
sides AB, AC ; hence the triangle ABC is isosceles. 
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49* Ij either two angles of a triangle are unequal^ the sidet oppo- 
site them are also unequal, and the greater side is opposite the 
greater angle ; and conversely y if the sides dre unequal^ the an* 
gles are unequal, and the greater angle is opposite the greater 
side. 

Firstj Let the angle C be greater than B ; 
then viM the side AB, opposite to C, be greater 
than ACy opposite to B. 

Make the angle BCD=B. Then m the tri- 
angle BDC, we shall haveBD=DC (48.). But 
die line ACZAD+DC, but AD+DC=AD+ C 
DB=AB; therefore, AC^AB. 

Secondly. Suppose the side AB 7 AC ; then will the angle 
C) opposite to AB, be greater than the angle B, opposite to 
AC. 

For, if we had CzB, it would follow, from what has just 
been proved, that we must have ABZ. AC, which is contrary 
to the hypothesis. If we had C=B, it would follow (48.) 
that we must have AB=AC, which is also contrary to the hy- 
pothesis. Therefore, the angle C must be greater than B. 

THEOREM. 

50. From a given point vjifhout a straight line, only one perpenH- 

cuUxr can he drawn to that line. 

Let A be the point, and DE the given line. 

Let us suppose we can draw two, AB ^ 
and AC. Produce one of them AB, till 
BF is equal to AB, and join FC. 

The triangle CBF is equal ABC ; for 
the angles CBF and CBA are right, the^' 
side CB is common, and the side BF=: 
AB: therefore (36.) those triangles are 
equal, and the angle BCF=BCA. The 
angle BCA is right, by hypothesis ; therefore BCF must be 
right also. But if the adjacent angles BCA, BCF, are to- 
gether equal to two right angles, the line ACF must (33.) be 
straight ; from whence it follows, that between the same two 
points^ A and F, two straight lines can be drawn : which is 
impossible : hence it is equally impossible that two perpendi- 
culars can be drawn from the same point, to the same straight 
line. 
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51. Scholium, At a given point C, in the line AB, it is 
equally impossible to erect two perpendiculars to that line; 
for (see the diagram of Art. 28.), if CD and CE were those 
two perpendicular^, the angle BCD would be right, as well as 
BC£, and the part would thus be equal to the whole. 



THEOREM. 

52. If frbm a pouUj situated wUhaut a straight ItnCy a perpendi- 
cular be let fall on that straight lincy and several ohUque lines he 
drawn to several paints in the same line ; 

First, The perpendicular wiU he shorter Uum any Mique Une. 

Secondly, Any two ohUque Itnes, drawn on different sides of the 
perpendiculary cutting off equal distances on the other Ztne, totZZ he 
equal. 

Thirdly, Of two ohUque Hues, drawn al pleasurCy the one tshieh lies 
farther from the perpendicular wHl he the longer. 

Let A be the given point, D£ the gi- 
ven line, AB tho perpendicular, and AD, 
AC and A£ the oblique lines. 

Produce the perpendicular AB till BF^ 
is equal to AB, and join FC, FD. 

First. The triangle BCF, is equal to 
the triangle BCA, for they have the right 
angle CBF=:CBA, the side CB common, 
and the side BF=BA ; hence die third sides, CF and AC 
are equal. But ABF, being a straight line, is shorter than 
ACF, which is a broken line ; therefore AB, the half of ABF, 
is shorter than AC, the half of ACF ; therefore the perpen- 
dicular is shorter than any oMique line. 

Secomdh. If we suppose B£=BC ; since we have, farther, 
the side AB common, and the angle ABE = ABC, the triangle 
ABE must be equal to the triangle ABC ; hence the sides A£, 
AC are equal ; hence two oblique lines equally distant from 
the perpendicular are equal. 

TTurdljf. In the triangfe DFA, the sum of the lines AC, 
CF, is k^ (41.) than the sum of the sides AD, DF; there^ 
fore AC, the half of the line ACF, is shorter than AD, the 
half of the fine ADF ; therefore such oblique lines as lie far- 
thest from the perpendicular are longest. 

53. Cor. 1. The perpenficofaur measures the true ^stance 
of a poiBt from a fine, because it is shorler than any other 
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54. Cor, 2. From the same point, ttiree equal straight 
lines cannot be drawn to the same straight line ; for if there 
could, we should have two equal oblique lines on the same side 
of the perpendicular, which is impossible. 



THEOREM. 

55. If from the middle point of any straight Une^ a line he drawn 
perpendicular to this straight Uney then^ Ist, every point of the 
perpendicular tmJl he equally distant from the two extremities of 
this line ; and 2dlyj every point situated without the perpendicular 
ufiU he unequally distant from those extremities,. 

Let AB be the given straight line, C the middle point, and 
£CF the perpendicular. 

First. Since we suppose AC=CB, the two 
oblique lines AD, DB, are equally distant from 
the perpendicular, and therefore equal. So, 
likeidse, are the two oblique lines A£, £B, 
the two AF, FB, and so on. Therefore every 
point in the perpendicular is equally distant^ 
from the extremities A and B. 

Secondly. Let I be a ppint out of the per- 
pendicular. If lA and IB be joined, one of 
those lines will cut the perpendicular in D , from which draw- 
ing DB, we shall have DB=DA. But the straight line IB 
is less than ID+DB, and iD-f DB=rID+DA=IA, there- 
fore IB^IA ; therefore every point out of the perpendicular 
is unequally distant from the extremities A and B. 




THEOREM. 

56. Two right angled triangles are equals when the hypotenuse and 
a side of the one are respectively equal to the hypotenuse and a 
side of the other. 

Suppose the hypotenuse A 
AC=DF, and the side AB 
=DE ; the right-angled 
triangle ABC will be equal 
to the right-angled trian-B 
gle DEF. 

Their equality would be manifest, if the third sides BC and 
EF were equal. If possible, suppose that those sides are not 
equal, and that BC is the greater. Take BG=:EF ; and join 




16 GEOMETRY. 

AG. The triangle ABG is eqaal to DEF ; for tlie right an- 
gles B and £ are equal, the side AB=DE, and BCi=EF; 
hence these triangles are equal (36.), and consequently AG= 
DF. Now (Hyp.) we have DF=AC ; and therefore AG^ 
AC. But (52.) the oblique line AC cannot be equal to AG) 
which lies nearer the perpendicular AB ; therefore it is im- 
possible- that BC can differ from EF ; therefore the triangles 
ABC and DEF are equal. 



57. If two straight lines are perpendicular to a third li»e,thsy wHl 
be paraBd to eaeh other; in other vxtrdt (12.), they wiU never 
meet, hmo far soever both of them be produced. 

Ijct AC and BD (next fig.) be perpencUcular to AB. 

Now if they conld meet in a point O, on either side of AB, 
there would be two perpendiculars OA, OB, let fall from tbe 
same point, on the same straight line, which is impoidble (60.). 



58. If one straight Une is perpendiadar to (mother, tmd a tlwrd 
straighi line be drven, making aOh the second an acute an^ 
(Aen, if ike fril and tUrd straight lines be produced tt^da^y, 
theytoiU meet. 

Suppose the str^ght line BD to be perpendicular to AB, 
and AE to make the acute angle BAE with it ; then, the linet 
BD and AE will intersect. 

From any point F, taken 
in the direction AE, let FG 
be drawn perpendicular to 
AB. The point G cannot 
fall on A, for the angle FAB 
is less tl^ a right angle ; it 
can still less fall on H in the 
production of BA, for then 
Uiere would be two perpendi- 
culars KA, KH, drawn frt)m 
Uie same point K to the same 
straight line AH. Hence 
the point G must fall, as the — ■ 
figure represents, in the direc- 
tion AB. 



•^r 



BOOK L 17 

Now, let another point L be taken In the line AE, at a dis- 
tance AL greater than AF, and let LM be drawn from itpef^ 
pendicttlar to AB. We can prove, as in the preceding case, 
that the point M cannot fall on 6, or in the direction GA ; it 
must fall therefore in the direction AB ; so that the distance 
AM will, of necessiQr, be greater than AG. 

I observe farther, that if the figure be constructed with care, 
and AL be taken double of AF, we shall find that AM is ex- 
actly double of AG ; in like manner, if AL is taken triple of 

AF, we shall find that AM is triple of AG ; and, in general, 
that there is always the same proportion between AM and 

AG, as between AL and AF. This proportion being settled, 
it follows not only that the straight line AE, if produced suf- 
ficientiy, will meet BD, but also that the distance on AE, of 
this point of concourse, may be accurately assigned. It will 
be the fourth term of the proportion, AG : AB ; : AF : x* 

59. Scholitmi. The preceding investigation, being found- 
ed on a property which is not deduced from reasoning alone, 
but discovered by measurements made on a figure constructed 
accurately, has not the same character of rigorousness with 
the other demonstrations of elementary geometry. It is given 
here merely as a simple method of arriving at a conviction of 
the truth of the proposition. For a stricdy rigorous demon- 
stration we refer to tiie second Note. 



THEOREM. 

60. If two straigM lwe$ meet a third line, maJAig the $um of the 
interior angles, an the $ame Hdeofthe line met, equal to two right 
angles, the two lines tnU be paraOei. 

•Let the two lines AC and BD meet the line AB ; now, if 
the angle DBA-hOAB=two right angles, the lines will be 
parallel. 

5 



* 



IS 



GEOMETRY. 



From G, the middle 
point of ABy draw the 
straight line £GF per- 
pendicular to AC. It 
will also be perpendicu- 
lar to BD. For the. sum 
GAE+GBT) is (Hyp.) 
equal to two right an- 
gles; the sum GBF-t- 
GBD is (28.) likewise 
equal to two right an- 
gles ; and taking away 
GBD from both, there 
remains the angle GAE 
=GBF. Again, the an-j^ 
gles AGE, BGF, are 
equal (34.), therefore the triangles AGE and BGF have each 
a side and two adjacent angles equal ; therefore (38.) they are 
themselves equal, and the angle BFG is equal to AEG : but 
AEG is a right angle by construction ; therefore the fines 
AC, BD, being perpendicular to the same straight line EF, 
are parallel (57.)« 




THBOREK. 

61. If two straight lines make imth a third, two interior ang^esy 
whose sum is less than tworight angles^ the Unes wiU meet if pro- 
duced. 

Let the straight lines BD and AI (see last fig.) meet the 
fine AB ; now, if the sum of lAB + DBA be less than two 
right angles, the lines will intersect. 

Draw the straight line AC, making the angle..CAB=ABF^ 
in other words, so that the angles CAB, ABD, '^aken tei^e;- 
ther, may be equal to two right angles ; and complete the r^ist 
of the construction, as in the foregoing theorem. Since AtX. 
is a right angle, AE the perpendicular is shorter than AK the 
oblique line; hence (49.) in the triangle AEK, the angle 
AKE, opposite the side AE, is less than the right angle AEK, 
opposite the side AK. Hence the angle IKF, equal to AKE, 
is less than a right angle ; hence (58.) the lines KI and FD 
will meet if produced. 

62. SchoUum. If the lines AM, BD, make with AB two 
angles BAM, ABD, tUeiSRki of which is greater than two 
right a&gles, those lines^iD not meet above AB, but they 
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will foelow. For' the two angles BAM, BAN, are together 
eqnal to two right angles, and so are the two ABD, ABF ; 
hence those foar angles are together eqnal to four right an- 
gles. But BAM, ABD, are together greater than two right 
angles ; therefore the remaining angles BAN, ABF, are to- 
gether less than two ; therefore the straight lines AN, BF, 
will meet if produced. 

63. Cor. Through a given point A, no more than one 
line can be drawn parallel to a given line BD. For there is 
but one line AC, which makes the sum of the two angles BAG 
+ ABD equal to two right angles ; and this is the paraUel re- 
qmred. Every other line AI or AM would make the sum of 
die interior angles less or greater than two right angles ; there- 
fore it would meet BD. 



THEOREM. 




64. If ttoo parcdlet straight lines are met by a third line, the sum of 
the interior angles on the same side of the secant line wUl he equal 
to two right angl^. . 

Let the parallels AB, CD, be met 
by the secant line £F, then is the sum 
of OGA + GOC,or G0D4^0GB= 

to two right angles. 

For if it were more or less the two 
straight lines AB, CD, would meetg 
on the one side or the. other (61.) and 
would not be parallel. 

65. Car A. If GOC is a right angle, AGO will be a right 
angle also ; therefore every line perpendicular to one of two 
pars^llels is perpendicular to the other. 

' 66. ' Car. 2, Since the sum AGO + GOC is equal to two 
right angles, and the sum GOD+GOC is also equal to two 
right angles, if GOC be taken from both, there will remain 
the angle AGO = GOD. Besides, (34.), we have AGO= 
BGE, and GOD=COF ; hence the four acute angles AGO, 
BGE, GOD, COF, are equal to each other. The same is the 
case with the four obtuse angles AGE, BGO, GOC, DOF. 
It may be observed, moreover, that, in adding one of the acute 
angles to one of the obtuse, the sum will always be two right 
angles. 

I 
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67. Sckolium. The angles just spoken of, when compared 
with each other, assume difierent names. AGO, GOG, we 
have already named interior a^les on the game side ; BGO, 
GOD, have the same name ; AGO, GOD, are called aUemate 
interior angles, or simply aUemate ; so also, are BGO, GOC: 
and lastly £GB, GOD, or EGA, GOC, are called, respec- 
tively, the opposite exterior and interior angles; and EGB» 
COF, or AGE, DOF, the alternate exterior angles. This 
being premised, the following propositions may be considered 
as already demonstrated. 

I^irst. The interior angles on the same side are together 
equal to two right angles. ^ 

Second, The alternate interior angles are equal ; so like- 
wise are the opposite exterior and interior, and thft alternate 
exterior angles. 

Conversely, if in this second case, two angles of the same 
name are equal, the lines to which they refer will be paral- 
lel. Suppose, for example, the angle AGO = GOD. Since 
GOC + GOD is equal to two right angles, AGO + GOC must 
also be equal to two, and (60.) the lines AG, CO, must be 
parallel. 



THEOREM. 

68. Two Unes which care paraUel to a third, are parallel to each 

other* 

Let CD and AB be parallel to the third line £F, then are 
they parallel to each other. 

Draw PQR perpendicular to EP, and 
cutting AB, CD. Since AB is parallel _ 
to EF, PR will be perpendicular to AB XI 
'65.) ; and* since CD is parallel to EF, 



^ 



R, will for a like reason be perpendicu- ^ 
lar to CD. Hence AB and CD are per- ^ 
pendicular to the same straight line; hence 
(57.) they are parallel. 



H 
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THEOREM. 

69. Two parallels are every where equally distant. 

Two parallels AB, CD, being C H 
giveOy if through two points as- 
sumed at pleasure, the straight 
lines EG, FH, be drawn per- 
pendicular to AB, these straight — ^ 
lines will (65.) at the same time 
be perpendicular to CD : and we are now to shew that they 
will be equal to each other. 

If GF be joined, the angles GFE, FGH, considered in 
reference to the parallels AB, CD, will be alternate interior 
angles, and therefore (BT^j equal to each other. Also, be- 
cause the stradght lines EG, FH, are perpendicular to the 
same straught line AB, and consequently parallel, the angles 
EGF, GFH, considered in reference to the parallels EG, FH, 
will be alternate interior angles, and therefore equal. Hence 
the two triangles EFG, FGH, have a common side, and two 
adjacent angles in each equal; hence these triangles (38.) 
are equal ; therefore, the side EG, which measures the dis- 
tance of the parallels AB, and CD, at the point E, is equal to 
the side FH, which measures the distance of the same paral- 
lels at the point F. 

THEOBEM. ' 

70. Iftteo angles have their sides parallel each to eachy and lying 
in the same direction^ those angles tDttt be equal. 

Let BAC and DEF be the angles, having AB parallel to 
ED, and AC to EF, then will the angles be equal. 

Produce DE, if necessary, till it meets 
AC in G. The angle DEF is equal to 
DGC (67.), since EF is parallel to GC ; 
and the angle DGC is equal to BAC, 

since DG is parallel to AB ; hence the ^ 

angle DEF is equal to BAC. * 5tt 

71. Scholiwn. The restriction of this proposition to the 
case where the side EF lies in the same direction with AC, 
and ED in the same direction with AB, is necessary, because 
if FE were produced towards H, the angle DEH would have 
its sides parallel to those of the angle SaC, but would not 
be equal to it. In that case, DEH and BAC would be toge- 
ther equal to two right angles* 
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73. In every triangle^ the sum of the three angles is eqwd to two 

right angles. 

Let ABC be any triangle. Produce the side 
C A towards D ; and, at die point A, draw AE 
parallel to BC. 

Since AE, CB, areparallel, and CAD cuts 
them, the exterior angle DAE will be equal to C AD 
its interior opposite one ACB ; in like manner, since AE, 
CB, are parallel, and AB cuts them, the alternate interior 
angles ABC, BAE, will be equal : hence the three angles of 
the triangle ABC make up the same sum as the three angles 
CAB, BAE, EAD ; hence, (31.) the sum of the three angles 
is equal to two right angles. 

73. Cor* 1. Two angles of a triangle being given, or 
merely their sum, the third will be found by subtracting that 
sum from two right angles. 

74. Cor. 2. If two angles of one triangle are respec- 
tively equal to two angles of another, the third angles will 
also be equal, and the two triangles will be mutually equi- 
angular. 

75. Cor. 3. In any triangle there can be but one right 
angle ; for if there were two, the third angle must be nothing. 
Still less, can a triangle have more than one obtuse angle. 

76. Cor. 4. In every right-angled triangle, the sum of 
the two acute angles is equal to one right angle. 

77. Cor. 5. Since every equilateral triangle (45.) is 
also equiangular, each of its angles will be equal to the 
third part of two right angles ; so that if the right angle is 
expressed by unity, the angle of an equilateral triangle will be 
expressed by f . 

7B. Cor. 6. In every triangle ABC, the exterior angle 
BAD is equal tp the sum of the two interior opposite angles 
B and C. For, AE being parallel to BC, the part BAE is 
equal to the angle B, and the other part DAE is equal to the 
angle C* 
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70. The sum of all the nUeriar angles of a polygon is equal to 
as many Hmes tuxrrighi angles^ as there are umts in the number 
of sides diminished hy two. 

Let ABCDEFG be the proposed polygon 
If from the vertex of any one angle A, diago-*B| 
nals AC, AD, AE, AF, be drawn to the ver- 
tices of all the opposite angles, it is pldin that 
the polygon will be divided into five triangles, 
if it has seven sides ; into six triangles, if it has 0^* ^ 
eight ; and, in general, into as many triangles, less two as 
the polygon has sides ; for those triangles may be considered 
as having the point A for a common vertex, and for bases, 
the several sides of the polygon, excepting the two sides which 
form the angle A. It is evident, also, that the sum of all the 
angles in those triangles does not differ from the sum of all 
the angles in the polygon : hence the latter sum is equal to as 
many . times two right angles as there are triangles in the 
figure ; in other words, as there are units in the number of 
ddes diminished by two. 

80* CoTb 1; The sum of the angles in a quadrilateral is 
equal to two right angles multiplied by 4 — ^2, which amounts 
to four right afigles : hence if all the angles of a quadrilateral 
are equal, each of them will be a right angle ; a conclusion 
which sanctions our seventeenth Definition, where the four 
angles of a quadrilateral are asserted to be right, in the case 
of the rectangle and the square. 

81. Car. 2. The sum of the angles of a pentagon is equal 
to two right angles multiplied by 5 — ^2, which amounts to six 
right angles : hence when a pentagon is equiangular each an- 
gle is equal to the fifth part of six right angles, or to | of one 
right angle. 

82. Cor. 3. The sum of the angles of a hexagon 'is 
equal to 2 X (6 — 2,) or eight right angles ; hence in the equi- 
angular hexagon, each angle is the sixth part of eight right 
angles, or ^ of one. ^ 

83. Scholium. When this proposition is ap^ 
plied to polygons, which have re-entrant angles, 
each re-entrant angle must be regairded as greater 
than two right angles. But to avoid all aipbi- 
guity, we shall henceforth limit pvff^lftvng to 
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polygons with salienl angles, which might otherwise be named 
convex polygons. Every convex polygon is such that a straight 
line^ drawn at pleasure, cannot meet the contour of the poly- 
gon in more than two points. 




THEOREM. 

84. The opposite sides and angles of a parallelogram are equal. 

Draw the diagonal BD. The triangles x>. 
ADB, DEC, have a common side BD ; and 
since AI^, BC, are parallel, they have also 

the angle ADB=DBC (67.); and sinceXi ^b 

AB, CD, are parallel, the angle, ABDr=BDC ; hence they 
are equal (38.) ; therefore the side AB, opposite the angle 
ADB, is equal to the side DC, opposite the equal angle DBC ; 
and in like manner, AD the third side, is equal to BC : hence 
the opposite sides of a parallelogram are equal. 

Again, since the triangles are equal, it follows that the an- 
gle A is e<|ual to the angle C ; and also that the angle ADC, 
composed of the two ADB, BDC, is equal to ABC, com- 
posed of the two DBC, ABD : hence the opposite angles of 
a parallelogram are also equal. 

85. Cor. Two parallels AB, CD, included between two 
other parallels AD, BC, are equal. • 
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86. If ihe opposite sides of a quadrUaterdl are respectively ejudlf 
the equal sides will be pardUd^ anddhe figure wiU he a pardL 
Idognnu 

Let ABCD be a quadrilateral (see the last figure) having 
its opposite sides respectively equal, vis. AB=DC, and AD 
=:BC ; then will these sides be parallel, and the figure a pa- 
rallelogram. 

For, having drawn the diagonal BD, the triangles ABD, 
BDC, have all the sides 6f 1^ one equal to the corresp<Miding 
sides of the other ; *the|efpre they are equal ; therefore, the 
angle ADB, opposite the side AB, is eqoid to DBC, opposite 
CD ; therefcm (67.) the side AD is parallel to BC For a 
like reason, AB^is par«^el ui.fCD ; therefinre the quadrilateral 
ABCD is a paralle! ^ 
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67. If two oppotUe sides of a quadnUOerdl art equal and parol* 
Idj the remaxning sides vtQ also be equal and paraUely and tM 
figure win he a paraikhgram. 

Draw the diagonal BD (see the last figure). Since AB is 
parallel to CD, the alternate angles ABD, BDC, are eqaal 
(67.) ; moreover, the side BD is common, and the side AB 
=DC ; hence the triangle ABD is equal (36.) to DBC ; 
hence the side AD is equal to BC, the angle ADB to DBC, 
and consequently, AD is parallel to BC ; hence the figure 
ABCD is a parallelogram. 

THEOREM. 

88. T^e two diagonals of a parallelogram divide each other into 
equal parts, or mutually hi^ct each other » 

Liet ABCD be a parallelogram, 
AC and DB its diagonals, inter- 
secting at O, then will AO^OC, 
and DO=OB. Jt 

Comparing the triangles ADO, COB, we find the side AD 
=:CB, the angle ADO=:CBO (67.), and the angle DAO== 
OCB ; hence (38.) those triangles are equal ; hence AO, the 
side opposite the angle ADO, is equal to OC oroosite OBC ; 
hence also DO is equal to OB. 

89. Scholium. In the case of the rhombus, the sides AB, 
BC, being equal, the triangles AOB, OBC, have all the sides 
of the one equal to the corresponding sides of the other, and 
are therefore equal ; whence it follows that the angles AOB, 
BOC, are equal, and therefore, that the two diagonals of a 
rhombus cut each other at right angles. 
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THE CIRCLE, AND THE MEASUREMENT OF ANGLES. 

Definitiom. 

90. The drcumference of a circle 
is a curve line, all Ae points of which 
are equally distant from a point with- 
in, called the centre^ 

The circle is the space terminated ^ 
by this curved line.* 

91. Every straight line, CA, CE, 
CD, drawn from the center to the cir- ^ 
cumference, is called a radius or senddiameter ; every line 
which, like AB, passes through the centre, and is terminated 
on both sides by the circumference, is called a diameter. 

From the definition of a circle, it follows that all the radii 
are equal ; that all the diameters are equal also, and each 
double of the radius. 

92. A pordon of the circumference, such as FH6, is 
called an arc. 

The chard or gubiense of an arc is the straight line F6, 
which joins its two extremities.t 

93. A segment is the surface, or portion of a circle, in- 
cluded between an arc and its chord. 

94. A sector is the part of the circle included between an 
arc DEI, and the two radii CD, CE, drawn to the extremities 
of the arc. 

95. A straight line is said to be inscribe 
ed in a circle^ when its extremities are in the 
circumference, as AB. 

An inscribed angle is one which, like 
BAC, has its vertex in the circumference, 
and is formed by two chords. 




* JMe, In common language, the circle is sometimes confounded with 
its circumference* but the correct expression may always be easily re- 
curred to, if we bear in mind that the circle is a surface which has length 
and breadth, while the circumference is but a line. 

t Note, In all cases, the same chord F6 belongs to two arcs, FHG, 
FEG, and consequently also to two segments : but the smaller one is al- 
ways meant, unless the contrary is expressed. 
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An inscribed triangle is one which, like BAC, has its three 
angular points in the circumference. 

And, generally, an inscribed figure is one, of which all the 
angles have their vertices in the circumference. The circle is 
said to circumscribe such a figure. 

96. A secant is a line which meets the 
circmnfisrence in two points. AB is a se- 
cant 

97. A tangent is a line which has but 
one point in common with the circumference. 
CD is a tangent. 

The point M is called the point of contact. 

In like manner, two circiunferences touch each other when 
they have but one pcnnt in common. 

A polygon is circumscribed about a circle^ when all its sides 
Are tangents to the circumference (see the diagram of 277.) : 
in the same case, the circle is said to be inscribed in the po» 
lygon. 

THBORBM. 

96. \Etery diameter dwides ihe cirde and its dreumferenee wOo 

tmo eqiud ports. 

Let AEDF be a drcle, and AB a dia- 
meter. 

Now, if the figure AEB be applied to 
AFB, dieir common base AB retaining its 
position, the curve line AEB must fall ex- 
actly on th^ curve hue AFB, otherwise 
there would, in the one or the other, be 
points unequally distant from the centre, which s contrary to 
the definition of a circle. 

THSORBM. 

99. E^oery chord is Um than the diam^er. 

For, if the radii AC, CD, (see the last figure) be drawn to 
the extremities of the chord AD, we shall have the straight 
line AD Z AC + CD, or ADz AB. 

100. Cor. Hence, the greatest line which can be inscribed 
in a circle is equal to its diameter. 
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THBORBM. 

101. A straight Une cannot meet the circumference of a circle in 

more than two points. 

For, if it could meet it in three, those three points would be 
equally distant from the centre ; and hence, there would be 
three equal straight lines drawn from the same point to the 
same straight line, which is impossible (54«)« 

THEOREM. 

102. In the same eircUj or in equal circles, equal ares, are sub- 
tended by equal chords ; andy conversely j equd chords subtend 
equal arcs. 

Ifthe radii AC, EO, are 
equal, and the arcs AMD, 
EN6 ; then the chord AD 
will be equal to the chord 
EG. 

For, since the diameters 
A6, EF, are equal, the se- 
micircle AMDB may be applied exactly to the semicircle 
ENGF, and the curve line AMDB will coincide entirely with 
the curve line ENGF. But the part AMD is equal to the 
part ENG (Hyp.) ; hence the point D will fall on G ; there- 
fore the chord AD is equal to the chord EG. 

Conversely, supposing again the radii AC, EO, to be equal, 
if the chord AD is equal to the chord EG» the arcs AMD, 
ENG will be equal. 

For, if the radii CD, OG, be drawn, the triangles ACD, 
EOG, having all their sides respectively equal, namely, AC=: 
EO, CDssOG, and AD=rEG, are themselves equal; and, 
consequently, the angle ACD is equal EOG. Now, placing 
the semicircle ADB on its equal EGF, since the angles ACD, 
EOG, are equal, it is plain that the radius CD will fall on the 
radius OG, and the point D on the point G ; therefore the arc 
AMD is equal to the arc ENG. 
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103. In the same circle^ or m equal drdesy a greater arc is sub* 
tended hy a greater chords and conversely ; the arcs being always 
supposed to be less than a semidrcumference. 

Let the arc AH be greater than AD (see the preceding 
figure) ; and draw the chords AD, AH, and the radii CD, 
CH. The two sides AC, CH, of the triangle ACH are equal 
to the two AC, CD, of the triangle ACD, and the angle ACH 
is greater than ACD ; hence (42.) the third side AH is greater 
than the third AD ; therefore the chord, which subtends the 
greater arc, is the greater. 

Conversely, if the chord AH is greater than AD, it will 
follow, on comparing the same triangles, that the angle ACH 
is greater than ACD ; and hence, that the arc AH is greater 
than AD. 

104. Scholium^ The arcs here treated of are each less than 
the semicircumference. If they were greater, the reverse pro- 
perty would have place ; as the arcs increased, the chords 
would diminish, and conversely. Thus, the ark AKBD being 
greater than AKBH, the chord AD of the first is less than the 
chord AH of the second. 

THEOEEM. 

105. The radius perpendicular to a chords bisects if, and bisects 

also the subtended arc of the chord. 

Let AB be a chord and CG the ra- 
dius perpendicular to it; then AD = 
DB and the arc AG=GB. 

Draw the radii CA, CB. These 
radii considered with regard to the per- 
pendicular CD, are two equal oblique 
lines ; hence (52.) they lie equally dis- 
tant from that perpendicular : hence 
AD is equal to DB. 

Again, since AD, DB are equal, CG 
is a perpendicular erected from the middle of AB ; hence 
(55.) every point of this perpendicular must be equally dis- 
tant from its two extremities A and B. Now, G Is one of 
those points ; therefore AG, BG, are equal. But if the chord 
AG is equal to the chord GB, the arc AG will be equal to 
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the arc 6B (102) ; hence, the radius CG, at right angles to 
the chord AB, divides the arc sulttended by that chord into 
two equal parts at the point G. 

106. Scholium. The centre C, the middle point D, of the 
chord AB, and the middle point G, of the arc subtended by 
this chord, are three points situated in the same line perpendi- 
cular to the chord. But two points are sufficient to deter- 
mine the position of a straight line ; hence every straight line 
which passes through two of the points just mentioned, will 
necessarily pass through the third, and be perpendicular to 
the chord. 

It follows, likewise, that the perpendicular^ raised from th/^ 
middle of a chord passes through the centre ^ and through the 
middle of the a^c subtended by that chord. 

For this perpendicular is the same as the one let fall from 
the centre on the same chord, since both of them pass through 
the middle of the chord. 



THBOREM. 

107. Utrough three given points not in the same straight Um 
eireuntference may atmays he made to pass^ and hit one. 

Let A, B, and C, be the given 
points. 

Join AB, BC ; and bisect those 
straight lines by the perpendiculars 
DE, FG : we assert first, that DE 
and FG, will meet in some point O. 

For, they must necessarily cut 
each other, if they are not parallel. Now, suppose they were 
parallel, the line AB, which is perpendicular to DE, would 
also be perpendicular toFG(65.); and the angle K would 
be a right angle ; but BK, the production of BD, is different 
from BF, because the three points A, B, C, are not in the 
same straight line ; hence there would be two perpendiculars, 
BF, BK, let fall from the same point on the same straight 
line, which (50.) is impossible ; hence DE, FG, will always 
meet in some point O. 

And moreover, this point O, since it lies in the perpen- 
dicular DE, is equally distant from the two points, A and B, 
(55.); and since the same point O lies in the perpendicular 
FG, it is also equally distant from the two points B and C : 
hence the three distances OA, OB, OC, are equal ; therefore 
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the circumfer^ice degcribed from the centre O, with the radius 
OB9 will pass through the three givoi pomts A, B, €• 

We have now shewn that one circumference can always be 
made to pass, dirough three given points not in the same 
straight line : we assert farther, that but one can be described 
through them. 

For, if there were a second circumference passing through 
the three given points A, B, C, its centre could not be out of 
the line DE {55.)^ for then it would be unequally distant from 
A and B ; neither could it be out of the line F6, for a like 
reason ; therefore, it would be in both the lines DE, FG* 
But two straight lines cannot cut each other in more than one 
point ; hence there is but one circumference which can pass 
through three given points. 

108. Cor. Two circumferences cannot meet in more 
than two points ; for, if they have three common points, 
they must have the same centre, and form one and the same 
circumference. 



THEOREM. 

109. Tux) equal chords are equally distant from the centre ; and 
of two unequal chords^ the less is at the greater distance from the 
centre. 

First. Suppose the chord AB = 
DE. Bisect those chords by the 
perpendiculars CF, C6, and draw 
the radii CA, CD. l>y 

In the right-angled triangles C AF, 
DCG, the h3rpotenuses CA, CD, are 
equal ; and the side AF, the half of ^ 
AB, is equal to the side D6, the 
half of DE : hence the triangles are 
equal (516.), and CF is equal to CG ; 
hence {first) the t^o equal chords AB, DE, are equally dis- 
tant from the cetptre. 

Secondly, fjet the chord AH be greater than DE. The 
arc AKH (103.) will be greater than DME ; cut off from 
the former, a part equal to the latter, ANB=sDME ; draw 
the chord AB, and let fall CF perpendicular to this chord, 
and CI perpendicular to AH. It is evident that CF b 
greater than CO, and CO than CI (52.) ; therefore, CF 
is still greater than CL But CF is equal to CG, be- 
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cause the chords AB, DE, are equal : hence we have C6^ 
CI ; hence of two unequal chords, the less is the farther from 
the centre. 



THEOREM. 

110. A straight line perpendicular to a radius^ 

a tangent to the circumference. 

Let BD be perpendicular to the B 
radius CA, at its extremity A, 
then will it be tangent to the cir- 
cumference. 

For (52.) every oblique line CE, 
is longer than the perpendicular 
C A ; hence the point E is without 
the circle ; therefore, BD has no point but A common to it 
and the circumference ; consequently BD (97.) is a tangent. 

111. SchoUum. From a given point A, only one tangent 
AD can be drawn to the circumference : for if another 
could be drawn, it would not be perpendicular to the radius 
CA ; hence in reference to this new tangent, the radius AC 
would be an oblique line, and the perpendicular let fall from 
the centre upon this tangent would be shorter than CA; 
hence this supposed tangent would enter the circle, and be a 
secant 




THEOREM. 



112. Two parallels intercept equal arcs on the circumferenee. 

There may be three cases. 

First. If the two parallels are se- 
cants, draw the radius CH perpendi-. 
cular to the chord MP. It will, at the 
same time be perpendicular to NQ 
(65.); therefore, the point H (105) 
will be at once the middle of the arc 
MHP, and of the arc NHQ ; there- 
fore, we shall have the arc MH=HP, 

and the arc NH=HQ ; and therefore MH— NHfHP— HQ ; 
in other words MN = PQ. 
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Second. When, of the two paral- 
lels AB, DE, one is a secant, the 
other a tangent, draw the radius CH 
to the point of contact H ; it will 
be perpendicular to the tangent DE 
(110.), and also to its parallel MP* 
But since CH is perpendicular to 
the chord MP, the point H must be 
the middle of the ace MHP ; there- j^ 
fore the arcs MH, HP, included be- 
tween the parallels AB, DE, are equal. 

Third. If the two parallels DE, IL, are tangents, the one 
at H, the other at E, draw the parallel secant AB ; and, 
from what has* just been shewn, we shall have MH=HP, 
ME=:EP ; and hence the whole arc HME=HPE. It is far- 
ther e¥ident that each of these arcs is a semicircumference. 




THEOREM. 

113. If two circles cut each other in two poiwtM^ the Une which 
jpasses through their centres^ will he perpendicular to the chord 
which joins the points of intersection^ and wiU divide it into two 
equal parts. 

For the line AB, which joins the points of intersection, i$ 
a chord common to the two circles. And if a perpendicular 





be erected from the middle of this chord, it will pass (106.) 
through each of the two centres C and D. But no more than 
one straight line c||pbe drawn through two points ; hence the 
straight line, wUppasses through the centres, will bise<;t tbc 
chord at righ^|Bles. 
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THEOREM. 

114. If the distance between the centres of two circles is less than 
the sum of the radii, the greater radius being at the same time 
less than the sum of the smaUer and the distance between the cen- 
tres, the two circles will cut each other* 

For, to make an intersection possible, the triangle CAD 
(see the preceding figure) must be possible. Hence, not only 
must we have CD^AC+AD, but also the greater radius 
AD Z AC + CD. And, whenever the triangle CAD can be 
constructed, it is plain that the circles described from the cen- 
tres C and D, will cut each other in A and B. . 

THEOBEM. 



115. If the distance between the centres of two circles is equal 
to the sum of their radii, those tvfo circles wiU touch each other em- 
temaUy* 

Let C and D be the centres at a 
distance from each other=CA + AD. 

The circles will evidently have the 
point A common, and they will have 
no other ; because, if they had two 
points common, the distance between 
their centres must be less than the 
sum of their radii. 




THEOREM. 

1 16. If the distance between the centres of two circles, is equals 
to the difference of their radii, those two circles wHl touch each 
other internally. 

Let C and D be the centres at a dis- 
tance from each other = AD — CA. 

It is evident, as before, that they will 
have the point A common: they can 
have no other ; because, if they had, the 
greater radius AD (114.) must be less 
than the sum of the radius AC and the 
distance between the centres, which is 
contrary to the supposition. 
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117, Cor. Hence, if two circles touch each other, either 
externally or internally, their centres alid the point of contact 
will be in the same right line. 

118. SchoUwn. All circles which have their centres on 
the right line CD, and which pass through the point A, are 
tangent to each other ; they have only the point A com- 
mon. And if through the point A, AE be drawn perpendi- 
cular to CD, the straight line AE will be a common tangent 
to all the circles. 



THEOREM. 

119. In the »ame circley or in equal circles, equal angles having 
their vertices at the centre, intercept equal arcs on the drcumfe^ 
rence : and conversely, if the arcs intercepted are equal, the an* 
gles contained hy the radii wiU also he equal. 

Let C and C be the centres of equal circles, and the angle 
ACB=DCE. 

First Since the angles ACB, 
DCE, are equal, they may be 
placed upon each other;, and 
since their sides are equal, the 
point A will evidently fall on D, 
and the point B on E. @ut in 
that case, the arc AB must also fall on the arc DE ; for if they 
did not exactly coincide, there would, in the one or the other, 
be points unequally distant from the centre ; which is impossi- 
ble : hence the arc AB is equal to DE. 

Secondly. If we suppose AB=DE, the angle' ACB will be 
equal to DCE. For if those angles are not equal, suppose 
ACB to be the greater, and let ACI be taken equal to DCE. 
From what has just been shewn, we shall have AI=DE : but, 
by hypothesis, AB> equal to DE ; hence AI must be equal 
to AB, or a part, to the whole, which is absurd: hence the 
angle ACB is^^ual to DCE. 




ISO. Ai the lavjie circle, or in equal drelet, if tieo angUa at tke 
cewtn lore to each other in the proportion of two whole nvmbert, the 
iMorcepted aret wiU be to each other in the proportion of the 
tome numbers, and tee ehall have the angle : the angle : : the car- 
reapondijtg arc -. the eorreiponding arc. 



Suppose, for example, that the angles ACB, DCE, are to 
each other as 7 is to 4 ; or, vrhich is the same thing, suppose 
that the at^le M, which may serve as a common measure, is 
contained 7 times in the angle ACB and 4 times in DCE. 
The seven partial angles ACm, mCn, nCp, Stc, into which 
ACB is divided, heing each equal to any of the four partial 
angles into which DCE is divided ; each of the partial arcs 
Afn,inn, np, &c., will (119.) be equal to each of the partial arcs 
Ax, xy, 8ic. Therefore the whole arc AB will be to the whole 
arc DE, as 7 is to 4. But the same reasoning would evidently 
apply, if in place of 7 and 4 any numbers whatever were em- 
jdoyed; hence, if the ratio of the angles ACB, DCE, can be 
expressed in whole numbers, the arcs AB, DE, will be to each 
other as the angles ACB, DCE. 

131. Sckdiwn. Conversely, if the arcs AB, DE, are to 
each other as two whole numbers, the angles ACB, DCE, will 
' be to each other as the same whole numbers, and we shall have 
ACB : DCE : : AB : DE. For the partial arcs, Am, mn, &tc. 
and Dz, xy, Sic. being equal, the partial angles ACm, mCn, 
&c. and DCx, xCy, Sec will also fae equal. 



Hi. Whatever be the ratio of two angle*, those two angles «nll 
idwast be -to each other at the area intercepted between their aides, 
and described from (ft«r vertices as centres, with equal radii. 

Let ACB be the greater and ACD the less angle. 
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Let the less angle be placed 
on the greater. If the propo- 
sition is not true, the angle 
ACB will be to the angle ACD 
9S the arc AB is to an arc great- 
er or less than AD. Suppose "^'^^'-^if^ ^ ~ ^^ "S 

this arc to be greater, and let it be represented by AO ; we shall 
thus hav^ the angle ACB : angle ACD : : arc AB : arc AO. 
Next conceive the arc AB to be divided into equal parts, each 
of which is less than DO ; there will be at least one point of 
division between D and O ; let I be that point ; and join CL 
The arcs AB, AI, will be to each other as two whole numbers, 
and by the preceding theorem, we shall have the angle ACB : 
angle ACI : : arc AB : arc AI. Comparing these two pro- 
portions with each other, and observing that the antecedents 
are the same, we infer that the consequents are proportional, 
and thus we find the angle ACD : angle ACI : : arc AO : arc 
AI. But the arc AO is greater than the arc AI ; hence, if this 
proportion is true, the angle ACD must be greater than the 
angle ACI : on the contrary, however, it is less ; hence the 
angle ACB cannot be to the angle ACD as the arc AB is to 
an arc greater than AD. 

By a process of reasoning entirely similar, it may be shewn 
that tlie fourth term of the proportion cannot be less than AD ; 
hence it is AD itself; therefore we have 

Angle ACB : angle ACD : : arc AB : arc AD. 

123. Cor. Since the angle at the centre of a circle, and 
the arc intercepted by its sides, have such a connexion, that if 
the one be augmented or diminished in any ratio, the other will 
be augmented or diminished in the same ratio, we are autho- 
rized to establish the one of those magnitudes as the measure 
of the other ; and we shall henceforth assume the arc AB as 
ihe measure of the angle ACB. It is only required that, in 
the comparison of angles with each other, the arcs which 
serve to measure them, be described with equal radii, as all the 
foregoing propositions imply. 

124. S^dtolium, 1. It appears most natural to measure a 
quantity by a quantity of the same species ; and upon this 
principle it would be convenient to refer all angles to the right 
angle ; which, being made the unit of measure, an acute an- 
gle would be expressed by some number between and 1 ; 
an obtuse angle by some number between 1 and 2. This mode 
of expressing angles would not, however, be the most conve- 
nient in practice ; it has been found more simple to measure 
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them by arcs of a circle, on account of the facility with whick 
arcs can be made equal to given arcs, and for various other 
reasons. At all events, if the measurement of angles by arcs, 
of a circle is in any^degree indirect, it is still equally easy 
to obtain the direct and absolute measure by this method ; 
since, on comparing the arc which serves as a measure to 
any angle, with the fourth part of the circumference, we find 
the ratio of the given angle to a right angle, which is the ab- 
solute measure. 

125. Scholium. 2. AU that has been demonstrated in the 
last three propositions, concerning the comparison of angles 
with arcs holds true equally, if applied to the comparison of 
sectors with arcs ; for sectors are not only equal when their 
angles are so, but in all respects proportional to their angles ; 
hence ttpo sectors ACB, ACD, tciken in the same drdcy or in 
equal circles^ are to each other as the arcs AB, AD, the bases 
of those sectors. It is hence evident that the arcs of the cir- 
cle which serve as a measure of the different angles, may also 
serve as a measure of the different sectors, in the same circle^ 
or equal circles. 

THEOREM. 

1 26. An inscribed angle is measured by half the arc, included be* 

tween its sides. 

Let BAD be an inscribed angle, and let ^ 

us first suppose that the centre of the cir- ^^^"^ 
cle lies within the angle BAD. Draw the jT / 
diameter AE, and tlie radii CB, CD. / / 

The angle BCE, being exterior to the / / { 
triangle ABC, is equal to the sum of the 1/ .^•"''^ 
two interior angles (DAB, ABC (78.) ; but bT' 
the triangle BAC being isosceles, the an- \^^ 
gle CAB is equal to ABC ; hence the an- ^*^__ 
gle BCE is double of BAC. Since BCE lies at the centre, 
it is measured by the arc BE ; hence BAC will be measured 
by the half of BE. For a like reason, the angle CAD will be 
measured by the half of ED ; hence, BAC + CAD, or BAD, 
will be measured by the half of BE+ED, or of BD. 
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Suppose, in the second place, that C the 
centre lies without the angle BAD. Then, 
drawing the diameter A E, the angle B^E 
will be measured by the half of BE ; the 
angle DAE by the half of DE : hence 
their diiSerence BAD wiU be measured by 
the half of BE miim the half of ED, or B' 
by the half of BD. 

Hence every inscribed angle is measured 
by the' half of the arc included between its sides 



127. Car. 1. All the angles BAG, 
BDC, inscribed in the same segment are 
equal ; because they are all measured by 
the half of the same arc BOG. 






128. Cor. Every angle BAD; inscribed 
in a semicircle is a right angle ; because it is 
measured by half the semicircumferenceBOD, 
that is, by the fourth part of the whole cir- 
cumference. 

To demonstrate the same property another 
way, draw the radius AG: the triangle BAG is isosceles, 
hence the angle BAG=ABG ; the triangle GAD is also isos- 
celes, hence the angle GAD=ADG ; hence BAG + GAD, or 
BAD= ABD + ADB. But if the two angles B and D of the 
triangle ABD are together equal to the third BAD, all the 
three angles will be together equal to twice BAD ; we already 
know that they are equal to two right angles; therefore, BAD 
is equal to one. 

129. C&r. 3. Every angle BAG (see the' diagram of 127.) 
inscribed in a segment greater than a semicircle, is an acute 
angle ; for it is measured by the half of the arc BOG, less 
than a semicircumference. 

And every angle BOG, inscribed in a segment less than a 
semicircle, is an obtuse angle ; for it is measured by the half 
of the arc BAG, greater than a semicircumference. 
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130* Cor. 4. The opposite angles A 
and C, of an inscribed quadrilateral ABCD, 
are together equal to t^ro right angles : for 
the angle BAD is measured by half the 
arc BCD, the angle BCD is measured by 
half the arc BAD ; hence the two angles 
BAD, BCD, taken together, are measured 
by the half of the circumference ; hence their sum is equal to 
two right angles. 




THEOREM. 



131. The angle farmed hy a tangent and a chordy is measured by 
the half of the arc included between Us sides. 

Let BE be the tangent and AC the chord. 

From A; the point of contact draw 
the diameter AD. The angle BAD is 
right (110.) and is measured by half the 
semicircumference AMD ; the angle DAG 
is measured by the half of DC : hence, 
BAD+DAC, or BAC is measured by 
the half of AMD plus the half of DC, 
or by half the whole arc AMDC. 
It might be shewn, in the same manner, 
that the angle CAE is measured by half the arc AC included 
between its sides* 




PROBLEMS RELATING TO THE FIRST TWO BOOKS. 



PROBLEM. 

432. To dioide a given straight Une into two eqwd parts. 

Let AB be the given straight line. 

From the points A and B as centres, with 

a radius greater than the half of AB, describe 

two arcs cutting each other in D; the point 

D will be equally distant from A and B. F ipd, 

w ^1 in like manner, above or beneath the line AB, 

a second point E, equally distant from the 

points A and B ; through the two points D 

^(^ and E, draw the line DE : it will bisect the 

■ line AB m C. 
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For the two points D and E, being each equally distant^ 
from the extremities A and B, roust both lie in the perpendicu- 
lar raised from the middle of AB. But only one straight line 
can pa«s through two given points i hence the line D£ must 
itself be that perpendicular, which divides AB into two equal 
parts at t|ie point C. 

133. At a given point, in a given ^trafgit Une, to erect a perpen- 

dicuiar to this linp. 

J^et A be ]the given point, and BC the n ^ 

giyen ^ne. ''^^ 

T^ke tbe points Q apd C at equal dis- 
t^ce^ frovfi A ; tbeq from the points B 
and C as centres, with a radius greater j i ^^ 
tbw BAf describe two arcs intersecting ^ 

e?Lch other inD; draw Ap : it will be the perpendicular re- 
quired. 

For the point D, being equally distant from B and C, be*- 
longs to the perpendicular raised from the middle of BC ; 
therefore AD is that perpendicular. 

134* Scholium. The same construction serves for making 
a right angle BAD, at a given point. A, on a given straight 
line BC. 



PROBLEM. 

135. From a given pointy tcithaut a straight line, to let fall a 

perpendicular on this line. 

Let A be the point, and BD the 
straight line. 

From the point A as a centre, and 
with a radius sufficiently great, describe 
an arc cutting the line BD in the two 
pcnnts B and D ; then mark a point £, 
equally distant from the points B and 
D, and draw AJS : it will be the perpendicular required. 

For, the two points A and E are each equally distant from 
the points B and D ; hence the line A£ is a perpendicular 
passing through the middle of BD. 

8 
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PROBLEM. 



136. At a point in a given linCy to make an angle equal to a given 

angle. 

Let A be the given point, AB the given line, and IKL the 
^ven .angle. 

From the vertex K as a cen- j- O^ 

tre, with any radius, describe the ^y^ .y^i 

arc IL, terminating in the two ^^^^^^ \ ^y^ \ 
sides of the angle ; from the T^^ i a B 

point A as a centre, with a dis- 
tance AB equal to EI, describe the indefinite arc BO ; then 
take a radius equal to the chord LI, with which, from the 
point B as a centre, describe an arc cutting the indefinite one 
BO, in D ; draw AD ; and the angle DAB will be equal to 
the given angle K. i 

For, the two arcs BD, LI, have equal radii, and equal 
chords; hence they are equal (102.); therefore the angles 
BAD, IKL, measured by them are equal. 

PROBLEM. 

137. To divide a given arc, or a given angle, into two equal 

parte. 

Firgt. Let it be required to divide the 
arc AEB into two equal parts. From the 
points A and B, as centres, with the same 
radius, describe two arcs cutting each other 
in D ; through the point D and the centre 
C, draw CD : it will bisect the arc AB in -^ 
the point £. 

For the two points C and D are each ix 

equally distant from the extremities A and ^fP 

B of the chord AB ; hence the line CD bisects the chord at 
right angles; hence (105.) it bisects the arc AB in the 
point £• 

Secondly. Let it be required to divide the angle ACB into 
two equal parts. We begin by describing, from the vertex C 
as a centre, the arc AB ; which is then bisected as above. It 
is plain that the line CD will divide the angle ACB into two 
equal parts. 

138. Scholium. By the same construction, each of the 
halves AE, EB, may be divided into two equal parts ; and 
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thus, by successive subdivisions, a given angle, or a given 
arc may be divfded into four equal parts, into eight, into six-*- 
teen, and so on. 



PROBLEM. 

1 39. Through a given painty to draw a parallel to a given straight 

line. 

Let A be the given point, and BC 
the given line. B 

From the point A as a centre, with 
a radius sufficiently great, describe 
the indefinite arc EG ; from the point 
£ as a centre, with the same radius, 
describe the arc AF ; make ED=AF, and draw AD : this 
vi^ill be the parallel required. 

For, joining A£, the alternate angles AEF, EAD, are 
evidently equal ; therefore (67.) the lines AD, EF, are pa- 
rallel. 




PROBLEM. 

140. Two angles of a triangU,being given, to find the third. 

Draw the indefinite line 
DEF ; at any point as E, make 
the angle DEC equal to one of 
the given angles, and the angle 
CEH equal to the other: the 
remaining angle HEF will be • 
the third angle required ; be- ^^ -B V 

cause those 3iree angles are together equal to two right angles. 




PROBLEM. 

» 

141. Two sides of a triangle, and the angle which they contain, 

being given, to construct the triangle. 

Let the lines B and C be equal to r^ jq 
the given sides, and A the given an- 
gle. 

Having drawn the indefinite line 
I>E ; at the point D, make the angle . -^ 
EDF equal to the given angle A ; 
then take DG=B, DH=C, and draw GH ; DGH will be the 
triangle required (36.). 
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142. A side and two atighs of a triangle being giveuy to construct 

the triangle. 

The two angles will either be both ad- 
jacent to the given side, or the one adja- 
cent and the other opposite : in the latter 
case, find the third angle (140.); and the 
two adjacent angles will thus be known ; 
draw the straight line DE equal to the 
given side : at the point D^ make an angle EDF equal to one 
of the adjacent angles, and at E, an angle DE6 equal to th^ 
other ; the two lines DF, £6, will cut each other in H ; and 
DEH will be the triangle required (38.). 




PROBLEM. 




143. The three sides of a triangle being given^ to describe the 

triangle. 

Let A, B, and C, be the sides. 

Draw D.E equal to the side A ; 
from the point E as a centre with a 
radius equal to the second side B, 
describe an arc ; from D as a cen- 
tre with a radius equal to the third 
side C, describe another arc inter- 
secting the former in F ; draw DF, 
EF ; and DEF will be thejljrjan- 
gle required (43.). 

144. SchoUum. If one of the sides were greater than the 
sum of the other two, the arcs would not intersect each other : 
but the solution will always be possible, when the sum of two 
sides, any how taken^ is greater than the third. 
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PBOBLElf. 



145. Two sides cf a trumgte, and the angfe opposite one oftliem, 

being given, to descHbe the triangie. 

Let A and B be the giyen sides, and C the given angle. 
There are two cases. 

First. When the angle C is right 
or obtuse, make the angle £DF= 
C ; take DE=A ; from this point 
as a centre, with a radius equal to 
the given side B, describe an 
cutting DF in F ; drawEF: 
DEF will be the triangle requj ^ 

In this first case, the side B lAlist 
be greater th^ A ; for the angle 
C, being ri^M or obtuse, is the ^ 
greatest angk^fk the triangle, and the side opposite to it mast, 
therefore, also be the greatest. 




Secondly. If the angle C is 
acute, and B greater than A, the 
same construction will again ap- 
ply, and DEF will be the triangle 
required* 



Ak 



Bh 



M 




But if the angle C is acute, and 
the side B less than A, then the 
arc described from the centre E, ^' 



with the radius EF=B, will cut ^^ 
the side DF in two points F and "By 
G, lying on the same side of D : 
hence there will be two triangles 
DEF, DEG, either of which wiU 
satisfy the conditions of the pro- 
tsiein* 




146* Scholium. The problem would be impossible in all 
cases, if the'side B were less than the perpendicular let fall 
from E on the line DF. 
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147. Tke adjaeetU gides qf a paraJielogram^ wUhtkeangUwUek 
tkeff ecntainj being gvoeny to describe the j^raUdogram. 

Let A and B be the given sides, and C the given angle* 

Draw the line DE=A ; at 
the point D, make the angle 
FDE=C; takeDF=B; de- 
scribe two arcs, the one from 
F as a centre with a radius FG ^' 
sDE, the other from Y^M^ ^ 
centre with a radius HG= 




Bk 




DF; to the point G, where 

these arcs intersect each other, draw FG, EG ; DEGF will be 

the p\surallelogram required. 

For the opposite sides are equal, by construction ; hence 
the figure is a parallelogram (86.) : and it is formed with the 
^ven sides and the given angle. 

148. CcT. If the given angle is right, the figure will be 
a rectangle ; if, in addition to this, the sides are equal, it will 
be a square. 

PROBLEX. 

149. To find the centre of a given circle or arc. 

Take three points. A, B, C, 
any where in the circumference, 
or the arc ; join AB, BC, or sup- 
pose them to be joined ; bisect 
Jhose two lines by the perpendi- 
culars DE, FG: the point O, 
where these perpendiculars meet, 
will be the centre sought. 

150. jScAcrfitffn. The same con- 
struction serves for making a cir- 
cumference pass through three given points A, B, C ; and 
also for describing a circumference^ in which, a given triangle 
ABC shall be inscribed. 
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PROBLEM. 



151. Through a given poku^ to draw a tangent to a gieen eirde. 



If the given point A lies in the circum- 
ference, draw the radius CA, and erect 
AD perpendicular to it : AD (110.) wiU 
be the tangent required. 



If the point A lies without the circle, 
join A and the centre, by the straight line 
CA : bisect CA in O ; from O as a cen- 
tre, with the radius OC, describe a cir- 
cle intersecting the given circumference 
in B ; join AB : this will be the tangent 
required. 

For, drawing CB, the angle CBA 
being inscribed in a semicircle is a right 
angfe (128.) ; therefore AB is a perpen- 
dicular at the eiLtremity of the radius 
CB ; therefore it Is a tangent. 

152. SchoUvm. When the point A lies without the circle, 
there will evidently be always two equal tangents AB, AD, 
passing through the point A : they are equal, because the 
right-angled triangles CBA, CDA, have the hypotenuse CA 
common, and the side CB=CD ; hence they are equal ; hence 
AD is equal to AB, and also the angle CAD to CAB. 




PROBLEM. 



1 53. To inscribe a circle in a given triangle. 

Let ABC be the given triangle. 

Bisect the angles A and B, by 
the lines AO and BO, meeting in 
the point O ; from the point O, 
let fall the perpendiculars OD, I) 
OE, OF, on the three sides of the 
triangle : these perpendiculars 
will all be equal. For, by con- ^ 
struction, we have the angle DAO 
=OAF, the right angle ADOsAFO ; hence the third angle 
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AOD is equal to the third AOF. Moreover, the side AO is 
commoii to the>two triangles AOD, AOF; and the angles 
adjacent to the equal side are equal ; hence the triangles them- 
selves are equal } and DO is equal to OF. In the same man- 
ner it may be shewn that the two triangles BOD, BOE, are 
equal ; therefore OD is equal to 0£ ; therefore the three per- 
pendiculars OD, OE, OF, are all equal. 

Now, if from the point as a centre, with the radius QD^ 
a circle be described, this circle will evidently be inscribed in 
the triangle ABC ; for the side AB, being perpendicular to 
the radius at its extremity, is a tangent ; and the same thing 
is true of the sides BC, AC. « 

154. Sch4)Uum. The three lines wbich bisect the wgV^ of 
a triangle meet in the fkwm point 

155. On a given straight line to describe a segment containp^ a 
given angle ; that is to say^ a segment such, that aU the ff^fle^ 
inscribed in ity shall be eq[ual to the given angle* 

Let AB be the given straight line, and C the given angle. 

IE 





Produce AB towards D ; at the point B, make the angle 
DBE=C ; draw BO perpendicular to BE, and GO perpen- 
dicular to AB and bisecting it ; and from the point O, where 
those perpendiculars meet, as a centre, with the distance OB, 
describe a circle : the required segment will be AMB. 

For, since BF is a perpendicular at the extremity of the 
radius OB, it is a tangent, and the angle ABF (131.) is mea- 
sured by half the arc AKB. Also, the angle AMB, being an 
inscribed angle, is measured by half the arc AKB : hence we 
have AMB=ABF=:£BD=C : hence all the angles inscribed 
in the segment AMB are equal to the given angle C. 

156. Scholium. If the given angle were right, the requir- 
ed segment would be a semicircle described on AB, as a dia- 
meter. 
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PROBLEM. 



'^ 



157. Tojtnd the numerical ratio of two gwen straight lines, 
those lines being supposed to have a common measure. 

Let AB and CD be the given lines. 

From the greater AB cut off a part equal to the less A C 
CD, as many times as possible ; for example, twice, 
with the remainder BE. 

From the line CD, cut off a part equal to the re- 
mainder BE, as many times as possible ; once, for ex- 
ample, with the remainder DF. 

From the first reminder BE, cut off a part equal 
to the second DF, as many times as possible ; once, 
for example, with the remainder BG. . .;B 

From the second remainder DF, cut off a part equal 1 
to BG the third, as many times as possible. T^ 

Continue this process, till a remainder occur, which b 
is contained exactly a certain number of times in the preced- 
ing one. 

Then this last remainder will be the common measure of 
the proposed lines ; and regarding it as unity, we shall easily 
find the Values of the preceding remainders; and at last, 
those of the two proposed lines, and hence their ratio in 
numbers. 

Suppose, for instance, we find GB to be contained exactly 
twice in FD ; BG will be the common measure of the two 
proposed lines. Put BG=1; we shall have FD=2: but 
EB contains FD once, plus GB ; therefore we have EB==3 : 
CD contains EB once, pltis FD ; therefore we have CD =5 : 
ana, lastly, AB contains CD twice, plus EB ; therefore we 
have AB = 13 ; hence the ratio of the lines is that of 13 to 5. 
If the line CD were taken for unity, the line AB would 
be V ; if AB were taken for unity, CD would be ^. 

158* Scholium. The method just explained is the same 
as that employed in arithmetic to find the common divisor of 
two numbers : it has no need, therefore, of any other demon- 
stration. 

How far soever the operation be continued, it is possible 
that no remainder may ever be found, which shall be con- 
tained an exact number of times in the preceding one* When 
this happens^ ^e two lines have no common measure, and are 
said to be ineommensurable. An instance of this will be seen 
afterwards, in the ratio of the diagonal to the side of the 

9 
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square. In those cases, ther^ore, the exact ratio in numbers 
cannot be found ; but, by neglecting the last remainder, an 
approximate ratio will be obtained, more or less correct, ac- 
' cording as the operation has been continued a greater or ksss 
number of times. ^ 

PROBLEir. 

169. Twa angles being giveny tojind their eomm<m meamtrey if 
thejf have aney and by means of ity their ratio in mtmhers. 

Let A and B be the given angles. 

With equal radii describe the 
arcs CD, £F, to serve as mea- 
sures tof the angles: proceed 
afterwards in the comparison of 
the arcs CD, EF, as in the last 
problem, since an arc may be cut 
off from an arc of the sape radius, as a straight line from a 
straight line* We shall thus arrive at the common measure 
of the arcs CD, EF, if they have one, and thereby at their 
ratio in numbers. This ratio (122.) wiU be the same as that 
of the' given angles ; and if DO is the common measure of the 
arcs, DAO will be ihat of the angles. 

160. Scholium* According to this method, the absolute 
value of an angle may be found by comparing the arc which 
measures it to the whole circumference. If the arc CD, for 
example, is to the circumference, as 3 is to 25, the angle A 
will be jfg of four right angles, or if of one right angle. 

It%iay also happen, that the arcs compared have no com- 
mon measure ; in which case, the numerical ratios of the A- 
g]es will only be found approximately with more or less cor- 
rectness, according as the operation has been continued a 
greater or less number of times. 
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THE PROPORTIONS OF FIGURES. 



Dejmtiom. 

161. We shall give the name equivalent figure$^ to such 
as have equal surfaces^ 

Two figures may be equivalent though very dissimilar : a 
circle, for instancei may be equivalent to a square, a triangle 
to a rectangle* * 

The denominationy eqtud figikre$^ we shall reserve for such 
ms, when applied to each other, coincide in all their points : of 
this kind are two circles, which have equal radii ; two trian- 
gles, which have all their sides equal respectivelyt &g« 

162* Two figures are similar^ when they have their cor- 
responding angles equal each to each, and iS^iir homoiogoui 
mdeg proportional. By homologous sides, are understood 
those which have a corresponding position in the two figures, 
or which lie adjacent to equal angles. Those angles them- 
selves are called homologous angles. 

Two equal figures are always sinular; but two similar 
figures may be very unequal. 

163. In two different circles, similar arcSj sedors^ or seg^ 
meniSf are those which correspond to equal angles at the cen- 
tre. A. 

Thus, if the angles A and O be equal, 
the arc BC will be dmilar to the arc 
DE, the sector ABC to the sectw ODE, 
&c. 1 




164. The altitude of a parallelogram 
is the perpendicular which measures the 

distance of two opposite sides, taken as 

bases. Thus, £F is the altitude of the A. 
parallelogram DB. 

The altitude of a triangle is the 
pezpendicular let feU ^om the iver- 
tex 'of an an^, on the opposite side 
taken as a base. Thus, AD is the 
altitude of the triangle BAG. 
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The altitvde of a trapezoid is the perpendi- ^i — ^ 
eular drawn between its two parallel sides. / 
Thus, EF is the altitude of the trapezoid DB. ^ 




I* 



165. The area and the surface of a figure are terms very 
nearly synonymous. The area designates more particularly 
the superficial extent of the figure, in so far as it is measured, 
or compared to other surfaces. 

Note. For understanding this Boolp and those that follow; 
the reader will require to be master of the theory of propor- 
tions, for which we refer him to the commoiy reatises on arith- 
metic and algebra.* We shall only make one remark, which 
is of great importance for determining the true meaning of 
propositions, and dissipating any obscurity that may occur 
either in the enunciations or the proofs. 

The proportion A : B : : C : D being given, it is well 
known that the product of the ex^emes AxD is equal to the 
product of the means B X C. 

This truth is indisputable, so. far as concerns numbers: it 
is equally so in regard to magnitudes of any kind, provided 
they are expressed, or imagined to be expressed, in numbers ; 
and this we are at all times entitled to imagine. If A, B, C, / 
D, for example, are lines, we may conceive that one of those 
four lines, or a fifth if requisite, serves as a common measure 
to them all, and is taken for unity : then A, B, C, D, repre- 
sent each a certain number of units, integer or fractional, 
commensurable or incommensurable ; and the proportion be- 
tween the lines A,B, C, D, becomes a proportion of numbers. 
Se product of the lines A and D, which is also named 
rectangle^ is therefore nothing else than the number of 
linear units contained in A, multiplied by the number of the 
linear units contained in D ; and it is easy to see that this pro- 
duct may, indeed must, be equal to that which results in a si- 
milar manner from the lines B and C. 

The magnitudes A and B may be of one species, for exam- 
ple, lines ; and C and D of another species, for example, sur- 
faces : in suck cases,those magnitudes must always be regarded 
as numbers ; A and B will be expressed in linear units, C and 
D in superficial units ; and the product AxD will be a num- 
ber like the product B X C. 

Generally, in every operation connected with proportions, 
if the terms of those proportions be always looked upon as 

* A short sketch of the subject baa been prefixed to the preient trans- 
lation. — Ed. 
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SO many numbers, each of the kind proper to it, there will be 
no difficulty in conceiving the operations, and the f onsequen- 
ces which result from them. 

We must also premise, that several of our demonstrations 
are grounded on some of the simpler operations of Algebra, 
which are themselves dependent on admitted axioms. Thus, 
if we have A=B + C, and if each member is multiplied by 
the same quantity M, we may infer that AxM=BxM-fCx 
M; in like manner, if we have, A=B+C, and D=E — C, 
and if tJae equal quantities are added together, then expung- 
ing the +C and — C, which destroy each other, we infer that 
A-f D=B+E, and so of others. All this is evident enough 
of itself; but in cases of difficulty, it will be useful to consult 
some algebraical treatise, and thus to combine the study of 
the two sciences. 



THEOREM. 

166. ParaUelogratns which have equal hoses and equal aUiiudeSy 

are equivalent. 

Let aB be the common base d c :F E D g C J < 
ofthe tjwo parallepgrams ABCD, 
ABEbF : and since they are sup- 
posed to have the same altitlide, 
their upper bases DC, FE, will 

be situated both in one straight line parallel to AB. Now, from 
the nature of parallelograms, we havefAD = BC, and AF 
=BE ; for the same reason, we have DC=AB, and FE = 
AB; hence DC=FE: hence, if DC and FE be taken 
away from the same line DE, the remainders C£ and DF 
will be equal. 

It follows (43.) that the triangles DAF, CBE, are mutually 
equilateral, and consequently equal. 

But if from the quadrilateral ABED, we take away the 
triangle ADF, there will remain the parallelogram ABEF ; 
and if from the same quadrilateral ABED, we take away the 
triangle CBE, there will remain the parallelogram ABCD. 
Hence these two parallelograms ABCD, ABEF, which have 
the same base and altitude, ar^ equivalent. 

167. Cor. Every parallelogram is equivalent to the rect- 
angle which has the same base and the same altitude. 
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hWi JSfMTff Hiau^ U hedfof the pamOM^frm 
^ ^Mme JMLse and the sanue ^ddtude. 

Let Uie parallelograin BCD A, and I 
the tiittigle BC A have the same base 
JBC, and liie same altitude, then wiU 
4he triangle be half the ^paraHelo- 

For (87.) the triangles ABC, ACD, are equaL 

169. Cor. 1. Hence a triangle ABC is half of die rect- 
angle BCEFy which has the same base CB, and the same 
altitude AO : for the rectangle BCEF is equivalent to the 
parallelogram ABCD. 

170. Cor. 2. All triangles, which have equal bases and 
altitudes, are equivalent. ^ 




THEOREM. 

V 

17]. Two redangles having the same altitude^ are to e3ch other 

0La their hasee. 
• 

Let ABCD, AEfD, be two rect- 03 
angles having the ^common altitude 
AD : they are to ealth other as their 
bases AB, AE« 

Suppose, first, that the bases are JL b. :B 

commensiurable, and are to each other, for example, as the 
numbers 7 and 4. If AB is divided into 7 equal parts, A£ 
will contain 4 of dioseparts-: at each point of division erect 
ft perpendicular to the base ; seven partial rectangles will thus 
be formed, all equal to each otlier, because all have the same 
base and altitude. The rectangle ABCD will contain seven 
partial rectangles, while AEFD will contain fbur : hence the 
rectangle ABCD is to AEFD as 7 Is to 4, or as AB is to AE. 
The same reasoning may be applied to any other ratio equally 
with that of 7 to 4 : hence, whatever be that ratio, ifits terms 
be commensurable, we shall have 

ABCD : AEFD ; : AB : AE. 
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Suppose, in the second place, that the I> jfic c 

bases AB, A£, are incommensorable : it is 
to be shewn that, still we shall have 

ABCD : AEFD : : AB : AE. 

For if not, the first three terms continuing AT* 
the same, the fourth must be greater or less than AE. Sup- 
pojse it to be greater, and that we have 

ABCD : AEFD : : AB : AO. 

Divide the line AB into equal parts, each less than EO. 
There will be at least one point I of division between E and 
O : from this point draw IK perpendicular to AI : the bases 
AB,, AI, will be commensurable, and thus, from what is proved 
above, we shall have 

ABCD : AIKD : : AB : AL 

But by hypothesis we have 

ABCD : AEFD :: AB : AO. 

In these t^o proportions the antecedents are equal ; hence 
the consequents are proportional, and we find 

AIKD: AEFD::AIrAO. 

But AG is greater than AI; hence, if this proportion i& 
correct, the rectangle AEFD must be greater than AIKD : on 
the contrary, however, it is less ; hence the proportion is im- 
possible I tj^erefore ABCD cannot be to AEFD, as AB is to 
a line greater than AE« 

Exactly in the same manner, it may be shewn that the 
fourth term of the proportion cannot be less than AE ; there- 
fore it is equal to AE. 

Hence, whatever be the ratio of the bases, two rectangles 
ABCD, AEFD, of the same altitude, are to each other aa 
theif bases AB, AE* 

THXOIUBM. 

Vn. Amif tw» fgetunghs ere t^eaeh oiheras the predit€i» tfiieir 

hoses multiplied hy their aUUudes. 

if 

Let ABCD, AEGFs be two rectangles ; then viU the rect- 
angle, 

ABCD : AEGF :: AB. AD : AF.AE. 
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Having placed the two rectan- H, 
gles, so that the angles at A are 
vertical, produce the sides GE, CD, 
till they meet in H. The two rect- "^ 
angles ABCD, AEHD, having the 
same altitude, are to each other as 
their bases AB, AE : in like man- 
ner. the two rectangles AEHD, AEGF, having the same alti- 
tude AE, are to each other as their bases AD, AF : thus we 
have the two proportions, 

ABCD : AEHD :: AB : AE, 
AEHD : AEGF : : AD : AF. 

Multiplying the corresponding terms of those proportions 
together, and observing that the mean term AEHD may be 
omitted, since it is a multiplier of both the antecedent and the 
consequent, we shall have 

ABCD : AEGF : : ABx AD : AEx AF. 

173. Scholium. Hence the product of the base by the al- 
titude may be assumed as the measure of a rectangle, pro- 
vided we understand by this product, the product of two num- 
bers, one of which is the number of linear units contained in 
the base, the other the number of linear units contained in the 
altitude. 

Still this measure is not absolute but relative : it supposes 
that the area of any other rectangle is computed in a similar 
manner, by measuring its sides with the same linear unit : a 
second product is thus obtained, and the ratio of the two pro- 
ducts is the same as that of the rectangles, agreeably to the 
proposition just demonstrated. 

For example, if the base of the , rectangle A contains three 
nnits, and its altitude ten, that rectangle will be represented 
by the number 3 X 10, or 30, a number which signifies nothmg 
while thus isolated; but if there is a second rectangle B, the 
base of wtuch contains twelve units, and the altitude seven, 
this second rectangle will be represented by the number 12x7 
r=84 ; and we shall hence be entitled to conclude that the two 
rectangles are to each other as 30 is to 84 ; and therefore, if 
the rectangle A were to be assumed as the unit of measure- 
ment in surfaces, the rectangle B would then have |f for its 
absolute measure, in other words, it would be equal to |i of a 
superficial unit. 
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It is more common and more 
simple, to assume the square as 
the unit of surface; and to se- 
lect that square, whose side is 
the unit of length. In this case, 
the measurement which we have regarded merely as relative, 
becomes absolute : the number 30, for instance, by which the 
rectangle A was measured, now represents 30 superficial umts, 
or 30 of those squares, which have each of their sides equal 
to unity, as the diagram exhibits. 

In geometry the product of two lines frequently means the 
same thing as their rectangle^ and this expression has passed 
into arithmetic, where it serves to designate the product of 
two unequal numbers, the expression square being employed 
to designate the product of a number multiplied by itself. 

The arithmetical squares of 1, 2, 
3, &c. are 1, 4, 9, 8ic. So likewise 
the geometrical square Constructed 
on a double line is evidently four 
times as great as on a single one; on 
a triple line, is nine times as great, &c. 
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THEOREM. 

174. The area of any parallelogram is equal to the product of Us 

base by its altitude. 

For the parallelogram ABCD is equiva- 
lent (167.) to the rectangle ABEF, which 
has the same base AB, and the same alti- 
tude BE : but this rectangle (173.) is mea- 
sured by AB X BE ; therefore, AB X BE is 
equal to the area of the parallelogram ABCD. 

175. Cor, Parallelograms of the same base are to each 
other as their altitudes ; and parallelograms of the same alti- 
tude are to each other as their bases : for if A, B, C, are any 
three magnitudes, we have always 

AXC:BXC :: A:B. 
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THEOREM. 

V 

176. The area of a triangle is equal to the product of its base by 

half its altitude. 

For, the triangle ABC (168.) is half of -A, 
the parallelogram ABCE, which has the 
same base BC, and the same altitude AD : 



but the surface of the parallelogram (174.) ^ — ^ — ^ 
is equal to BCXAD; hence that of the 
triangle must be iBCXAD, or BCXiAD. 

177. Cor, Two triangles of the same altitude are to each 
other as their bases, and two triangles of the same base are to 
each other as their altitudes. And triangles generally, are to 
each other as the products of their bases and altitudes. 



THEOREM. 

178. T&e area of a trapezoid is equal to its altitude multiplied 

by the half sum of its parallel bases. 

Let ABCD be a trapezoid, EF its alti- 
tude, AB and CD its parallel bases ; 
then will its area be equal to EFX 
^(AB + CD). 

Through I, the middle point of the side 
BC, draw EL parallel to ihe opposite side 
AD ; and produce DC till it meets EL. 

In the triangles IBL, ICE, we have the side IB=IC, by 
construction ; the angle LIB=CIE ; and (67.) since CE and 
BL are parallel, the angle IBL = ICE; hence the triangles 
are equal ; therefore the trapezoid ABCD is equivalent to the 
parallelogram ADEL, and is measured by EFXAL. 

But we have AL=DE ; and since the triangles IBL and 

ECI are equal, the side BL=CE: hence AB5HCD=AL+ 

DE=2AL ; hence AL is the half sum of tlie bases AB, CD ; 

hence the area of the trapezoid ABCD, is equal to the altitude 

EF multiplied by the half sum of the bases AB, CD, a result 

AB -I- CD 

which is expressed thus : ABCD=EFX 

2 • 

179. SchoUum. If through I, the toiddle point of BC, the 
the line IH be drawn parallel to the base AB, the point H will 
also be the middle of AD. For, since the figure AHIL is a 
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parallelogram, as also DHIK, their opposite sides being pa- 
rallel, we have AH=IL, and DH=IK ; but since the trian- 
gles BIL, CIK, are eqaal, we already have IL=IE ; there- 
fore, AH=DH. 

It may be observed, that the line HI=AL is equal to 

5 ; hence the area of the trapezoid may also be ex- 

pressed by EFXHI : it is therefore equal to the altitude of 
the trapezoid multiplied by the line which connects the middle 
points of its inclined* sides. 

THEOREM. 

180. IfcL line is divided into two parts, the square described on 
the whole line is equivalent to the sum of the squares described 
on the parts respectively^ together tvith twice the rectangle con- 
tained by the parts. 

Let AC be the line, and B the point of division ; then, is 
AC« or (AB + BC)»=AB^+BC»+2AB . BC. 

Construct the square ACDE; take AF= S ? P 

AB ; draw FG parallel to AC, and BH pa- 
rallel to AE, 

The square ACDE is made up of four 
parts ; the first ABIF is the square described 



on AB, since we made AF=AB : the second A B C 

I6DH is the square described on IG, or BC ; for since we 
have AC=AE and AB=AF, the difference, AC — AB must 
be equal to the difference AE — ^AF, which ^ves BC=rEF ; 
but IG is equal to BC, and DG to EF, since the lines are 
parallel ; therefore IGDH is equal to a square described on 
BC. And those two squares being taken away from the 
whole square, there remain the two rectangles BCGI, EFIH, 
each of which is measured by ABXBC : hence the proposi- 
tion is true. 

181. Schdium. This property is equivalent to the pro- 
perty demonstrated in algebra, in obtaining the square of a 
binomial ; which is expressed thus : 
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THEOllEM. 

182. 7'he square described on the difference of two lines is equi- 
valent to the sum of the squares described on the lines respec- 
tively ^ minus twice the rectangle contained by the lines. 

Let AB and BC be the two lines, AC their difference ; then 
is ACS or (AB— BC)^=AB3+BC«— 2ABXBC. 

Construct the square ABIF ; take i I^ _ G- J 

AE=AC ; draw CG parallel to BI, 

IH 



£ 



D 



HK parallel to AB, and complete the x. 
square EFLK. 

The two rectangles CBIG, GLKD, 
are each measured by AB X BC ; take 
them away from the whole figure A' 

ABILKEA, which is equivalent to AB^+BCS there will evi- 
dently remain the squareACDE ; hence our theorem is true, 

183. Scholium. This proposition is equivalent to the alge- 
braical formula, {a — hY=a^ — 2ab-\-h^» 
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THEOREM. 

184. The rectangle contained by the sum and the difference of two 
lines y is equal to the difference of the squares of those lines. 

Let AB, BC, be the lines ; then, will 

(AB + BC) . (AB— BC)=AB3— BC«. 

On AB and AC, construct the -p G I 

squares ABIF, ACDE ; produce AB 
till the produced part BK is equal to 
BC ; and complete the rectangle 
AKLE. 

The base AK of the retangle is 
the sum of the two lines AB, BC ; its 
altitude AE is the difference of the JZ" 
same lines; therefore the rectangle 

AKLE is equal to (AB+BC) X(AB—BC). But this rect- 
angle is composed of the two parts ABHE + BHLK; and 
the part BHLK is equal to the rectangleEDGF, because 
BH is equal to DE, and BK to EP ; hence AKLE is equal 
to ABHE + EDGF. These two parts make up the square 
ABIF minus the square DHIG, which latter is the square de- 
scribed on BC : hence we have 

(AB+BC) X (AB— BC)=AB»— BC«. 
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185. Scholium. This proposition is equivalent to the al- 
gebraical formula, (a + 6) (a — -6)= a* 
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1 86. The square described on the hypotenuse of a right-angled 
triangle is equivalent to the sum of the squares described on the 
two sides. 

Let the triangle ABC be 
right-angled at A. Having 
formed squares on the three 
sides, let fall from A, on the 
hypotenuse, the perpendicular 
AD, which produce to E ; and •'^' 
draw the diagonals AF, CH. 

The angle ABF is made up 
of the angle ABC, together 
with the right angle CBF ; 
the angle CBH is made up of 
the same angle ABC, together 
with the right angle ABH; 
hence the angle ABF is equal to HBC. But we have AB= 
BH, being sides of the same square ; and BF=BC, for the 
same reason : therefore the triangles ABF, HBC, have two 
sides and the included angle in each equal ; therefore (36.) 
they are themselves equal. 

The triangle ABF (169.) is half of the rectangle BDEF 
(BE, for the sake of brevity), because they have the same 
base BF, and the same altitude BD. The triangle HBC is 
in like manner half of the square AH : for the angles BAC, 
BAL, being both right, AC and AL form one and the same 
straight line parallel to HB ; and consequently the triangle 
HBC, and the square AH, which have the common base BH, 
have also the common altitude AB, hence the triangle is half 
of the square. 

The triangle ABF has already been proved equal to the 
triangle HBC ; hence the rectangle BDEF, which is double 
of the triangle ABF, must be equivalent to the square AH, 
which is double of the triangle HBC. In the same manner 
it may be proved, that the rectangle CDEG is equivalent to 
the square AI. But the two rectangles BDEF, CDEG, 
taken together, make up the square BCGF: therefore the 
square BCGF, described on the hypotenuse, is equivalent to 
the sum of the squares ABHL, ACIK, described on the two 
other sides ; in other words, BC«=AB2 + AC^ 
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^187. Cot. 1. Hence the square of one of the sides of a 
right-angled triangle is equivalent to the square of the ^hypo- 
tenuse diminished by the square of the other side ; which is 
thus expressed : AB^sBC^ — ^AC*. 

188. Cor. 2. It has just been shewn that the square AH 
is equal to the rectangle BDEF ; but by reason of the com- 
mon altitude BF, the square BCGF is to the rectangle BDEF 
as the base BC is to the base BD ; therefore we have 

BC» : AB^ : : BC : BD- 

Hence the square of the hypotenuse is, to the square of one of 
the sides about the right angle, as the hypotenuse is to the seg- 
ment adjacent to that side. The word segment here denotes 
that part of the hypotenuse, which is cut off by the perpen- 
dicular let fall from the right angle : thus BD is the segment 
adjacent to the side AB ; and DC is the segment adjacent to 
the side AC. We might have, in like manner, 

BC« : AC» : : BC : CD, 

189. C(yr. 3. The rectangles BDEF, DCGE, having 
likeiRrise the same altitude, are to each other as their bases BD, 
CD. But these rectangles are equivalent to the squares AB*, 
AC^; therefore we have AB* : AC* : : BD : DC* 

Hence the squares of the two sides containing the right an- 
gle, are to each other as the segments of the hypotenuse which 
lie adjacent to those sides. 

190. Cor. 4* Let ABCD be a square; and jg; D 

AC its diagonal : the triangle ABC being 
right-angled and isosceles, we shall have AC* * 
=:AB*+BC*=:2AB*: hence the square de-^ 
scribed on the diagonal AC, is double of the 
square described on the side AB. iT 

This property may be exhibited more plainly, by drawing 
parallels to BD, through the points A and C, and parallels 
to AC, through the points B and D. A new square EFGH 
will thus be formed, equal to the square of AC. Now EFGH 
evidently contains eight triangles each equal to ABE ; and 
ABCB contains four such triangles : hence EFGH is double 
of ABCD. 

Since we have AC* : AB* : : 2 : 1 ; by extracting the 
square roots, we shall have AC : AB : : V2 : 1 ; hence the 
diagonal of a square is incommensurable with its side; a pro* 
perty which will be explained more fully in another place. 
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THEOREM. 

191. In any triangle, the square of the side opposite either of the 
acuie angles, is less than the sum of the squares of the sides 
containing ity by twice the rectangle contained by either of the 
latter sides and the distance from the acute angle to the foot of 
a perpendicular let fall from the opposite angle, on this side, or 
on the side produced. 

Let ABC be a triangle, and AD perpendicular to CB ; 
then, will AB»=AC^+BC*— 2BCx CD. 

There are two cases. J^ 

First. When the perpen- 
dicular falls within the tri- 
angle ABC, we have BD = 
BC — CD, and consequent- 
ly (182.)BD^ =BC 2+ CD* 
— 2BCXCD. Adding AD« B 
to each, and observing that the right-angled triangles ABD, 
ADC give AD^+BD^=AB% and AD' +CD«=ACS we 
have AB' = BC» + AC— 2BC X CD. 

Seamd. When the perpendicular AD falls without the tri- 
angle ABC, we have BD =CD — ^BC ; and consequently (182.) 
BD«=CD*+BC*— 2CDXBC. Adding AD'to boA, we 
find, as before, AB*=BC«+AC«— 2 BCxCD. 




THEOREM. 

1 92. In any triangle, having an obtuse angle, the square of the 
side opposite the obtuse angle, is greater than the sum of the 
squares of the sides containing it, by twice the rectangle contained 
by either of the latter sides, and the distance from the obtuse an^ 
gle to the foot of a perpendicular let fall from the opposite angle 
on this side produced* 

Let ACB be a triangle, B the obtuse angle, and AD per- 
pendicular to BC produced ; then will AB^=AC« + BC»-f 
2BCXCD. 

The perpendicular cannot fall within the 
triangle ; for if it fell at any point such as -^ 
£, the triangle ACE would have both the 
right angle E, and the obtuse angle C; 
which is impossible (75.) : hence the per- ^ 

pendicular falls without ; and we have BD :d C is U 
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=BC+CD. From this (180-) there results BD» =BC2+CD» 
+2BCXCD. Adding AD^ to both, and reducing the sums 
as in the last theorem, we find AB^ =BC « + AC^ -h 2BC X CD. 

193. Scholium. The right-angled triangle is the <Mily one 
in which the squares of two sides are together equal to the 
square of the third ; for if the angle contained by the two 
sides is acute, the sum of their squares will be greater than the 
square of the opposite side ; if obtuse, it will be less. 



THEOREM. 

194. In any triangle, if a straight line he drawn from the vertex 
to the middle of the haae, twice the square of thia line, together 
with twice the square of half the base, is equivalent to the sum of 
the squares of the other sides of the triangle. 

Let ABC be any triangle, and AE a line drawn to the 

middle of the base BC ; then will 

2AE» + 2BE^=AB» + AC«. 

On BC, let fall the perpendicular AD. 
The triangle AEC (191.) ^ves 

AC» =AE*+EC*— 2ECxED. 
The triangle ABE (192.) gives 

AB« = AE* + EB* + 2EB X EB. ji,^ ^^ 

Hence, by adding, and observing that EB and EC are equal, 
we have 

AB«+AC«=2AE«+2EB». 

195. Cor* Hence, in every paraMelogram the squares of 
the sides are together equal to the squares of the diagonals. 

For the diagonals AC BD, bisect ^'l- C 

each other (88.) ; consequently, die trian- 
gle ABC gives 

AB«+BC^=2AE2+2BE^ _ 

The triangle ADC gives, in like manner, A. 

AD« +DC^=2AE«+2DE^ 
Adding the correspondipg members together, and observing 
that BE and DE are equal, we shall have 

AB* + AD»+DC»+BC2=4AE«+4DE«. 
But 4AE^ is the square of 2AE, or of AC ; 4DE^ is the 
square of BD : hence the squares of the sides are together 
equal to the squares of the diagonals. 
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THBOREM. 

196. ^ tf line be drawn parallel to the base of a trianglef U wiU 

divide the other sidee proportionally. 

Let ABC be a triangle, and D£ a straight line drawn pa- 
rallel to the base BC ; then will 
AD : DB : : AE : EC. 

Join BE and DC. The two triangles BDE, 
DEC having th6 same base DE, and the same 
altitude, since both their vertices lie in a line 
parallel to the base, are equivalent (170.). 

The triangles^DE, BDE, whose common "p/^ Jtfi 
vertex is E, have the same altitude, and (177.) 
are to each other as their bases : hence we have 

• ADE : BDE : : AD : DB. ^ g 

The triangles ADE, DEC, whose common 
vertex is D, have also the same altitude, and are to each other 
as their bases ; hence 

ADE : DEC : : AE : EC. 

But the triangles BDE, DEC are ^tptti ; and therefore, 
since those proportions have a common ratio, we obtain 

AD : DB : : AE : EC. 

197. Cor. I. Hence, by composition, we have AD+DB ; 
AD : : AE+EC : AE, or AB : AD : : AC : AE; and also 
AB : BD : : AC : C£. 

198. Cor. 2. If between two straight lines AB, CD, any 
number of parallels AC, EF, GH, BD, be. be drawn, those 
straight lines will be cut proportionaUy, and we shall have 
AE : CF : : EG : FH : GB : HD. 

For, let O be the point where AB and 
CD meet. In the triangle OEF, the line 
AC being drawn parallel to the base EF, 
we shall have OE : AE : : OF : CF, or 
OE : OF : : AE : CF. In the triangleOGH, 
we shall likewise have OE : EG : : OF : 
FH, or OE : OF : : EG : FH. And by 
reason of the common ratio OE : OF, 
those two proportions give AE : CF : : 
EG : FH. It may be proved in the same 
manner, that EG : FH : : GB : HD, and so on ; hence the 
lines AB, CD are cut proportionally by the parallels AC, 
EF, OH, &c. 

11 
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199. ^cni^ersely^ if two sides of a triangle are out proipoftumdU^ 
hy a straight line, this straight line wiU be parallel to the third 
side. 

In the triangle ABC, let the line DE be drawn, making 
AD : DB : : AE : EC ; then will DE be parallel to BC. 

For if DE is not parallel to BC, suppose that 
DO is. Then, by the preceding theorem, we shall 
have AD : DB : : AO : OC. But by hypothesis, 
we have AD : DB : : AE : EC : hence we must 
have AO : OC : : AE : EC, or AO : AE : : OC : 
EC : an impossible result, since AO, the one an- 
tecedent, is less than its consequent AE, and OC, 
the other antecedent, is greater than its conse- 
quent EC. Hence the parallel to BC, drawn from the point 
D, cannot differ from DE ; hence DE is that parallel. 

200. Scholium, The same conclusion would be true, if 
the proportion AB : AD : : AC : AE were the proposed one. 
For this proportion would give us AB— AD : AD : : AC— ^ 
AE : AE, or BD : AD : : CE : AE. 

THEOREM. 

201. The Une which bisects the vertical angle of a triangle^ divider 
the base into two segments proportional to the adjacent sides. 

In the triangle ACB, let AD be drawn, bisecting the angle 
CAB ; then will 

BD : DC : : AB : AC. 

Through the point C, draw CE K 
parallel to AD till it meet BA 
produced. 

In the triangle BCE, the line 
AD is parallel to the base CE ; 
hence (196.) we have the propor- 
t tion, 

BD : DC : : AB : AE. 

But the triangle ACE is isosce- 
les : for since AD, CE are parallel, we have the angle ACE= 
DAC, and the angle AEC=:BAD (67.) ; but, by hypothesis, 
DAC=rBAD; hence the angle ACE==a!eC, and consequents 
ly (48.) AEssAC. In place of AE in the above proportion, 
Substitute AC, and we shall have BD : DC : : AB : AC. 




i 
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THEOREtt. 

9G2. Two equiangular triangles have their homologous sides pro- 

porHonaly and are similar. 

Let ABC, CDE be two triangles which 
have their angles equal each to each, 
namely, BAG =:^CDE, ABC =DCE and 
ACB=DEC ; then the homologous 
sides, or the sides adjacent to the equal 
angles, will be proportional, so that we -^ 
shall have BC : CE : : AB : CD : : 
AC : DE. 

Place the homologous sides BC, CE in the same straight 
line ; and produce the sides BA, ED, till they tneet in F. 

Since BCE is a straight line, and the angle BCA is equal 
to CED, it follows, (67.) that AC is parallel to DE. In like 
manner, since the angle ABC is equal to DCE, the line AB is 
parallel to DC. Hence the figure A(#DF is a parallelogram. 

In the triangle BFE, the line AC is parallel to the base 
FE ; hence (196.) we have BC : CE : : BA : AF ; or, put- 
ting CD in the place of its equal AF, 

BC : CE : : BA : CD. 

In the same triangle BEF, if BF be considered as the base, 
CD is parallel to it; and we have the proportion BC : CE 
: ; FD : DE ; or putting AC in the place of its equal FD, 

BC : CE : : AC : DE. 

And finally, since both those proportions contain the same 
ratio BC : CE, we have 

AC : DE : : BA : CD. 

Thus the eq^uiangular triangles BAC, CED have their ho- 
mologous sides proportional. But, two figures are similar 
when they have their angles respectively equal, and their ho- 
mologous sides proportional (162.); consequently 'the equi- 
angular triangles BAC, CED, are two similar figures. 

203. Cor* For the similarity of two triangles, it is enough 
that they have two angles equal each to each ; since the third 
will also be equal in botli, and the two triangles will be equi- 
angular. 

204. Scholium. Observe that, in similar triangles, the 
homologous sides are opposite to the equal angles ^ thus th^ 
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angle ACB being equal to DEC, the side AB is homologous 
to DC ; in like manner, AC and D£ are homologous, be- 
cause opposite to the equal angles ABC, DCE. When the 
homologous sides are determined, it is easy to form the pro- 
portions : 

AB : DC :: AC : DE : : BC : CE. 



»..' 




THBORBM. 

205. TtDo irianglesy which have their homologous rid^ fropor* 

tional are equiangular and similar. 

Suppose we have BC : EF : : AB : 
DE : : AC : DF ; then will the tri- 
angles ABC, DEF have thehr an- 
gles equal, namely, A=D, B=E, 
Q=F. 

At the point E, make the angle i b ^ 

FEG=B, and at F the angle ]£FG=C ; the third G will be 
equal to the third A, altd the two triangles ABC, EFG will 
be equiangular. Therefore, by the last theorem, we shall 
have BC : EF : : AB : EG ; but by hypothesis, we have BC : 
EF : : AB : DE ; hence EG=DE. By the same theorem, 
we shall also have BC : EF : : AC : FG ; and by hypothesis, 
we have BC : EF : : AC : DF; hence FG=-DF. Hence 
(43.) the triangles EGF, DEF, having their three sides re- 
spectively equal, are themselves equal. But by construction, 
the triangles EGF and ABC are equiangular : hence DEF 
and ABC are also equiangular and similar. 

206. Scholium 1. By the last two pro- 
positions, it appears that in triangles, equali- 
ty among the angles is a consequence of pro- 
portionality among the sides, and conversely ; 
so that cither of those conditions sufficiently 
determines the similarity of two triangles. A Si B 
The case is different with regard to figures of more than three 
sides : even in quadrilaterals, the proportion between the sides 
may be altered without altering the angles, or the angles be 
altered without altering the proportion between the sides; 
and thus proportionality among the sides cannot be a conse- 
quence of equality among the angles of two quadrilaterals, or 
vice versa. It is evident, for example, that by drawing EF 
parallel to BC, the angles of the quadrilateral AEFD, are 
made equal to those of ABCD, though the proportion between 
the sides is different ; and, in like manner, without changing 
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the four sides AB, BC, CD, AD, we can make the point B 
approach D or recede from it, which will change the angles. 

207. SchoUmn 2. The two preceding propositions, which^ 
in strictness form but one, together with that relating to the 
square of the hypotenuse, are the most important and fertile in 
results of any in geometry : they are almost sufficient of them* 
selves for evf ry application to subsequent reasoning, and for 
solving every problem. The reason is, that all figures may 
be divided into triangles, and any triangle into two right-an* 
gled triangles. Thus the general properties of triangles in* 
elude, by imjdicatitHi, those of all figures. . 

THBOBBM. 

806. Two triangles which hone on on^ in ike me eqjeal to an 
angle tn the other y and the sides eontaimng ihose angles proper' 
ftofNK, ate #tfluMf • 

I^t the angles A and D be equal ; 
if we have AB : DE : : AC : DF, the 
triangle ABC is similar to DEF. 

Take AG^DE, and draw GH pa- 
rallel to 6C. The angle AGH (67.) 
will be equal to the angle ABC | and ^ - 
the triangles AGH, ABC, will be equi- 
angular : hence we shall have AB : AG : : AC : AH. But 
by hypothesis, we have AB : DE : : AC : DF ; and by con- 
struction, A6=:DE: hence AH:=DF. The two triangles 
AGH, DEF have an equal angle included between equal 
sides ; therefore thev are equal ; but the triangle AGH is simi* 
lar to ABC ; therefore DEF is also similar to ABC. 



THEOREM. 

209. Two triangles^ which hate their homdhgous sides paraUdf 
or perpendieidar to eaehotheTf are similar. 

First. If the side AB is parallel to DE, 
and BC to EF, the angle ABC (70.) will 
be equal to DEF; if AC is paraUel to DF, 
die angle ACB will be equal to DFE, and 
ako BAC to EDF ; hence the triangles ABC, 
DEF are equiangular; consequently they 
are similar. 
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Secondly. If the side DE is perpen- 
dicular to AB, and the side DF to AC, 
the two angles I and H of the quadri- 
lateral AIDH will be right ; and since 
(80.) all the four angles are together 
equal to four right angles, the remain- 
ing two lAH, IDH will be together 
equal to two right angles. But the 
two angles EDF, IDH are also equal to two right angles i 
hence the angle EDF is equal to lAH or BAG. In like 
manner, if the third side EF is perpendicular to the third BC, 
it may be shewn that the angle DFE is equal to C, and DEF 
to B : hence the triangles ABC, DEF, which have the sides 
of the one perpendicular to the corresponding sides of the 
other, are equiangular and similar. 

210. Scholium. In the case of the sides being parallel, 
the homologous sides are the parallel ones : in the case of 
their being perpendicular, the homologous sides are the per- 
pendicular ones. Thus in the latter case DE is homologous 
with AB, DF, with AC, and EF with BC. 

The case of the perpendicular sides might present a relative 
position of the two triangles different from that exhibited in 
the diagram : but the equality of the respective angles might 
still be demonstrated, either by means of quadrilaterals like 
AIDH having two right angles, or by the comparison of two 
triangles having a common vertex, (the opposite angles at 
this vertex equal,) and a right angle in each. Besides, we 
might always conceive a triangle DEF to be constructed 
within the triangle ABC, and such that its sides should be 
parallel to those of the triangle compared with ABC ; and 
then the demonstration given in the text would apply. 

THBOREM. 

211. In any triangle^ if a line he drawn parallel to the base, and 
from the vertex lines he dratm at pleasure, cutting this paraUd 
and the hose, the latter lines will he dimdtd proportionally. 

Let DE be parallel to the base BC, and the other lines 
tbrawn as in the figure ; then will 

DI : BF : : IK : FG : : KL : GH, &c. 
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For since BI is parallel to BF, the 
triangles ADI and ABF are equian- 
gular ; and we have DI : BF : : AI : 
AF ; and since IK is parallel to FG, 
Vfe have in like manner AI : AF : : 
IK : FG ; hence the ratio AI : AF 

being common^ we shall have DI : 

BF : : IK : FG. In the same manner B F 
we sha]l find IK : FG : : KL : GH ; and so with the other 
segments : hence the line DE is divided at the points I, K, L, 
in the same proportion, as the base BC, at the points F, 6, H. 

212. Car, Therefore if BC were divided into equal parts 
at the points F, G, H, the parallel D£ would also be divided 
into equal parts at the points I, K, L. 




THEOREM. 

213. If from the right angle of a right'Ongled triangle, a perpen^ 

dicular he let fall on the hypotenuse ; then 
First, Tlte two partial triangles thus formed, rtiU he similar to each 

other, and to the whole triangle. 
Secondly, Either side including the right angle will he a mean 

proportional hetween the hypotenuse and the adjacent segment; 

and* 
Thirdly, The perpendicular wiU he a mean proportional between Vie 

two segments of the hypotenuse. 

In the triangle ABC, let the angle A be right, and AD per-^ 
pendicular to BC. 

First. The triangles BAD and BAC a 

have the common angle B, the right an- 
gle BDA=:BAC, and therefore the third 
angle BAD of the one, equal to the third 
angle C of the other : hence those two -^ 
triangles are equiangular and similar. 
In the same manner it may be shewn that the triangles DAC 
and BAC are similar ; hence all the triangles are similar and 
equiangular. 

Secondly. The triangles BAD, BAC being similar, their 
homologous sides are proportional. But BD in the small tt'i- 
angle and BA in the large one, are homologous, because they 
lie opposite to the equal angles BAD, BCA; the hypotenuse 
BA of the small triangle is homologous with the hypotenuse 
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BC of the large triangle ; hence the proportian BD : BA : : 
BA : BC. By the same reasoning, we should find DC : 
AC : : AC : BC ; hence, each of the sides AB, AC is a mean 
proportional between the hypotenuse and the segmmt adjacenC 
to that side. 

Thirdly. Since the triangles ABD, ADC are similar, by 
comparing their homologous sides, we have BD : AD : : AD 
: DC ; hence, the perpendicular AD is a mean proportional 
between the segments DB, DC of the hypotenuse. 

214. SehoUum. Since BD : AB : : AB : BC, the product 
of the extremes will be equal to that of the means, or AB'= 
BD.BC. For the same reason we have AC' =rDC.BC ; there- 
fore AB« +AC« =BD.BC+DC.BC=(BD+DC).BC=BC. 
BC=BC' ; or the square described on the hypotenuse BC is 
equal to the squares described on the two sides AB, AC* 
Thus we again arrive at the property of the square of the hy- 
potenuse, by a path very different from that which formerly 
conducted us to it : and thus it appears that, and strict^ 
speaking, the property of the square of the hypotenuse, is a 
consequence of the more general proper^, that the sides of 
equiangular triangles are proportional. Thus the fundamen- 
tal propositions of geometry are reduced, as it were, to this 
single one, that equiangular trian^es have their homdogous 
sides proportional. 

It happens frequently, as in this instance, that by dedocilig 
consequences from one or more pi'c^odtions, we are led back 
to some proposition already proved. In fact, the chief cha- 
racteristic of geometrical theorems, and one indubitable proof 
of their certainty is, that, however we combine them together, 
provided only our reasoning be correct, the results we obtain 
are always perfecdy accurate* Tlie case would be different, 
if any proposition were false or cmly approximately true ; it 
would frequendy happen that on eombitting the propositions 
together, the err<»r would increase and become perceptible. 
Examples of tiiis are to be seen in all the demonstrationsi, in 
which the redttctio ad abturdum is employed. In such demon- 
strations, where the object is to show that two quantities aie 
equal, we proceed by showing that if there existed the small- 
est inequality between the quantities, a train of accurate ran* 
soning would lead us to a manifest and palpable absurdly ; 
from which we are forced to conclude that the two qnaolttie^ 
are equal. 
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215. Car. If from a point A, in the cir- 
cumference of a circle, two chords AB, AC, 
be drawn to the extremities of a diameter BC^ 
the triangle BAG (128.) will be right-angled ^ ^ 
at A ; hence, first, the perpendiadar AD is a mean prapar-^ 
tional letween the two segments BD, DC, of the diameter ^ or 
what amounts to the same, AD*=BD.DC. 

Hence also, in the second place, the chord AB is a mean 
proportional betuoeen the diameter BC and the adjacent seg- 
ment BD, or what amounts to the same, AB'=BD.BC. fn 
like manner, we have AC'=CD.BC ; hence AB« : AC* : : 
BD : DC ; and comparing AB* and AC*, to BC", we have 
AB* : BC* : : BD : BC, and AC* : BC* : : DC : BC. Those 
proportions between the squares of the sides compared with 
each other, or with the square of the hjrpotenuse, have already 
been given in the third and fourth corollaries of Art. 186. 



THEOREM. 

216. Two triangles, hamng an angle in each equaly are to each 
other as the rectangles (fthe sides wMch contain the equal angles. 

In the two triangles ABC, ADE, let the angle A be equal 
to the angle A ; then will the triangle 

ABC : ADE : : AB.AC : AD.AE. 

Draw BE. The triangles 
ABE, ADE, having the com- 
mon vertex E, have the same 
altitude, and consequently 
(177.) are to each other as 
their bases : that is, 

ABE : ADE : AB : AD. 

In like manner, 

ABC : ABE : : AC : AE. 

Multiply together the corresponding terms of those propor- 
tions, omitting the common term ABE ; we have 

ABC : ADE : : AB.AC : AD.AE. 

217. Cor. Hence the two triangles would be equivalent, 
if the rectangle AB.AC were equal to the rectangle AD.AE, 
or if we had AB : AD : : AE : AC ; which would happen if 
DC were parallel to BE. 

12 
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THEOREM. 

218. Ttio rimilar triangles are to each other ae the squaree of 

their homologous sides. 

Let the angle A be equal to D, and -^ 
the angle B=E. Then, first, by reason \ 
of the equal angles A and D, according _\-- 
to the last proposition we shall have ^ ^ 

ABC : DEF : : AB.AC : DE.DF. j \^ 

Also, because the triangles are similar, B O 

AB : DE : : AC : : DF, 
And multipl3nng the terms of this proportion by the cor- 
responding terms of the identical proportion, 

AC : DF : : AC : DF, 
there will result 

AB.AC : DE.DF : : AC : DF*. 
Consequently, 

ABC : DEF : : AC« : DF^ 
Therefore two similar triangles ABC, DEF are to each 
other as the squares of the homologous sides AC, DF, or as 
the squares of any other two homologous .sides* 



THEOREM. 

219. Two similar polygons are composed of the same number of 
trianglesy similar each to eachy and similarly situated. 

From any angle A, 
in the polygon ABCDE, 
draw diagonals AC, AD 
to the other angles. 
From the corresponding 
angle F, in the other 
polygon FGHIK, draw b 

diagonals FH, Fl.to the other angles. 

These polygons being similar, the angles ABC, F6H, 
which are homologous, must be equal (162.) and the cides 
AB, BC must also be proportional to FG, GH, that is AB : 
FG : : BC : GH. Wherefore the triangles ABC,FGH have 
each an equal angle, contained between proportional sides ; 
hence they are similar (208.) ; therefore the angle BCA is 
equal to GHF. Take away these equal angles from the 
equal angles BCD, GHI ; there remains ACD=FHL But 
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since the triangles ABC, F6H, are similar, we have AC : 
FH : : BC : GH ; and since the polygons are similar, BC : 
GH : : CD : HI ; hence AC : FH : : CD : HI. But the angle 
ACD, we already know, is equal to FHI ; hence tiie trian- 
gles ACD, FHI have an equal angle in each, included be- 
tween proportional sides, and are consequently similar (208.). 
In the same manner might all the remaining triangles be shewn 
to be similar, whatever were the number of sides in the poly- 
gons proposed : therefore two similar polygons are composed 
of the same number of triangles, similar, and similarly situated. 

220. Scholium. The converse of the proposition is equally 
true : If two polygons are composed of the same mmiber of tri- 
angles similar ana similarly situated, those two polygons toitt 
be similar. 

For, the similarity of the respective triangles will give the 
angles, ABC=FGH, BCA=GHF, ACD = FHI : hence 
BCD=GHI, Hkewise CDE=HIK, &c. Moreover we shall 
have AB : FG : : BC : GH : : AC : FH : : CD : HI, &c. 
hence the two polygons have their angles equal and their 
sides proportional ; consequently they are similar. 



THEOREM* 

S2K The contours or perimeters of similar polygons are to each 
other as the homologous sides: and the surfaces are to each 
other as the squares of those sides. 

First. Since, by the nature of similar figures, we have 
(see the preceding figure) AB : FG : : BC : GH : : CD : 
HI, &c* we conclude firom this series of equal ratios that the 
sum of the antecedents AB+BC + CD, &c. (the perimeter of 
the first polygon) is to the sum of the consequents FG+GH 
+HI, &LC. (the perimeter of the second polygon,) as any one 
antecedent is to its consequent, and therefore, as the side AB 
is to its corresponding side FG. 

Second^. Since the triangles ABC, FGH, are similar, 
we shaU have (218.) the triangle ABC, FGH : : AC* : FH«; 
and in like manner, firom the similar triangles ACD, FHI, 
we shall have ACD : FHI : : AC* : FH* ; therefore, by rea- 
son of the common ratio, AC* : FH*, we have 

ABC : FGH : : ACD : FHI. 
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By the same mode of reasoning, we should find 

ACD : FHI : : ADE : FIK ; 
and so on, if there were more triangles. And from this series 
of equal ratios, we conclude that the sum of the antecedents 
ABC+ACD+ADE, or the polygon ABCDE, is to the sum 
of the consequents FGH+FHI+FIK, or to the polygon 
FGHIK, as one antecedent ABC, is to its consequent FGH, 
or as AB^ is to FG^ (2l9.) hence the surfaces of similar po- 
lygons are to each other as the squares of the homologous 
sides. 

222. Car. If three similar figures were constructed, on 
the three sides of a right-angled triangle, the figure on the 
hypotenuse would be equal to the sum of the other two : for 
the three figures are proportional to the squares of their ho- 
mologous sides ; but the square of the hypotenuse is equal to 
the sum of the squares of the two other sides ; hence, &c. 

THEOREM. 

223. The segments of two chords, which intersect each other in a 

circUy are reciprocally proportional. 

Let the chords AB and CD intersect at O, then will 

AO : DO : : OC : OB. 

Join AC and BD. In the triangles ACO, 
BOD the angles at O are equal, being ver- 
tical ; the angle A is equal to the angle D, 
because l)6th are inscribed in the same seg- 
ment (127.) ; for the same reason the an- ^ 
gle C=B ; the triangles are therefore simi- 
lar, and the homologous sides give the proportion AO : DO : : 
CO : OB. 

224. Cor. Therefore AO.OB=DO.CO : hence the rec- 
tangle under the two segments of the one chord is equal to 
the rectangle under the two segments of the other. 
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THEOREM. 



225. If from the same point without a circle^ two secants be drawn 
terminating in the concave arc, the whole secants will be recipro- 
cally proportional to their external segments. 

Let the secants OB, OC be drawn from the point Or 
then will 

OB :OC: : OD : OA- 

For, joining AC, BD, the triangles OAC, 
OBD have the angle O common; likewise 
the angle B = C (126.); these triangles are 
therefore similar ; and their homologous sides 
give the proportion, OB : OC : : OD : OA. 

226. Cor. The rectangle OA. OB is hence 
equal to the rectangle OC.OD. 

227. Scholium. This proposition, it may 
be observed, bears a great analogy to the preceding, and dif- 
fers from it only as the two chords AB, CD, instead of inter- 
secting each other within, cut each other without, the circle. 
The following proposition may also be regarded as a particu- 
lar case of the proposition just demonstrated. 
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228. If from the same point without a circle, a tangent and a 
secant he drawn, the tangent will be a mean proportional between 
the seamt, and its extermd segment. 

From the point O, let the tangent OA, and the secant OC 
be drawn ; then will, 

OC : OA : : OA : OD, or OA^= OC.OD. 

For, joining AD and AC, the triangles O 
GAD, OAC have the angle O common; 
also the angle OAD, formed by a tangent 
and a chord, has for its measure (131.) half 
of the arc AD; and the angle C has the 
same measure: hence the angle OAD=C; 
therefore the two triangles are similar, and 
we have the proportion, OC : OA : : OA : 
OD, which gives OA«=OC.OD. 
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THEOREM.* 

229* If either angle of a triangle is bisected by a line terminating 
in the opposite side^ the rectangle of the sides including the bisect- 
ed angUy is equal to the square of the bisecting line togdher with 
the recttaigle contained by the segment of the third side. 

Let AD bisect the angle A ; then, will 

AB.AC=AD«+BD.DC. 

Describe a circle through the three points 
A, By C ; produce AD till it meets tiie cir- 
cumference, and joins C£. 

The triangle BAD is similar to the tri- 
angle EAC ; for by hypothesis, the ai^e 
BAD=EAC ; also the angle B=E, since 
they both are measured by half of the arc ^S 

AC ; hence these triangles are similar, and the homologous 
sides ^ve the proportion, BA : AE : : AD : AC ; hence 
BA.AC=rAE.AD; but AE=AD+DE, and multiplying each 
of these equals by AD, we have AE.AD=AD« +AD.DE ; 
now AD.DE=:BD.DC (224.); hence finally, 

BA.AC=:AD«+BD.DC. 




THEOBEM. 

230« In every triangle, the rectasigle contained by two sides, is 
equal to the rectangle contained by the diameter of the circum- 
scribed circle J and the perpendicular let fall upon the third side. 

In the triangle ABC, let AD be drawn perpendicular to 
BC ; and let EC be the diameter of the circumscribed circle ; 
then, will 

AB.AC=:AD.CE. 



* This and the three succeeding propositions are not immediately con- 
nected wiUi the chain of geometrical investigation. They may be omit- ' 
ted or not, as the reader chooses.— En. 
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For, joimhg AE, the triangles ABD, 
A£C are right-angled, the one at D, the 
other at A; also the angle B=:E; Uiese 
triangles are therefore similar, and they 
give the proportion, AB : CE : : AD : 
AC ; and hence AB.AC=CE.AD. 




231. Car* If these equal quantities be multiplied by the 
same quantity BC there will result AB.AC.BC=CE. AD. 
BC ; now AD.BC is double of the surface of the triangle 
(176.); therefore the product of the three sides of a triangle is 
equal to its surface multiplied by twice the diameter of the cir- 
cumscribed circle. 

The product of three lines is sometimes called a soUd^ for 
a reason that shall be seen afterwards. Its value is easily 
conceived, by imagining that the lines are reduced into num- 
bers, and multiplying these numbers together. 

233. Scholium. It may also be demonstrated, that the 
surface of a triangle is equal to its perimeter multiplied by 
half the radius of the inscribed circle. 

For the triangles AOB,BOC, 
AOC, which have a common 
vertex at O, have for their com- 
mon altitude the radius of the 
inscribed circle ; hence the sum 
of these triangles will be equal 

to the sum of the bases AB,BC, 

AC, multiplied by half the radius OD ; hence the surface of 
the triangle ABC is equal to the perimeter multiplied by half 
the radius of the inscribed circle. 




THEOREM. 

233. In every quadrilateral inscribed in a drcUy the rectangle of 
the two diagonals is equal to the sum of the rectangles of the 
' opposite sides. 

In the quadrilateral ABCD, we shall have 

AC.BD=AB.CD+AD.BC. 



/ 
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Take the arc CO=:AD, and draw BO 
meeting the diagonal AC in I. • 

The angle ABD=CBf, since the one 
has for its measure half of the arc AD, 
and the other, half of CO, equal to AD ; 
the angle ADB=BCI, because they are 
both inscribed in the same segment 
"B^ 5" AOB ; hence the triangle ABD is simi- 

lar to the triangle IBC, and we have the proportion AD : 
CI : : BD : BC; hence AD.BC=CI.BD. Again, the trian- 
gle ABl is similar to the triangle BDC ; for the arc AD 
being equal to CO, if OD be added to each of them, we shall 
have the arc AO=I)C ; hence the angle ABI is equal to DBC ; 
also the angle BAI to BDC, because they are inscribed in 
the same segment ; hence the triangles ABI, DBC, are simi- 
lar, and the homologous sides give the proportion, AB : BD: : 
AI: CD; hence AB.CD=rALBD. 

Adding the two results obtained, and observing that AI.BD 
+ CLBD=(A1+CI).BD=AC.BD, we shall have AD.BC + 
AB.CD=AC.BD. 

234. Scholium. Another theorem*concerning the inscribed 
quadrilateral may be demonstrated in the same manner : 

The similarity of the triangles ABD and BIC gives the pro- 
portion BD : BC : : AB : BI; hence BI.BD=BC.AB. If 
CO be joined, the triangle ICO, similar to ABI, will be simi- 
lar to BDC, and will give the proportion BD : CO : : DC : 
OI ; hence OI.BD=CO.DC, or because CO=AD,OI.BD= 
AD.DC. Adding the two results, and observing tliat BLBD 
+ OI.BD is the same as BO.BD, we shall have BO.BD = 
AB.BC+AD.DC. 

If BP had been taken equal to AD, and CKP been drawn, 
a similar train of reasoning would have given us " 

CP.CA=AB.AD+BC.CD. 

But the arc BP being equal to CO, if BC be added to each 
of them, it will follow that CBP=BCO; the chord CP is 
therefore equal to the chord BO, and consequently BO.BD 
and CP.CA are to each other as BD is to CA; hence, 

BD : CA : : AB.BC + AD.DC : AD.AB+BC.CD. 

Therefore the two diagonals of an inscribed quadrilateral 
are to each other a^ the sums of the rectangles under the sides 
which meet at their extremities. 

These two theorems may serve to find the diagonals when 
the sides are given. 
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• THBOKBH. 

385. Iff apobUieidtmmikeradkarfacircU^mdtkuradi^ 
beikenprodMeedfOMdateeandpoiba hetakm cm U, wUhemtiki 
dremrferen^ €f the dreks ikete pabiis being eo eiHuUedt Itol 
the radUie 4^ lie ekrde eiaU be a mem ptopertUmal between 
Ifetr Heianeee from the cemre, de»> jf Imet be dmnenfrem theee 
pwUetoanifpomis tfihe dreuw^erencet the ratio {qfiheee Unee) 
vnU be ccmstant. 

Lei P be the point within the circomference, and Q the 
pomt without; ttien if CP : CA : : CA : CQ, the ratio of 
QM and MP will be the same, for all positions of the 
point M. 

For by hypothesis, CP : CA 
: : CA : CO; or substituting 
CMforCA,CP:CM::CM: 
CQ ; hence the triangles CPM, ^^ 
CQM, have each an equal angle Q* 
C contained by proportional 
sides; hence they are similar 
(208.); and hence the third side 
MP isto the third side MQ, as CP is to CM or CA. But 
by division, the proportion CP : CA : : CA : CQ gives CP : 
C A : : C A— CP : CQ— C A, or CP : C A : : AP : AQ ; tiiere- 
foreMP:MQ::AP:AQ. 
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FBOBLBMS RELATING TO THE THIRD BOOK. 



PROBLEM* 




236. To divide a given straight line into any number of eqfMH 
parts, or into parts proportional to gifoen lines. 

First. Let it be proposed to divide the 
line AB into five equal parts. Through the 
extremity A, draw the indefinite straight line 
AG ; and taking AC of any magnitude, ap- 
ply it five times upon AG ; join the last point 
of division G and the extremity B, by the 
straight line GB ; then draw CI parallel to 
GB : AI will be the fifth part of the line AB ; 
and thus, by applying AI five times upon 
AB, the line AB will be divided into five 
equal parts. 

For since CI is parallel to GB, the sides AG, AB, (196.) 
are cut proportionally in C and I. But AC i$ die fifth part 
of AG, hence AI is the fifth part of AB. 

Secondh. Let it be pro- ^ IP 

posed to divide the line AB 
into parts proportional to 
the given Unes P, Q^ R. £|. 
Through A, draw the inde- q 
finite line AG ; make AC=: _, 
P,CD=Q, DE=R;jom ^* 
the extremities E and B; 
and through the points C, D draw CI, DF parallel to EB ; 
the line AB will be divided into parts AI, IF, FB propor- 
tional to the given lines P, Q, R. 

For, by reason of the parallels CI, DF, EB, the parts AI, 
IF, FB are proportional to the parts AC, CD, DE ; and by 
construction, the$e are equal to the given lines P, Q,^ R. 



B 
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PROBLEM. 

837. To find a fimrth pr^pmiional to three gi/omUn^ A,B,C 

Draw the two indefi- 
nite lines DE, DF, form- 
ing any angle with each 
other. Upon D£ take 
DA=A, and DB=B ; 
upon DF take DC=C ; 
join AC ; and through 
the point B, draw BX 
parallel to AC ; DX wiU be the fourth proportional required ; 
for since BX is parallel to AC, we have the proportion DA : 
DB : : DC : DX ; now the first three terms of this proportion 
are equal to the three given lines ; consequently DA is the 
fourth proportional required. 

238. Cor. A third proportional to two given lines A, B, 
may be found in the same manner, for it will be the same as a 
fourth proportional to the three lines A, B, B. 



PBOBLEM. 

239. To findametmproporiiomUbetweentwogboenUiiesAt^ 

Upon the indefinite line DF, take 
DE=A, and EF=B ; upon the 
whole line DF, as a diameter, de- 
scribe the semicircle DGF; at the -j^ 
point E, erect upon the diameter the 
perpendicular EG meeting the cir- ^| 
cumference in G; EG will be the 
mean proportional required. 

For the perpendicular EG, let fall firom a point in the cir- 
cumference upon the diameter, is a mean proportional between 
DE, EF, the two segments of the diameter (215.) ; and these 
segments are equal to the given lines A and B. 
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nu»ustt. 

240. TodMde aghen line wto two partSy tfuch that the greater 
part shdU he a mean proportional between the whole Une andtie 
othesr part. 

Let AB be the given line. 

At the eztremily B of the line 
AB| erect the perpendicular BC 
equal to the half of AB ; from the 
point C as a centre, with the D^ 

radius CB describe a semicircle ; 
draw AC cutting the circumfer- 
ence in D; and take AF= AD: ^ 
the fine AB will be divided at the point F in the manner re- 
quired; that is, we shall have AB : AF : : AF : FB. 

For, AB being perpendicular to the radius at its extremity, 
is a tangent ; and if AC be produced tiU it again meets ^e 
circumference in £, we shall have (228.) AE : AB : : AB : 
AD ; hence, by division, AE— -AB : AB : : AB — ^AD : AD. 
But since the radius is the half of AB, the diameter DE is 
equal to AB, and consequently AE — ^AB=AD^AF ; also, 
because AF=AD, we have AB— AD=FB ; hence AF : AB 
: : FB : AD or AF ; whence, by inversion, AB : AF : : AF : 
FB. 

241. Schdium. This sort of division of the line AB is 
called division in extreme and mean ratio : the use of it will 
be perceived in a future part of the work. It may further be 
observed, that the secant AE is divided in extreme and mean 
ratio at the point D ; for, since ABssDE, we have AE : DE 
: : DE : AD. 



PROBI.EM. 

24^. Through a giifen point, in a given angles to draw a line so 
that the segments comprehended between the point and the two 
sides of the angle, shall he equal. 

Let BCD be the angle, and A the point. 
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Through the pomt A draw AE paral- 
lel to CD, make BE=:CE, and through 
the points B ahd A draw BAD ; diis 
will be the line required. 

For, AE being parallel to CD, we 
have BE : EC :: BA : AD; butBE= 
EC ; therefore BA^AD* 
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243. TodeBcribea square tkat shall he efmealeni to a gken pa- 

raHelogrami or to a gwen triangle. 



X 





First. LetABCDbe 
the riven parallelogram, 
AB Its ba^e, DE its al- 
titude : between AB and 
DE find a mean prop<Mr- 
tional XT : then win Ae 
square constructed upon 
KT be equivalent to the parallelogram ABCD. 

For by construction, AB : XT : : XT : DE ; therefore 
XT' = AB.DE ; but AB.DE is the measure of the parallelo- 
gram, and XT' that of the square ; consequently they are 
equivalent. 

Secondhf. Let ABC be die 
given triangle; BC its base, 
AD its altitude: find a mean 
proportional between BC and 
the half of AD, and letXT be 
that mean; the square con- 
structed upon XT will be equi- 
valent to the triangle ABC. 

For ance BC : XT : : XT : J AD, it follows that XT'= 
BC. I AD ; hence the square constructed upon XT is equiva- 
lent to the triangle ABC. 




4Y 
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244. UponagbienUneitodeecribearecUmf^ihai shall he equina^ 

lent to a given rectdngjk. 

Let AD be the line, and ABFC the given rectangle. 
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Find a fourth propor- 
tional to the three lines 
AD, AB, AC, and let 
AX be that fourth pro- 
portional ; a rectangle 
constructed with the lines 
AD and AX will be equivalent to the rectangle ABFC* 

For smce AD : AB : : AC : AX, it follows that AD.AX= 
AB.AC ; hence the rectangle ADEX is equivalent to the 
rectangle ABFC. 

PROBLEM. 

245. To find two Unas whose ratio shaU be the same^ as the ratio 
of two rectangles contained by given lines. 

m 

Let A.B, C.D be the rectangles contsdned by the given 
lines A, B, C, and D. 

Let X be a fourth proportional to the three j^ 

lines B, C, D ; then will the two lines A and ^ . 

X have the same ratio to each otiier as the -, 

rectangles A.B and CD. 

For, since B : C : : D : X, it follows that * ' 

CD =B.X ; hence A.B : CD : : A.B : B.X ^ ' * 

246. Car. Hence to obtain the ratio of the squares cooh 
structed upon the given lines A and C, find a third proportional 
X to tiie Unes A and C, so that A : C : : C : X ; you will 
then have A* : C^ : : A : X. 



PROBLEM. 

247. To find two lines that shaU havethesame ratio to each other, 
as the product of three gicen lines, has to the proehict of three 
other given lines* 

Let A, B, C be the three lines of which one product is 
formed, and P, Q, R the lines of which the other is formed. 
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Find a fourth proportional X to the a.k 
three given lines P, A, B : find also a B h 
fourth proportional T to the three given C >- 
fines C, Q, R. The two lines X, Y will 
be to each other as the products A.B.C| ^ ^ 
P.Q.R, C ' 



For smce P : A : : B ; X, it follows ^' ' 

that A.B =P.X ; and multiplying each of 3; , , 

these equals by C, we have A.B.C= yi 1 

C.P.X. In like manner since C : Q : : 
R : Y, it follows that Q.R=C.Y; and multiplying each of 
these equals by P, we have P.Q.R=P.C.Y : hence the pro- , 
duct A.B.C is to'the product P.Q.R, as C.P-X is to P.C.Y, 
or as X is to Y. 



PROBLEM. 




248. Jh find a triangle that shoB beequwaJeni to a given polygmu 

Let A£CD£ be the given polygon. 
Draw first the diagonal C£ cutting off 
the triangle CD£ ; through the point 
D, draw DF parallel to CE, and meet* 
ing AE produced ; join CF : the po- 
lygon ABODE will be equivalent to 
the polygon ABCF, which has one side 
less than the original polygon. 

For the triangles CDE, CFE have the base CE common 5 
they have also the same altitude, since their vertices D, F, are 
situated in a line DF paraUel to the base ; these triangles are 
therefore equivalent. Add to each of them the figure ABCE, 
and there will result the polygon ABCDE equivalent to the 
polygon ABCF. 

The angle B may in like manner be cut off, by substituting 
for the triangle ABC the equivalent triangle AGC, and thus 
the pentagon ABCDE will be changed into an equivalent tri- 
angle GCF. ^ 

The same process may be applied to every other figure ; 
lor, by successively diminishing the number of its sides, one 
being retrenched at each step of the process, the equivalent 
triangle will at last be found. 

249. SchoUum, We have already seen that every triangle 
joaay be changed into an equivalent square ; and thus a square 
may always be found equivalent to a given rectilineal figure, 
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which operation is called sqiumng the rectilineal figure, or 
finding the madrahare o£ it 

The problem of the quadrature of ike drde, consists in find- 
ing a square equivalent to a circle whose diameter is giyen. 



PKOBI»l. « 

250. To find the Me of a aquare which Mhatt he egnhvltffKl la dk 
sum or the difierenee of two given eqmnree. 

Let A and B be the sides of the 
given squares. 

First. If it is required to find a 
square equivalent to the sum of 

these squares, draw the two indifi- 

nite Imes ED, EF at right angles g h"" B 

to each other; take ED=A, and E6=B; join D6: this 

will be the side of the square required- 

For the triangle DEG being right-angled, the square con- 
strhcted upon D6 is equal to the sum of th^ squares upon 
Et> and EG. 

Secondly. If it is required to find a square equal to the 
difierence of the given squares, form in tiie same manner the 
right angle FEH ; take GE equal to the sh(Mrter of the sides 
A and B ; firom the point G as a c^itre, with a radius GH, 
equal to the other side, describe an arc cutting EH in H ; 
the square described upon EH will be equal to the difference 
of the squares described up<ni the lines* A and B. 

For the triangle GEH is right-angled, the hypotenuse GH 
= A, and the side GEssB ; h^e the square constructed upon 
EH, &c. 

251. SehoUum* A square may thus be found equal to the 
sum of any number of squares ; for a similar construction 
which reduces two of them to one, will reduce three of them 
to two, and these fwo to one, and so of others. It would be 
the same, if any of the squares were to be subtracted firom the 
sum of the others. 
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PROBLEM. 




252. To construct a square wMck skaU be to a given square as a 

given line to a given line. 

Upon the indefinite j} 
KneEG,takeEF=M, 
and FG=N ; upon 
£6 as a diameter de- 
scribe a semicircle, 
and at the point F, 
erect the perpendicu- At 
lar FH. From the point H, draw the chords HG, HE, which 
produce indefinitely : upon the first, take HK equal to the 
side AB of the given square, and through the point K draw 
Klparallel to ElG ; HI will be the side of the Square required. 

For, by reason of the parallels KI, GE, we have HI : HK 
: : HE : HG ; hence HP : HK« : : HE« : HGf : but in the 
right-angled triangle EHG (215.) the square of HE is to the 
square of HG as the segment EF is to the segment FG, or as 
M is to N ; hence HI« ': HK» : : M : N. But HK=AB ^ 
therefore the square described upon HI is to the square de- 
scribed upon AB as M is to N. 

PROBLEM. 

» 

253. Upon a given lin^ to describe a polygon similar to a given 

polygon. 

X 

Let FG be the given line, and AEDCB the given polygon. 

In the given polygon, 
draw the diagonals AC, 3 
AD ; at the point F 
make the angle GFH 
=BAC, and at the 
point G the angle FGH 
= ABC ; the lines FH, _ 

GH will cut each other in H, and FGH will be a triangle 
similar to ABC. In the same manner upon FH, homologous 
to AP, construct the triangle FIH similar to ADC ; and 
upon FI, homologous to AD, construct the triangle FIK si- 
imlar to ADE. The polygon FGHIK will be similar to 
ABCDE, as required. 

For, these two polygons are composed of the same number 
of triangles, which are similar and similarly situated (219.). 

14 
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PROBLEM. 

254. Two similar figures being given, to construct a figure which 
shaU be similar to one of them, and equal to their sum or their 
difference* 

Let A and B be two homologous sides of the given figures* 
Find a square equal to the sum or to the difference of the 
squares described upon A and B ; let X be the side, of that 
square ; then will X in the figure required, be the side which 
is homologous to the sides A and B in the given figures. 
The figure itself may then be constructed on X, by the last 
problem. 

For, the similar figures are as the squares of their homolo- 
gous sides ; now the square of the side X is equal to the sum, 
or to the diffeiepce, of the squares described upon the homo- 
logous sides A and B ; tlierefore the figure described upon 
the side X is equal to the sum, or to ti^e difference, of the 
similar figures described upon the sides A and B. 



PROBLEM. 

255. To construct a figure similar to a given one, and bearing to 

it, the given ratio of M to N. 

Let A be side of the given figure, X the homologous side 
of the figure required. The square of X must be to the square 
of A, as M is to N ; hence X will be found by Art. 252. ; and 
knowing X, the rest will be accomplished by Art. 253. 

PROBLEM. 

256. To construct a figure similar to the figure P and equivaletU 

to the figure Q. 

Find M the side of a square 
equivalent to the figure P, and 
N the side of a square equiva- 
lent to the figure Q. Let X 
be a fourth proportional to the 
three given lines M, N, AB; V- 
upon the side X, homologous 
to AB, describe a figure similar to the figure P ; it will also 
be equivalent to the figure Q. 
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For, calling T the figure described upon the side X, we 
have P : Y : : AB^ : X" 5 but by construction, AB : X : : M : 
N, or AB» : X^ : : M* : N» ; hence P : Y : : M« : N«. But 
by construction also, M^ = P and N*=Q; therefore P : Y : : 
P : Q; consequently Y=Q; hence the figure Y is similar to 
the figure P, and equivalent to the figure Q. 

PROBLEM. 

257. To construct a rectangle equivalent to a given square, and 
having the sum of its adjacent sides equal to a given line* 

Let C be the square, and AB equal to the sum of the sides 
of the required rectangle. 

Upon AB as a diame- 
ter, describe a semicir- -p 
cle ; draw the line DE ^ 
parallel to the diameter, 
at a distance AD fi-om it, 

equal to the side of the A. ^CB 

given square C ; fi'om the point E, where the parallel cuts 
the circumference, draw EF perpendicular to the diameter ; 
AF and FB will be the sides of the rectangle required. 

For their sum is equal to AB ; and their rectangle AF.FB 
is equal to the square of EF, or to the. square of AD ; hence 
that rectangle is equivalent to the given square C 

258* Scholium. To render the problem possible, the dis- 
tance AD must not exceed the radius ; that is, the side of the 
tsquare C must not exceed the half of the line AB. 



PROBLEM. 

259. To construct a rectangle that shall be equivalent to a given 
square and the difference of whose adjacent sides shall be equal 
to a given line. 

Suppose C equal to the given square, and AB the difference 
of the sides. 
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Upon the given line AB as a diame- 
meter, describe a semicircle : at the ex- 
tremity of the diameter draw the tan- 
gent AD, equal to tte side of the 
square C ; through the point D, and 
the centre O draw the secant DF ; then 
will DE and DF be the adjacent sides 
of the rectangle required. 

For, first, the difference of their 
sides is equal to the diameter EF or 
AB ; secondly, the rectangle DE, DF 
is equal to AD'' (228.) ; hence that rectangle is eqaivuknt to 
the given square C. 





PROBLEM. 

260. To find the common measure, if tliere is one, between tie 

diagonal and the side rf a square. 

Let ABCG be any square what- 
ever, and AC its diagonal. 

We must first (157.) apply CB 
upon CA, as often as it may be con- 
tained there. For this purpose, let 
the semicircle DBE be described, 
from the centre C, with the radius 

CB. It is evident that CB is con- 

tained once in AC, with the remain- A W 
der AD ; the result of the first operation is therefore the quo- 
tient 1, with the remainder AD, which latter must now be com- 
pared with BC, or its equal AB. 

We might here take AF=AD, and actually apply it upon 
AB ; we should find it to be contained twice with a remain- 
der : but as that remainder, and those which succeed it, con- 
tinue diminishing, and would soon elude our comparisons by 
their minuteness, this would be but an imperfect mechsuiical 
method, fi'om which no conclusion could be obtained to de- 
termine whether the lines AC, CB have or have not a com- 
mon measure. There is a very simple way, however, of 
avoiding these decreasing lines, and obtaining the result, by 
operating only upon lines which remain always of the ssgne 
magnitude. 

The angle ABC being right, AB is a tangent, and AE a 
secant drawn from the same point; so that (228.) AD : AB 
: : AB : AE. Hence in the second operation, when AD is 
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compared with AB, the ratio of AB to AE may be taken in- 
stead of that of AD to AB ; now AB, or its equal CD, is 
contained twice in A£, with the remainder AD ; the result 
of the second operation is therefore the quotient 2 with the 
remainder AD, which must be compared with AB. 

Thus the third operation again consists in comparing AD 
with AB, and may be reduced iti the same manner to the 
comparison of AB or its equal CD with AE ; from which 
there will a'gain be obtained 2 for the quotient, and AD for 
the remainder. 

Hence, it is evident, the process will never terminate ; and 
therefore there is no common measure between the diagonal 
and the side of a square : a truth which was already known by 
arithmetic (since these two lines are to each other : : V2 : 1), 
but which acquires a greater degree of clearness by the geo- 
metrical investigation. 

261. SchaUum* The impossibility of finding numbers to 
express the exact ratio of the diagonal to the side of a square 
'has now been proved ; but an approximation may be made 
to it, as near as we please, by means of the continued fraction 
which is equal to that ratio. The first operation gave us one 
for a quotient ; the second, and all others to infini^, give two : 
dius the firaction in question is 

* + &c. to infinity. 

If thiit fraction, for example, is computed to the fourth term 
inclusively, its value is found to be l^| or |i: so that the ap» 
IMTOximate ratio of the diagonal to the side of a square, is : : 
41 : 29. A closer approximation to the ratio might be found 
by coiD{)OtiDg a greater number of terms. 
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BOOK IV. 

REGULAR POLYGONS, AND THE MEASUREMENT OF THE CmCLE. 

Definitian^ 

262. A POLYGON, which is at once equilateral and equi- 
angular, is called a regular polygon. 

Regular polygons may have any number of sides: tfae 
equilateral triangle is one of three sides ; the square is one of 
four. 

THEOREM. 

263. Two regular polygons of the same number of sides are simi- 
lar figures^ 

Suppose^ for example, 
that ABCDEF, abcdef 
are two regular hexagons. 
The sum of all the angles 
is the same in both figures, 
being in each equal to 
eight right angles (82.) The angle A is the sixth part of that 
^sum ; so is the angle a : hence the angles A and a are equal; 
and for the same reason, the angles B and i, the angles C and 
€9 and so on. 

Again, since from the nature of the polygons, the sides AB, 
BC, CD, be. are equal, and likewise the sides oft, bct cd, inc. ; 
it is plain that AB : ab: : BC : be : : CD : cdy be. ; hence 
the two figures in question have their angles equal, and their 
homologous sides proportional; consequently (162.) they 
are similar. 

264. Cor^ The perimeters of two regular polygons of 
the same number of sides, are to each other as their homolo- 
gous sides, and their surfaces, as the squares of those sides 
(221.) 

. 265. SckoUum. The angle of a regular polygon, like 
the angle of an equiangular polygon, is determined by the 
miraber of its sides (79.) 
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THEOBEM. 

S66k Anif regular polygon may he inscribed in a circle^ and cir-^ 

cumscribed about one. 

Let ABODE, &c. be a regular poly- 
gon : describe a circle through the three 
points A, B, C, the centre being O, and 
OP the perpendicular let fall from it, to 
the middle point of BC : join AO and 
OD. 

If the quadrilateral OPCD be placed 
upon the quadrilateral OPBA, they will 
coincide ; for the side OP is common : 
the angle OPC=OPB, being right; hence the side PC will 
apply to its equal PB, and the point C will fall on B : be- 
sides, from the nature of the polygon, the angle PCDss 
PBA ; hence CD will ta]ie the direction BA ; and since CD 
=BA, the point D will fall on A, and the two quadrilaterals 
will entirely coincide* The distance OD is therefore equal to 
AO ; and consequently the circle which passes through the 
three points A, B, C, will also pass through the point D. 
By the same mode of reasoning, it might be shewn, that the 
circle which passes through the three points B, C, D, will 
also pass through the point E ; and so of all the rest : hence 
the circle which passes through the points A, B, C, passes 
through the vertices of all the angles in the polygon, which is 
therefore inscribed in thi$ circle. 

Again, in reference to this circle, all the sides AB, BC, 
CD, &c. are equal chords ; they are therefore (109.) equally 
distant from the centre : hence, if from the point O with the 
distance OP, a circle be described, it will touch the side BC, 
and all the other sides of the polygon, each in its middle 
point, and the circle will be inscribed in the polygon, or the 
polygon described about the circle. 

267. Scholium 1. The point O, the common centre of 
the inscribed and circumscribed circles, may also be regarded 
as the centre of the polygon ; and upon this principle the 
angle AOB is called the angle at the centre^ being formed by 
two radii drawn to the extremities of the same side AB. 

Since all the chords AB, BC, CD, &c. are equal, all the 
angles at the centre must evidently be equal likewise ; and 
therefore the value of each will be found by dividing four 
right angles by the number of the polygon's sides. 
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268. Schdium 2. To inscribe a regular polygon of a 
certain number of sides in a given circle, we have only to 
divide the circumference into as many equal parts as the poly- 
gon has sides : for the arcs being equal (see the diagram of 
271.) the chords AB, BC, CD, be. will also be equal ; hence 
likewise the triangles ABO, BOC, COD must be equal, be- 
cause they are equiangular ; hence all the angles ABO, BCD, 
CDE, &c. will be equal ; hence the figure ABODE, &c. 
will be a regular polygon. 



PROBLEM. 




269. To inseribe a square in a given droh. 



Draw two diameters AO, BD, cut* 
ting each other at right angles ; join 
their extremities A, B, C, D : the 
figure A BCD will be a square. For 
the angles AOB, BOC, &;c. being A 
equal, the chords AB, BC, &c. are 
also equal : and the angles ABC, 
BCD, &c. being ia semicircles, are 
right. 



270. Scholium. Since the triangle BCO b righlrangied 
and isosceles, we have (190.) BC : BO : : %/2 : 1 ; hence 
the side of^ inscribed square is totiie radius, 04 ihe sqaa^e 
root of 2, is to unity. 



PROBLSSK. 

271 . In a given ctrde, to inscrUfe a regular hexagon and em 

lateral triangle. 

Suppose the problem solved, 
and that AB is a side of the in- 
scribed hexagon ; the radii AO, 
OB being drawn, the triangle 
AOB will be equilateraL 

For the angle AOB is the sixth 
part of four right angles; there- 
fore, taking the right angle for 
unity, we shall have AOB=^ 
=1 : and the two other angles 
ABO, BAO, of the same trian- 
gle, are together equal to 2 — | 
=A ; and being mutually equal, 
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each of them must be equal to f .; hence the triangle Atnj is 
equilateral; therefore the side of the inscribed hexagon i$ 
equal to the radius. 

Hence to inscribe a regular hexagon in a given circle, the 
radius must be applied six times to the circumference ; which 
will bring us round to the point we set out from. 

And the hexagon ABCDEF being inscribed,' the equilate- 
ral triangle ACE may be formed by joining the vertices of the 
alternate angles. 

272. SehoUum. The figure ABCO is a paralleloffram, 
and even a rhombus, since AB=:BC=CO=sAO ; hence (195.) 
the sum of the squares of the diagonals AC' 4- BO' is equal 
to the sum of the squares of the sides, that is, to 4AB*, or 
4BO' : and taking away BO' from both, there will remain 
AC =3B0' ; hence AC : BO« : : 3 : 1, or AC : BO : : V3 : 
1 ; hence the tide of the imcribed equilateral triangle it to 
the radius^ as the square root of three is to unitjf. 



PROBLEM. 

275. In a given circhy to inscribe a regular decagon ; thei 
tagon, and also a regular polygon of fifteen sides. 

Divide the radius AO in 
extreme and mean ratio (240.) 
at the point M ; take the 
chord AB equal to OM the 
greater segment; AB will be 
the side of the regular deca- 
gon, and will require to be 
applied ten times to the cir- 
cumference. 

For, joining MB, we have 
by construction, AO : OM : : 
OM : AM ; or, since AB= 
OM,AO : AB::AB : AM; 
since the triangles ABO, AMB have a common angle A, in- 
cluded between proportional sides, they are similar (208.). 
Now the triangle OAB being isosceles, AMB must be isos- 
celes also, and AB=:BM; but AB=OM ; hence also MB^ 
OM ; hence the triangle BMO is isosceles. 

Again, the angle AMB being exterior to the isosceles tri- 
angle BMO, is double of the interior angle O (78.) : but the 
angle AMB=MAB ; hence the triangle OAB is such, that 
each of the angles at its base, OAB or OBA, is double of O 
the angle at its vertex ; hence the three angles of the triangle 
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are together equal to five times the angle O, which conse- 
quently is the fifth part of the two right angles^ or the tenth 
part of four ; hence the arc AB is the tenth part of the cir- 
cumferencey tod the chord AB is the side of the regular de- 
cagon. 

274. Cor* 1- By joining the alternate corners of the re- 
gular decagon, the pentagon ACEGI will be formed, also 
regular. 

275. Cor. 2. AB being still the side of the decagon, let 
AL be the side of the hexagon ; the arc BL will then, with 
reference to the whole circumference, be J— ^^r? or i"? ; hence 
the chord BL will be die side of the regular polygon of fif- 
teen sides, or pentedecagon. It is evident, also, that the arc 
CL is the third of CB. 

276. Scholium. Any regular polygon being inscribed, 
if the arcs subtended by its sides be severally bisected, the 
chords of those semi-arcs will form a new regular polygon of 
double the number of sides : thus it is plain, the square may 
enable us successively to inscribe regular polygons of 8, 16, 
32, fiz^c. sides. And in like manner, by means of the hexa- 
gon, regular polygons of 12, 24, 48, &c. sides may be in- 
scribed ; by means of the decagon, polygons of 20, 40, 80, 
&c. sides ; by means of the pentedecagon, polygons, of 30, 
60, 120, &;c. sides.* 



PROBLEM. 

27T. A regular inscribed polygon being given, to circumscribe a 

similar polygon abcut the same circle. 

Let ABODE, &lc. be the polygon. 



♦ It was long supposed, that, besides the polygons here mentioned, no 
other could be inscribed by the operations of elementary geometry, or 
what amounts to the same, by the resolution of equations of the first and 
gecond degree. But M. Gauss of Gdttingen at length proved, in a work 
entitled IMsqmaitiones Arithmetic€te, Lipsiae, 1801, that by the method in 
question, a regular polygon of 17 sides might be inscribed, and generally 
a regular polygon of 2»-|-l sidCB, provided 2*+l be a prime number. 
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At T, the middle 
point of the arc AB, 
apply the tangent GH, 
which (1 12-) will be pa- 
rallel to AB ; do the 
same at the middle 
point of each of the arcs 
BC, CD, Uc; those 
tangents, by their inter- 
sections, will form the 
re^lar circumscribed 
polygon GHIK, &c. si- 
milar to the inscribed 
one« 

It is evident, in the first place, that the three points, O, B, 
H, lie in the same straight line ; for the right-angled triangles 
OTH, OHN, having the common hypotenuse OH, and the 
side OT=ON, must be equal, and consequently the angle 
TOH=:HON, wherefore the line OH passes through the mid* 
dly point B of the arc TN. For a like reason, the point I is 
in the prolongation of OC ; and so with the rest* But since 
GH is parallel to AB, and HI toBC, the angle GHI=ABC 
(67.) ; in like manner, HIK==BCD ; and so with all the 
rest : hence the angles of the circumscribed polygon are equal 
to those of the inscribed one. And further, by reason of these 
same parallels, we have GH : AB : : OH : OB, and HI : BC 
: : OH : OB; therefore GH : AB :: HI : BC; But AB= 
BC, therefore GH = HI. For the same reason, HI = IE, be. ; 
hence the sides of the circumscribed polygon are all equal ; 
hence this polygon is regular, and similar to the inscribed one* 

278. ^Cor. 1. Reciprocally, if the circumscribed polygon 
GHIK &c. were given, and the inscribed one ABC &c. were 
required to be deduced from it, it would only be necessary to 
draw from the angles G, H, I, be. of the given polygon, 
straight lines OG, OH, be meeting the circumference in the 
points A, B, C, be. ; then to join diose points by the chords 
AB, BC, be. ; which would form the inscribed polygon. An 
easier solution of this problem would be simply to join the 
points of contact T, N, P, be. by the chords TN, NP, be* 
which likewise would form an inscribed polygon similar to the 
circumscribed one. 

279. Cor. 2. Hence we may circumscribe about a circle 
any regular polygon, which can be inscribed within it ; and 
conversely. 
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THEOREM. 

260. The area of a regular polygon is equal to Us perimeter muT- 
tipUed by Half the radius of the inscribed circle. 

Let there be the regular polygon GHIK &c. (see the last 
figure). The triangle GOH will be measured by GH X JOT ; 
the triangle OHI by HIXjON: but ON=OT; hence the 
two triangles taken together will be measured by (GH + HI) 
X JOT. And, by continuing the same operation for the other 
triangles, it will appear that the sum of them all, or the whole 
polygon, is measured by the sum of the bases GH, HI, IE, 
&c. or the perimeter of the polygon, multiplied into JOT, or 
half the radius of the inscribed circle. 

281. Scholium. The radius OT of the inscribed circle is 
nothing else than the perpendicular let fall from the centre on 
one erf" the sides : it is sometimes named the apcfthem of the 
polygon. ^ 

THEOREM. 

282. The perimeters of two regular polygons, having the same 
numher of sidest are to each other as the radii of the drcom- 
scribed circles f and alsoy as the radii of the inscribed drdes ; 

, their surfaces are to each other as the squares of those radiL 

Let AB be a side of the one poly- 
gon, O the centre, and consequently 
OA the radius of the circumscribed 
circle, and OD, perpendicular to AB, 
the radius of Uie inscribed circle ; 
let ^, in like manner, be a side of 
the other polygon, o its centre, oa and 
od the radii of the circumscribed and 
the inscribed circles. The perimeters 
of the two polygons are to each other as the sides AB and ab 
(221.) : but the angles A and a are equal, being each half of 
the angle of the polygon ; so also are the angles B and b ; 
hence the triangles ABO, abo are similar, as are likewise the 
right-angled triangles ADO, ado ; hence AB : ab :: AO : 
ao : : DO : do ; hence the perimeters of the polygons are to 
each other as the radii AO, oo of the circumscribed circles, 
and also, as the radii DO, do of the inscribed circles. 
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The surfaces of those polygons arc to each other as the 
squares of the homologous sides AB, ab ; they are therefore 
likewise to each other as the squares of AO, ao the radii of Ae 
circumscribed circles, or as the squares of OD, od the radii of 
the inscribed circles. 



283. Any curve^ or any polygonal Une^ which envelopes a convex 
Unefrom one end to the other, is longer than the enoOoped line. 

Let AMB be the enveloped line ; then wiU it be less than 
the lin^ APDB which envelopes it. 

We have already said that by 
the term convex line, we under- 
stand a line, polygonal, or 
curve, or partly curve and part- 
ly polygonal, such that a 
straight line cannot cut it in A' 
more than two points. If in the line AMB there were any sinu- 
osities or re-entrant portions, it would cease to be convex, 
because a straight line might evidently cut it in more than 
two points. The arcs of a circle are essentially convex ; 
but die present proposition extends to any line which fulfils 
the required condition. 

This being premised, if the line AMB is not shorter than 
any of those which envelope it, there will be found among the 
latter a line shorter than all the rest, which is shorter than 
AMB, or, at most, equal to it. Let ACDEB be this en- 
veloping line : any where between those two lines, draw the 
straight line, PQ, not meeting, or at least only touching, the 
line AMB. The straight line PQ, is shorter than PCDEQ ; 
hence if, instead of the part PCDEQ, we substitute the straight 
line PQ, the enveloping line APQB will be shorter than 
APDQB. But, by hypothesis, this latter was shorter than 

any other ; hence that hypothesis was false ; hence all of the 
enveloping lines are longer than AMB. 
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£84« SdufUum^ In the vesy same 
way» it might be shewn that AMB, a 
convex line returning into itself, is short- 
er than any line envelofung it on all 
sides, whether the enveloping line FH 
touch AMB in one or more points, or 
surround, without touching it. 




lemha* 

285. Two concentric circles being gitm^ a r^ulat polygcn mmjf 
always be inscribed within the greater y the sides of whick shM 
not meet the drcufrference of the less ; and likewise^ a regular 
polygon may always be described about the lessy ike sides ef 
which shall not meet the drcutrferenee qf the grsaier* 

Let CA, CB be 

radii of the given 
circles. At the 
point A, apply the 
tangent DE, ter- 
minating in the 
greater circumfer- 
ence at D and £ : 
inscribe within this 
greater circumfer- 
ence one of the re- 
gular polygons, 
which the mediods 
already explained 
enabled you to inscribe ; next bisect the arcs subtended by 
its sides, and draw the chords of those half arcs ; a polygon 
will thus be found having twice as many sides* Continue 
the bisection, till an arc is obtained less than DBE. X4et 
MBN be that arc, the middle point of it being supposed to 
lie at B : it is plain that the chord MN will be further from 
the centre than DE ; and that consequently the regular poly- 
gon, of which MN is a side, cannot meet the circumference, 
of which CA is the radius. 

Now, the same construction remaining, join CM and CN, 
meeting the tangent DE in P and Q ; PQ will be the side of 
a polygon described about the less circumference, similar to 
that polygon inscribed within the greater, of which the side is 
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MN. And it is evident, that this circumscribed polygon 
having PQ for it side, can never meet the greater circumfer- 
ence, CP being less than CM. 

Hence, by £e same operation, a regular polygon maybe in- 
scribed within the greater circumference, and a similar one 
described about the less, both of which shall have their sides 
included between the two circumferences. 

286. Scholium* If two concentric sectors FC6, ICH be 
given, a portion of a regular polygon may in like manner, be 
inscribed in the greater, or circumscribed about the less, so 
that the perimeters of the two polygons shall be included be- 
tween the two circumferences. For this purpose it will be 
sufficient to divide the arc FB6 successively into 2, 4, 8, 
16, &c. equal parts, till a part smaller than DBE is obtained. 

Bv the phrase, portion of a regular polygon^ we here mean 
the ngure terminated by a series of equsu chords inscribed in 
the arc F6, from one of its extremities to the other. This 
portion has all the main properties of regular polygons ; it 
has its angles equal, and its sides equal, it can be inscribed in 
a circle, or circumscribed about one : yet, properly speaking, 
it forms part of a regular polygon only in those cases where 
the arc subtended by one of its sides is an aliquot part of the 
circumference* 



THEORBM. 

287. The circumferences of circles are to each other as their radii^ 
and their surfaces are to each other as the squares of those radii. 

For the sake of brevity, let us designate the circumference 
whose radius is CA by drc* CA ; we are to show that emr. 
CA : drc. OB : : CA : OB. 
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If this proposition is not true, C A must be to OB as drc. 
CA is to a fourth term less pr greater than cite. OB : sup- 
pose it less ; and that, if possible, CA : OB : : cite. CA : 
circ. OD. 

In the circle of which OB is the radius inscribe a regular 
polygon EF6KLE, such that the sides of it shall not meet 
the circumference of which OD is the radius (285.) : inscribe 
a similar polygon, MNPST, in the circle of which AC is the 
radius. 

Then, since those polygons are similar, their perimeters 
MNPSM, EFGKE will be to each other (282.) as CA, 
OB, the radii of the circumscribed circles, that is MNPSM : 
EFGKE : : CA : OB. But by hypothesis, CA : OB : : drc. 
CA : drc. OD ; therefore MNPSM : EFGKE : : arc. CA : 
,drc. OD ; which proportion is false, because (283.) the peri- 
meter MNSPM is less than drc. CA, while on the contrary 
EFGKE is greater than drc> OD : therefore it is impossible 
that C A can be to OB as drc. CA is to a circumference less 
than drc. OB ; or, in more general terms it is impossible 
that one radius can be to another, as the circumference de- 
scribed with the former radius is to a circumference less than 
the one described with the latter radius. 

Hence, too, we conclude it to be equally impossible that CA 
can be to OB as drc, CA is to a circumference greater than 
drc* OB : for if this were the case, by reversing the ratios, 
we should have OB to CA, as a circumference greater than 
drc. OB is to drc. CA ; or, what amounts to the same thing, 
as drc. OB is to a circumference less than drc. C A ; and 
therefore one radius would be to another as the circumference 
described with the former radius is to a circumference less 
than the one described with^liie latter radius ; a conclusion 
just shown to be erroneous. 

And since the fourth term of this proportion CA : OB : : 
drc. CA : X can neither be less nor greater than drc. OB, it 



BOOK IV. 



105 



mast be eqaal to €irc* OB : consequently the circmnferences 
of circles are to each other as their radii. 

By a similar construction, and a similar train of reasoning 
it could be' shown, that the surfaces of circles are to each other 
as the squares of their radii. We need not enter upon any 
farther details respecting this proposition, particularly as it 
forms a coroUftry of the next theorem. 

288. Car. The simitar 

arcsAB,DE are to each other ^^^ ^^^^ 

as their radii AC, DO ; and \ /v^ /JB 

the similar sectors ACB, DOE 

are to each other as the squares 

of their radii. ^ O 



v 




For, since the arcs are similar, the angle C (163.) is equal 
Xo the angle O; but C is to four right angles (122.), as 
the arc AB is to the whole circumference described with 
the radius AC ; and O is to four right angles, as the arc D£ 
is to the circumference described with the radius OD : hence 
the arcs AB, D£ are to each other as the circumferences of 
which they form part : but these circumferences are to each 
other as fiieir radii AC, DO ; hence arc. AB : arc. DE : : 
AC : DO. 

For a like reason, the sectors ACB, DOE are to each 
other as the whole drcles ; which again are as the squares of 
their radii ; therefore ted. ACB : iect. DOE : AC* : DO». 



THBORCX. 

S89. The area of a eirde i> equal to the product of tie cireum^ 

ference hy half the radius. 

Let us designate the sur* 
face of the circle whose ra- 
dius is CA by mrf. CA ; we 
•hall have wr/.CA=iCAX 
circ. CA. 

For if jCAXarc. CAis 
pot the area of the circle 
whose radius is CA, it must 
be the area of a circle either 
greater or less. Let us first 
suppose it to be the area of a 
greater circle ; and, if pos- 
sible, that iC Ax circ. CA= 
surf. CB. 

16 




IM GEOMEXFRY. 

About tbe circle whose radius is CA describe a regular 
polygon DEF6 &lc., such (285^ that it» sides shall not meet 
the circumference whose radius is CB« The surface of this 
polygon will be equal (280.) to its perimeter (D£-l-£F + 
FG -f &c.) multiplied by ^ AU : but the perimeter of Ihe poly- 
gon is greater than the inscribed circumference enveloped by 
it on all sides ; hence the surface of the polygon DEFG &i«. 
is greater than ^AC Xcirc. AC, which by the supposition is 
the measure of the circle whose radius is CB ; thus the poly- 
gon must be greater than that circle. But in reality it is less, 
being contained wholly within the circumference : hence it is 
impossible that ^C A X circ. AC can be greater than surf, C A ; 
in other words it is impossible that the circumference of a 
circle multiplied by half its radius can be the measure of a 
greater circle. 

In the second place, we assert it to be equally impossible 
that this product can be the measure of a smaller circle. To 
avoid the trouble of changing our figure, let us suppose that 
the circle in question is the one whose radius is CB : we 
are to show that iCBXcirc, CB cannot be the measure of a 
smaller circle, of the circle, for instance, whose radius is CA. 
Grant it to be so ; and that, if possible, iCBx circ* CB=s 
surf. CA. 

Having made the same construction as before, the sur£atce 
of the polygon DEFG, ^c. will be measured by (DE+EF 
+FG + hc.)X iC A ; but the perimeter DE + EF + FG -f &c. 
is less than drc, CB, being enveloped by it on all sides ; 
hence the area of the polygon is less than \CAXeirc. CB, 
and still more is it less than ^CBX circ. CB. Now by the sup- 
position, this last quantity is the measure of the circle whose 
radius is C A : hence the polygon must be less than the inscribed 
circle, which is absurd ; hence it is impossible that the circunn 
ference of a circle multiplied by half its radius, can be the 
measure of a smaller circle. 

Consequently, the circumference of a circle multiplied by 
half its radius is the measure of that circle itself*. 
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290. C&r» !• The sturface of a see- 
tor is equal to the arc of that seetor 
multiplied by half its radius. 

For, the seetor ACB (125.) is to the 
whole circle as the arc A MB is to the 
whole circamference ABD, or as AM B 
X^AC is to ABDxiAC. But the 
whole circle is equal to ABDX^AC; 
hence the sector ACB is measured by 
AMBXiAC. 

291* Car. 2. Let the circumference of the circle whose 
diameter is unity^ be denoted by * : then, because circumfer- 
ences are to each other as their radii or diameters, we shall 
have the diameter 1 to its circumference ^, as the diameter 
2CA is to the circumference whose radius is CA, that is, 
1 : * : : 2CA : ciVc. CA, therefore circ. CA=«'X2CA. Mul- 
'tiply both terms by iCA; we have jCAxctrc. CA=«'X 
CA*, or smf. CA=«'XCA' : hence the surface of a circle is 
equal to the product of the square of its radius by the con- 
stant number «*, which represents the circumference whose 
diameter is 1, or the ratio of the circumference to the diame- 
ter. 

In like manner, the surface of the circle, whose radius is 
OB, will be equal to ^rxOB" ; but^'xCA^ : *xOB« : : CA» : 
OB' ; hence the surfaces of circles are to each other as the 
squares of their radiij which agrees with the preceding theo- 
rem. 

292. Scholium. We have already observed, that the pro- 
blem of the quadrature of the circle consists in finding a square 
equal in surface to a circle, the radius of which is known. 
Now it has just been proved, that a circle is equivalent to the 
rectangle contained by its circumference and half its radius ; 
and this rectangle may be changed into a square, by finding 
(243.) a mean proportional between its length and its breadth. 
To square the circle, therefore, is to find the circumference 
when tne radius is given ; and for ejQTecting this, it is enough 
to know the ratio of the circumference to its radtus, or its 
diameter. 

HithertcT, the ratio in question has never been determined 
except approximately ; but the approximation has been carried 
so far, that a knowledge of the exact ratio would afford no 
real advantage whatever beyond that of the approximate 
ratio. Accordingly, this problem, which engaged geometers 
so deeply, when their methods of approximation were less 
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perfect, is now degraded to the rank of diose idle quefttionf, 
with which no one possessing- the slightest tincture of geo* 
metrical science will occupy any portion of his time* 

Archimedes shewed that the ratio of the circumference to 
tiie diameter is included between 3|} and m ; hence 3^^ or 
V affords at once a pretty accurate approximation to the 
number above designated by ie ; and the simplicity of this 
first approximation has brought it into very general use. 
MetiuSf for the same number, found the much more accurate 
value ff|. At last the value of «*, developed to a certain 
order of decimals, was found by other calculators to be 
3.1415926535897932, Sec. ; and some have had patience 
enough to continue these decimals to the hundred and twenty- 
seventh, or even to the hundred and fortieth place. Such an 
approximation is evidently equivalent to perfect correctness : 
the root of an imperfect power is in no case more accurately 
known. 

The following problems will exhibit two of the simplest 
elementary methods of obtaining those approximations. 



PROBLBM. 

293. The surface of a regular inscribed polygon^ and thai iff m 
similar polygon circumscribedf being given ; to find the surfaees 
of the regular inscribed and circumscribed polygons hatnng 
double the number of sides. 

Let AB be a side of the given 
inscribed polygon ; EF, parallel 
to AB, a side of the circumscribed 
polygon ; C the centre of the 
circle. If the chord AM and 
the tangents AP, BQbe drawn, 
AM will be a side of the inscribed 
polygon, having twice the num- 
ber of sides ; and (273^) PQ, 
double of PM, will be a side of 
the similar circumscribed poly- 
gon. Now, as the same construc- 
tion will take place at each of the angles equal to ACM, it will 
be sufficient to consider ACM by its6lf, the triangles connected 
with it being evidently, to each other as the whole polygons 
of which they form parfc Let A, then, be the surface of the 
inscribed polygon whose sides is AB, B that of the similar cir- 
cumscribed polygon ; A' the surface of the polygon whose 
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side is AM, B' that of the similar circumt cribed polygon : A 
and B are given ; we have to find A' and B'. 

First. The triangles ACD, ACM, having the common 
vertex A, are to each other as their bases CD, CM ; they arc 
likewise to each other as the polygons A and A', of which' 
they form part : hence A : A' : : CD : CM. Again, the tri- 
angles CAM^ CME, having the common vertex M, are to 
each other as their bases CA, CE ; they arc likewise to each 
other as the polygons A^ and B of which they form part ; hence 
A' : B : : C A : CE. But since AD and ME are parallel, we 
have CD : CM : : C A : CE ; hence A : A : : A' : B ; hence 
the polygon A' one of those required, is a mean proportional 
betwe en the two given polygons A and B, and consequently 

A'^v/AxR 

Secondly. The altitude CM being common, the triangle 

CPM is to the triangle CPE as PM is to PE ; but (201.) sincfe 

CP bisects the angle MCE, (201.) we have PM : PE : : CM: 

CE ::CD : CA :: A : A: hence CPM : CPE :: A : A; and 

consequently CPM : CPM + CPE or CME : : A ; A + A'. 

But CMPA, or 2CMP, and CME are to each other as the 

polygons B' and B, of which they form part : hence B' : B 

: : 2A : A+A'. Now A' has already been determined ; this 

new proportion will serve for determining B', and give us 

2A.B 
B'= J — '-—y ; and thus by meajK of the polygons A and B, 

it is easy to lSnd the polygons A' and B', which have double 
the number of sides. 



PROBLBM. 

294. To find the approximate ratio of the circumference to the 

diameter* 

Let the radius of the circle be 1 ; the side of the inscribed 
sqnare will (270.) be 'v/2, that of the circumscribed square 
will be equal to the diameter 2 ; hence the surface of the in- 
scribed square is 2, and that of the circumscribed stpiare is 4. 
Let us therefore put A ^2, and B=:4 ; by the last proposition, 
we shall find the inscribed octagon A'=i/8=2.82d4271, and 

the circumscribed octagon B'= =3.3137085. Thein- 

2+v8 

scribed and the circumscribed octagons being thus determined, 

we shall easily by means of them, determine the polygons 
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having thrice the number of sides. We have only ill this case 
to put A =2.8284271, B=3.3137085 ; we shall find A'= 

•a;B=3.0614674, and B'= ?^ =3.1825979. These po- 

A+A' 

lygons of 16 sides will in their turn enable us to find the po- 
lygons of 32 ; and the process may be continued, till there 
remains no longer any difierence between the inscribed and 
the circumscribed polygon, at least so far as that place of 
decimals where the computation stops, and so far as the se- 
venth place in this example. Being arrived at this point, we 
shall infer that the last result expresses tlie surface of the cir- 
cle, which, since it must always lie between the inscribed and 
the circumscribed polygon, and since those polygons agree as 
far as a certain place of decimals, must also agree with both 
as far as the same place. 

We have subjoined the computation of those polygons, car- 
ried on till they agree as far as the seventh place of decimals. 

Number of sides. Inscribed pdygon. Ciictimscribed polygon. 

4 2.0000000 4.0000000 

8 2.8284271 3.3137085 

16 3.0614674 3.1825979 

32 3.1214451 3.1517249 

64 3.1365485 3.1441148 

128 3.1403311 3.1422236 

256 3.141*72 3.1417504 

512 3.1415138 3.1416321 

1024 3.1415729 3.1416025 

2048 3.1415877 3.1415951 

4096 3.141^914 3.1415933 

8192 ...... 3.1415923 3.1415928 

16384 3.1415925 ...... 3.1415927 

32768 3.1415926 ...... 3.1415926 

The surface of the circle, we infer therefore, is equal to 
3.1415926. Some doubt may exist perhaps about the last 
decimal figure, owing to errors proceeding from the parts 
omitted ; but the calculation has been carried on with an ad- 
ditional figure, that the final result here given might be abso- 
lutely corrtct even to the last decimal place. 

Since the surface of the circle is equal to half tlie circum- 
ference multiplied by the radius, the half circumference must 
be 3.1415926, when the radius is 1 ; or the whole circumfer- 
ence must be 3.1415926, when the diameter is 1 : hence the 
ratio of the circumference to the diameter, formerly expressed 
by ir, is equal to 3.1415926. 
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LBMlf A. 

29^. A triangle is equivalent to an isoscdes triangle, when one cf 
its angles is equal to the vertical angle of the isosceles triangle^ 
and the product of the sides corUaining this angle equal to the 
square of one of the equal sides of the isosceles triangle. And 
if the third side ofthefir%t triangle^ is perpendicular to either 
of the other sides , then the perpendicular let fall from the vertex 
on the base of the isosceles triangle^ will be a mean proportional 
between the less of these other sides^ and half their sum. 

In the triangles DCE and BCA 
let the angle C be common^ DC= 
CE, and AC.CB=DCS or CE' ; 
then will the triangles DCE, BCA 
be equivalent. And if the angle A is 
right, and CF perpendicular toDE ; 

then will CF=CAx(~^*^*^®^ 



2 



; 




First Because of the common 
angle C, the triangle ABC is to the 
isosceles triangle DCE, asACxCB 
istoDCxCE or DC (216.) : hence 
those triangles will be equivalent, if 
DC2=ACxCB,or if DC is a mean 
porportional between AC and CB. 

Secondly. Because *the perpendicular CGF bisects the 

angle ACB, we shall have AG : GB : : AC : CB (201.) ; 

aad therefore, by composition, AG : AG+GB or AB : : AC 

: AC+CB ; but AG is to AB as the triangle ACG is to the 

triangle ACB, or 2CDF ; besides if the angle A is right, the 

right-angled triangles ACG, CDF must be similar, and give 

ACG : CDF : : AC» : 2CF»; or ACG : 2CDF : : AC^ : 2CP; 

therefore, AC^ : 2Cr : : AC : AC + CB. 

Multiply the second pair by AC ; the antecedents will be equal, 

and consequently we shall have 2CF'=:AC. (AC + CB), or 

r^x^-Ao /'AC + CBX , 

OJ? — AO. ^ — ^ j ; hence if the angle A is right, the 

perpendicular CF will be a mean proportional between the 
side AC and the half sum of the sides AC,CB. 
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PROBLEM. 

206. To find a circle differing as little as we please from a given 

regular polygon. 

Let the square BMNP be the 
proposed polygon. From the ^ 
centre C, draw CA perpendicular 
to MB, and join CB. 

The circle described with the 
radius CA is inscribed in the 
square, and the circle described 
with the radius CB circumscribes 
this same square ; the first will in 
consequence be less than it, the 
second greater : it is now required 
to reduce those limits. 

Take CD and CE each equal :n :P 

to the mean proportional between CA and CB, and join 
ED; the isosceles triangle CDE will, by the last propo- 
sition, be equivalent to the triangle CAB« Perform the 
same operation on each of the eight triangles which compose 
the square: you will thus form a regular octagon equivsdent 
to the square BMNP* The circle described with the radius 

CA + CB 



«. » 
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CF, a mean proportional between CA and 



, yhlU be 



inscribed in this octagon, and the circle whose radius is CD 
will circumscribe it. The first of them therefore will be less 
than the given square, the second greater. 

If the right-angled triangle CDF be, in like manner, 
changed into an equivalent isosceles triangle, we shall by this 
means form a regular polygon of 16 sides, equivalent to the 
proposed square. The circle inscribed in this polygon will 
be less than the square; the circumscribed circle will be 
greater. ^ 

The same process mliy be continued till the ratio between 
the radius of the inscribed and that of the circumscribed 
circle, approach as near to equality as we please. In that 
case, both circles may be regarded as equivalent to the 
i^quare. 

297. Scholium, The investigation of tlie successive radii 
IS reduced to this. Let a be the radius of the circle inscribed 
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in one of the polygons, b the radius of the circle circumscri- 
bing the same polygon ; let a and V be the corresponding 
radii for the next polygon, which is to have twice the num- 
ber of sides. From what has been demonstrated, b' is a mean 
proportional between a and by and a' is a mean proportional 

between a and -—r— ; so that b'=^/a.b. and a =:\ /^^Ltf , 

2 ^ 2 * 

hence a and b the radii of one polygon being known, we may 
easily discover the radii a' and V of the next polygon ; and the 
process may be continued till the difference between the two 
radii becomes insensible ; then either of those radii will be the 
radiuis of the circle equivalent to the proposed square or po- 
lygon. 

This method is easily practised with regard to lines ; for it « 
implies nothing but the finding of successive mean propor- 
tionals between lines which are given : it is still more easily 
practised witir regard to numbers, and fonns one of the most 
commodious plans which elementary geometry can furnish, fbr 
discovering speedily the approximate ratio of the circumfer- 
ence to the diameter. Let the side of the square be 2 ; the 
first inscribed radius CA will be 1, and the first circumscribed 
radius CB wiU be V^ or 1.4142136. Hence, putting a=l, 

fe=1.4142136,weshaUfindA'=1.1892071,anda =1.0986841. 
These numbers will serve for computing the rest, the law of 
their combination being known. 

Badii of the cireiimwribed eirciee. Radii of the inscribed circles 

1.4142136 • . . , 1.0000000 

1.1892071 1.0986841 

1.1430500 . 1.1210863 

1.1320149 1.1265639 

1.1292862 1.1279257 

1.1286063 1.1282657 

Since the first half of these figures is now become the same 
on both sides, it will occasion little error to assume the arith- 
metical means instead of the mean proportionals or geomet- 
rical means, which differ from the former only in their last 
figures. By this method, the operation is greatly" abridged ; 
the results are : 

1,1284360 1.1283508 

1.1283934 1.1283721 

1.1283827 . 1.1283774 

1.1283801 . . . . ; 1.1283787 

1.1283794 1.1283791 

M283792 1.1283792 

17 



114 GEOMETRY- 

Thus 1*1283792 is very nearly the radius of a circle equal 
in surface to the square whose side is 2* From this, it is easy 
to find the ratio of the circumference to the diameter : for it 
has ah^ady been shewn that the surface of the circle is equal 
to the square of its radius multiplied by the number * ; hence 
if the surface 4 be divided by the square of 1.1283792 the 
radius, we shall get the value of ff', which by this computation 
is found to be 3.1415926, &c.» as was formerly determined by 
another method. 



APPENDIX TO BOOK IV. 



Defifdtions. 

298. A maximum is the greatest among; all th& quantities 
of the same species ; a minimum is the least. 

Thus the diameter of a circle is a maximum among all the 
Hnes joining two points in the circumference ; the perpendicular 
is a minimum among all the lines drawn from a given point to 
a straight line. 

299. Isoperimetirical Jigures are such as have equal- peri- 
meters. 



THEOREM. 

300. Of M the triangles hamng the same base and t%e same peri- 
meter i the maximum is that triangle of which the two undeter- 
mined sides are equah 
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Suppose AC=CB, and AM+MB 
=AC+CB ; then is the isosceles tri- 
angle ACB greater than the triangle 
'AMB, which has the same base and 
the same perimeter. 

From the centre C, with a radius 
CA=CB, describe a circle meeting 
CA produced in D; join DB; the 
angle DBA, inscribed in a senricirle, 
will be right (128.) Produce the 
perpendicular DB towards N*, make 
MN=MB, and join AN. Lastly, 
from the points M and C, draw MP 
and C6 perpendicular to DN. 

Since CB=CD, and MN=MB, we have AC+CB=AD, 
and AM+MB=AM+MN. But AC+CB=AM+MB; 
therefore AD=AM + MN; therefore AD 7 AN: and since 
the oblique line AD is greater than the oblique line AN, it must 
be further from the perpendicular AB ((52.) ; therefore DB 7 
BN ; therefore BG, which is half of BD, vrill be greater than 
BP which is half of BN. But the triangles ABC, ABM, 
having the same base AB, are to each other as their altitudes 
B6, BP ; therefore, since BG 7 BP, the isosceles triangle 
,ABC is greater than ABM, which is not isosceles, and has the 
same base and the same perimeter. 




THEOREM. 

301. Of aU the isoperifneirical polygons having a given number of 
sidesy the maximum is the one which has its sides equal. 

For, let ABCDEF be the maximum 
polygon. If the side BC is not equal 
to CD, construct upon the base BD an p 
isosceles triangle BOD, which shall be 
isoperimetrical with BCD ; this tri- 
angle BOD will (300.) be greater ;b 
than BCD, and consequently the poly- 
gon ABODEF will be greater than 
ABCDEF } hence the latter is not the maodmum of all the 
polygons having the same perimeter and the same number of 
sides, which contradicts the hypothesis. BC must therefore be 
equal to CD,: for the same reasons must CD=DE, DE= 
EF, kc. ; hence ail the sides of the muximttm polygon are 
equal. 
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THBORBM. 

S£f^ Of aliihe triangles, hamng two sides given in lenglh, and 
exmUaning an angle which is not gvoen, the maximum is ihalt trim' 
gU in which the two given sidesconlain a right angle. 

Let BAG, BAD be two trian- 
gles, in which the side AB is _. 
•common, and the side AC = AD; ** 
if the angle BAC is right, the 
triangle BAC will be greater ^ 
than the triangle BADt, of which 
the angle A is acute or obtuse. 

For, the base AB being the I! 
same, the two triangles BAC, 
BAD are to each other as their 
altitudes AC, DE ; but the per- 
pendicular DE is shorter than B 
the oblique line AD or its equal AC ; hence.the triangle BAD 
is less than the triangle BAC* 
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303. Among polygons formed of sides which are aU given hut one, 
the maximum is stich that aU its angles can be inscribed in a se- 
micircley of which the unknown side is the diameter. 

Let ABCDEF be the 
greatest polygon which can 
be formed with the given 
sides AB, BC, CD, DE, 
EF, and the last side AF 
assumed at pleasure. Draw 
the diagonals AD, DF. If 
the angle ADF were not 
right, then by making it right we should augment the triangle 
APF (302.) ; and consequently augment the whole polygon, 
because the parts ABCD, DEF would continue exacdy as 
they are. But this polygon being already a masdmumj can- 
not be augmented ; hence the angle ADF is no other than 
a right angle. The same are ABF, ACF, AEF ; hence all 
the angles A, B, C, D, E, F of the maximmt polygon are in 
a semicircumference, of which the indeterminate side AF is 
the diameter. 
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304* Scholium. This proposi- 
tion gives rise to a question : Whe- 
ther there be more ways than one 
of forming a polygon with sides 
which are all given, except the last 
side which is unknown, and is to N 
form the diameter of the semicir- 
cle wherein all the others are in- 
scribed ? Before deciding this 
question it will be necessary to observe, that if the same chord 
AB subtend two arcs described with different radii AC, AD, 
the central angle standing upon this chord, will be smaller in 
the circle whose radius is greater; thus ACB^ADB. For 
(78.), the angle ADO=ACD+CAD ; hence ACD< ADO, 
and doubling both, ACB < ADB. 




THEOREM. 



305. There is but one way of farming a polygon ABCDEF with 
eides which are aU given^ except the last side, which is unihiotm, 
and is to form ike diameter of the semicircle wherein all the oth- 
ers are inscribed. 




For, suppose we have 
found one circle which sa- 
tisfies the conditions of the 
problem : if we take a 
greater circle, the chords 
AB, BC, CD, &c. will Ue ^ 

opposite to angles at the ^^'^ ^^ 

centre, which are smaller. Hence the sum of these central 
angles will be less than two right angles ; hence the extremi- 
ties of the given sides will not fall at the extremities of a dia- 
meter. The contrary error will arise, if we assume a smaller 
circle : hence the polygon in question can only be inscribed 
in one circle. 

306. Scholium. The order of the sides AB, BC, CD, &c. 
may be altered at will, the diameter of the circumscribed cir- 
cle, as well as the area of the polygon, always contmuing the 
same ; for whatever be the order of the arcs AB, BC, fac, 
it is enough if their sum be a semicircumference, and the po- 
lygon will always have the same area, being always equal to 
the semicircle minus the segments AB) BC, fac. the sum of 
which is the same in any order. 
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•raaoBBH. 

307. Of all the polygons formed toUh given sideey the maximum 
is the one which can he inscribed in a eirde. 

Let ABCDEFG be the inscribed 
polygon, and abcdefg the polygon 
which cannot be inscribed, both hav-. Vji 
ing equal sides, AB =a&,BC ==&;,&c.; 
the inscribed polygon will be greater I}| 
than the other. 

Draw the diameter EM ; join AM, 
MB ; upona&=: AB, construct the tri- 
angle ohm equal to ABM, and join em* 

By (303.) of this Appendix, the 
polygon EF6AM, is greater than 
efganiy unless this efgam can be in- 
scribed in a semicircle, of which the 
side em is the diameter, in which case 
the two polygons would be equal, by 
the last Proposition. For the same 
reason, the polygon EDCBM is 
greater than edcbm^ saving a similar 
exception, by means of which they would be^equal. Hence 
the whole polygon EFGAMBCDEis greater than e/^pam&c^, 
unless they are equal in all respects : but they are not equal in 
all respects, (161*.) because the one is inscribed in a circle, and 
the other cannot be inscribed ; hence the inscribed polygon is 
greater. Take away from both respectively the equal trian- 
gles ABM, abm; there will remain the inscribed polygon 
ABCDEFG greater than abcdefg, which cannot be inscrited* 

308. SchoUum* It might be shewn, as in the foregoing 
Proposition, that there can be only one circle, and therefore 
only one maximmn polygon that will satisfy the conditions of 
the problem ; and this polygon will always have the same 
area, in whatever order we arrange its sides. 




THEOREM. 

309. TJie regular polygon is the greatest ^of aU the polygons 
which have the same perimeter and the same number of sides^ 

For, by the second of these Theorems, the maximum poly- 
gon has all its sides equal ; and by the last Theorem, it can 
he inscribed in a circle : hence it is a regular poIygon> 
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310* Two angles at the cetUrCj measured in two different circles^ 
are to each other as their included arcs divided by their radii. 




"^ 



The angle C is to the angle O 
as the quotient — is to the quo- 

DE 

DO VC 

With a radius OF, equal to AC, describe the arc FG inclu- 
ded between the sides OD, OE produced. By reason of the 
equal radii AC, OF, (122.) we shall have C : O : : AB : FG ; 

AB FG 
hence C : O : : 7-- : zrz^* But by reason of the similar arcs 

AC FO "^ 

FG, DE, (288.) we have FG ; DE : : FO : DO ; therefore 

FG . DE 

the quotient —- is equal to the quotient — :, and consequentry 



CjO:: 



AB DE 
AC 'do' 



THEORBlf. 

3l J. Cf two isoperimetrical regular polygons, the one having the 

greater number of sidles is thegreater. 

Let DE be a half-side of one of those polygons, O the cen- 
tre, OE the apothem : let AB be a half-side of the other po- 
lygon, C the centre, CB the apothem. Suppose the centres 
O and C to be situated at any distance OC, and the apothems 
OE, CB, in the direction OC : thus DOE and ACB will be 




6 E c B & 

half angles at the centres of the polygons ; and because these 
angles are not equal, the lines CA, OD, if produced, will 
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meet in some point F ; from this point let fall the perpendi- 
cular F6 on OC produced ; from the points O and C as 
centres, describe the arcs GI, GH, terminated by the sides 
OF, CF. 

GI 6H 

Now, by the preceding lemma, we have O : C : : — ; : — - ; 

• OG CG 

but DE is to the perimeter of the first polygon, as the angle 

O is to four right angles ; and AB is to the perimeter of the 

second polygon, as C is to four right angles ; therefore, since 

the perimeters of the polygons are equal, DE : AB : : O : C, 

or DE : AB : : — : — • Multiply the antecedents by OG, 

and the consequents by CG ; we shall have DE.OG : AB.CG 
: : GI : GH. But the similar triangles ODE, OFG give 
OE : OG : ^DE : FG, whence DE.OG =-OE.FG; m like 
manner, we should find AB.CG=CB.FG ; therefore OE.FG 
: CB.FG : : GI : GH, or OE : CB : : GI : GH. Hence, if 
we can shew that the arc GI' is greater than the arc GH, it 
will follow that the apothem OE is greater than CB. 

On the other side of CF, construct a figure CKa: entirely 
equal to the figure CGx, so that CK=CG, the angle HCK=: 
HCG, and the arc Kx^rcG ; the curve KxG will envelope 
the arc KHG, and (283.) be greater than it. Therefore Gr, 
half of the curve, is greater Uian GH half of the arc ; there- 
fore still more is GI greater than GH. 

It follows, therefore, that the apothem OE is greater than 
CB ; but (282.) the two polygons, having the same perimeter, 
are to each other as their apothems ; hence the polygon which 
has DE for a half side is greater than the polygon which has 
AB for its half-side ; the first has more sides, because its cen- 
tral angle is smaller ; hence of two isoperimctrical regular 
polygons, the one having more sides is greater. 

r 

THEOREM. 
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312. The circle is greater than any polygon of the sa^perimeteir. 

We have already shewn, that 
of all the isoperimctrical poly- A 
gons having the same number 
of sides, the regular polygon 
is the greatest; therefore we 
need only to compare the cir- 
cle with some regular polygon 
of the same perimeter. Let AI 
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be the half-side of this polygon ; C its centre. In the iso- 
perimetrical circle, let the angle DOE be equal to ACI, and 
consequently, the arc D£ be equal to the half-side AL The 
polygon P is to the circle C as the J^riangle ACI is to the sec- 
tor ODE ; hence P : C : : iAI.CI : ^DE-OE : : CI : OE. 
From the point E draw a tangent EG meeting OD produced 
in G : the similar triangles ACI, GOE will give the propor- 
tion CI : OE : : AI or DE : GE; henceP : C : : DE : GE, 
or as DE^OE, which is the measure of the sector DOE, is 
to GE4OE, which is die measure of the triangle GOE : now 
this sector is less than the triangle ^ hence P is less than C ; 
hence the circle is greater than any isoperimetrical polygon. 



BOOK V. 

PLANES AND SCUD ANGLES. 

DefinHians. 

313. A straight line is perpendu;ular to a pUme^ wtfen it 
is perpendicular to all the straight lines (326.) which pass 
through its foot in the plane. Conversely, the plane is per- 
pendicular to the line. 

The foot of the perpendicular is the point at which that 
line meets the plane. 

314. A Hue is parallel to a plane, when it cannot meet 
that plane, to whatever disc^ce both be produced. Con* 
versely, the plane is parallel to the line. 

315. 'Two planes are parallel to each other, when they 
cannot meet, to whatever distance both be produced. 

316. It will be demonstrated (324.) that the common in- 
tersection of two planes which meet each other, is a straight 
line : that granted, the angle or mutual indinatian of two 
planes is the quantity, greater or less, by which they are sepa- 
rated from each other; this quantity is measured by the angle 
contained between two lines, one in each plane, and both per- 
pendicular to the common intersection at the same point 

This angle may be acute, or right, or obtuse. 

18 
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317. If it 18 right, the two pkmes are perpendicular ta 
each other. 

318. A solid angle is t\i^ angular space inclttded beikwe^i 
several jdanes which meet at the same point. 

Thus, the solid angle 8, (see the fig. of Art 364.) is 
formed by the union q£ the planes ASB, BSC, CSD, DSA. 
Three planes at least, are requisite to form a soEd angle. 



THEOREM. 

319. A straight line axMiot be partly in a pkme^ and partly out 

For, by the definition of a plane, when a straight line has 
two points common with a plane, it lies wholly in that plane. 

320. SchoUwn. To discover whether a surface is plane, 
it is necessary to apply a straight line in difierent ways to that 
surface, and to observe if it touches the surface throughout its 
whole ext^t. 



THEOREM. 

33L Ts»slra^ht linesy which intersect each other, Ueintke same 

plane and determine Us position. 



y 




AB» AC be two straight lines which 
intersect each other in A ; a plane may be 
conceived in which the straight line AB is 
found ; if this plane be turned round AB, 
until it pass through the point C, then the 
line AC, which has two of its points A and 
C in this plane,* lies wholly in it ; hence the 
position of the plane is determined by the single coadition of 
containing the two straight lines AB, AC. 

322. Cor. A triangle ABC, or three points A, B, C, 
not in a straight line, determine the position of a plane. 

323. Cor. 2. Hence also two 
parallels AB, CD determine the po- j^ 
sition of a plane ; for, drawing the 
secant EF, the plane of the two 
straight lines AE, EF is that of the 
parallels AB, CD. 




I 
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324. If two planes cut each other^ their common uUereec^ vnU 

• be a eiraighi Une. 

For, if among the points common to the two planes, there 
be three which are not in the same straight fine, then thft 
planes, pasnng each through these three points, must form V 
only one and the same plane ; which contradicts Ifae hypo- ^, 
thesis. 
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S25. If two strai^ lines intereect each other, and a third line is 
perpendicular to both of them at their point tfiniersectum^ it wUl 
also be perpendieidar to all lines drawn through Us foot and in 
the pUsne of the two first Unesy and witty therefore, he perpen* 
dieular to the plane of those lines. 

Let AP be perpendicular to PB, PC, at the point P, and 
NM the plane of the lines CP, BP ; then will AF be perpen- 
dicular to any line of the plane passing through P, and con- 
sequently to the plane itself (313.). ' 

Through any point Q in 
PQ, draw (242.) the straight 
line BC in the angle BPC, 
so that BQ=QC ; jom AB, 
AQ, AC. 

The base BC being divided 
into two equal parts at the 
point Q, the triangle BPC 
(194.) will giv^ 
/ PC«+PB«=2PQ«+2QC«. 
^ The triangle BAC will in like 
manner give. 

AC«+AB«=2AQ»+-2QC«. 

Taking the first equation from the second, and observing that 
the triangles APC, APB, which are both right-angled at P, 
give AC«— PC« = APS and AB«— PB« = AP«; we shall have 

AP« -h APa =2AQ''— 2PQ» . 

Therefore, by taking the halves of both, we have AP' = 
AQ«— PQS or AQ« =AP* + PQ* ; hence the triangle APQ 
is right-angled at P ; hence AP is perpendicular to r Q. 




GEOMETRY. 

SduJimt. Thus it is evident, not only that a 
line may be perpendicular to all the straight lines 
Bs through its foot in a plane, but that it always mast 
henever it is perpendicular to two straight lines 
the plane ; which proves our first DefimUon to be 



Cor. 1. The perpendicular AP is shorter than any 
ne AQ ; tber^ore it measares the tme distance from 
A to £e plane MN. 

uAv Cor. 2. At a given point P on a plane, it is im- 
possible to erect more thui one perpendicular to that plane ; 
for if there coold be two perpendiculars at the same point P, 
draw through these two perpendiculars a plane, whose inter- 
section with the plane MN is PQ ; then these two perpen- 
diculars would be perpendicular to the line PQ, at the same 
point, and in the same plane, which is impossible (50.). 

It is also impossible to let fall from a given point ont of a 
plane two perpendiculars to that plane ; for let AP, A^ be 
these two perpendiculars, then the triangle AFQ would have 
two right angles APQ, AQP, which is impossible. 

THEOREM. 

329. Oaiqae line* eqttdUy dutant from (Ae perpendiadar are 
equal ; and, of two oblique lines anequaUy dislaMt from lAe per- 
pendtoiilar, the more tUMant, is ike longer. 

Fop the angles APB, APC, 
APD, being right, if we sup- 
pose the distances PB, PC, _- 
PD, to be equal to each oth- ^— 
er, the triangles APB, APC, 
APD, will have each an equal 
angle contained by equal sides; 
therefore they will be equal ; 
therefore the hypotenuses, or 
the oblique lines AB, AC, 
AD, will be equal to each other. In like manner, if the dis- 
tance PE is greater than PD or its equal PB, the oblique 
line AE will evidently be greater than AB, or its equal AD. 

330. Cor. All the equal oblique lines AB, AC, AD, 8ic. 
tenninate in the circumference BCD, described from P the 
■foot of the perpendicular as a centre ; therefore a point A 
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being ^ven out of a plane, the point P at which the 
dicular let fall from A would meet that plane, may h 
by marking upon that plane three points B, C, D, 
distant from the point A, and then finding the centre 
circle which passes (hrongh these points ; this centre 
P, the point sought. 

331. SckoUttm. The angle ABP is called the Hk 
cf the oblique line AB io theplane MN ; which inclin 
evidently equal with respect to all such lines AB, AC, aj^, as 
are eqnally distant from the perpendicular ; for all the trian- 
gles ABP, ACP, ADP, &c. are equal to each other. 



333. If from apcwUmtkout a plane, a perpatdicdar he letfiOt 
on the plane, andjrom the foot ef the perpendicular a perpatdx- 
atlar &e drawn to any Une of the plane, and from the point of jn- 
tenection a lint he draun to the firtt pmnt, ihi» latter Une will he 
perpendicular to the line of the plane. 

Let AP he perpendicular to the 
plane NM, PD pei^endicular to BC ; 
then will AD also be perpendicular i 
toBC. 

TakeDB=DC, and join PB,PC, 
AB,AC. Since DB=DC,the oblique 
linePB=PC; and with regard to 
the perpendicular AP, since PB:^ 
PC, the oblique line AB= AC (329.) ; 
therefore the line AD has two of its 
points A and D equally distant from the extremities B and C ; 
therefore AD is a perpendicular at the nuddle of BC (S5.). 

333. Cw. It is evident likewise, that BC is perpendicular 
to the plane APD, since BC is at once perpendicular to the 
two strsught lines AD, PD. 

334. SdoUum. The two straight lines AE, BC afford an 
instance of two lines which do not meet, because they are not 
situated in the same plane. The shortest distance between 
these lines is the straight line PD, which is at once perpendi- 
cular to the lioe AP and to the line BC. ThedistancePD is 
the shortest distance between these two lines ; for if we join 
a^ other two points, such as A and B, we shall have A^p 
AD, AD>PD ; therefore AB>PD. 
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The two tines AE, CB, though sot ataated in the sane 
plane, are Gonceived as ibraiing a right angle with each other, 
because A£ and the line drawn through one of its points pa- 
rallel to BC would make with each other a right angle* In 
the same manner, the tine AB and the line PD, which repre- 
sent any two straught lines not situated in the same plane, are 
supposed to form with each other the same angle, which would 
be formed by AB and a straight tine paraUel to PD drawn 
through one of the points of AB. 

TKSOREM. 
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335. If one of too paraUel lines is perpendicular to a planCy the 
other will also he perpendicular to the same plane. 

Let the lines ED, AP be 
parallel ; if AP is perpen- 
dicular to the plane NM, 
then will ED also be per- 
pendicular to it. 

Through the parallels 
AP, D£, pass a plane ; its 
intersection with the plane 

M N will be PD ; in the ! ^1£ IH 

plane MN draw BC perpendicular to PD, and join AD. 

By the Corollary of the preceding Theorem, BC is per- 
pendicular to the plane APDE ; therefore the angle BDE is 
right ; but the angle EDP is right also, since AP is perpen- 
dicular to PD, and DE parallel to AP (65.) ; therefore the 
line DE is perpendicular to the two straight tines DP, DB ; 
therefore it is perpendicular to their plane MN (325.) 

336. Cor. U Conversely, if the straight tines AP, DE 
are perpendicular to the same plane MN, they will be paral- 
lel ; for if they be not so, draw through the point D a line 
Sarallel to AP, this parallel will be perpendicular to the plane 
IN ; therefore through the same point D more than one per- 
pendicular might be erected to the same plane, which (328.) 
IS impossible. 

337« Cor. 2. Two lines A and B, parallel to a third C, 
are paraUel to each other ; for, conceive a plane perpendicular 
to the line C ; the tines A and B, being paraUel to C, wiU be 
perpendicular to the same plane ; therefore, by the preceding 
CoroUary, they wiU be paraUel to each other. 
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The three lines are understood not to be in the same plane j^ 
otherwise the proposition (68.) would be already known. 

THEOKBM. 

338. J^ a etraight line is parallel to a straight Une drawn tti a 

planeyUwUlbeparaU€lU>ttaipian&, 

Let AB be parallel to 
CD of the plane NM ; then 
will it be parallel to the j£ 
plane NM. ~" 

For if the line AB, which 
lies in the plane ABDG, 
could meet the plane MN, 
this could only be in some 
point of the line CD, the common intarsection^of the two 
planes : but AB cannot meet CD, since they are parallel ; 
hence it will not meet the plane M N ; hence (SIA.) it is paral- 
lel to that plane. 

THEOBSM. ^ 

339. Two planes perpendicular to the same straigki line, are pa- 

raUelto each other* 

Let the planes NM, QP be per- 
pendicidar to AB, dien will they 
be paralleL 

' For> if tbeycan meet anywhere, 
let O be one of their common 
points, and join OA, OB; the fine 
AB which is perpendicular to the 
plane MN, is perpendicular to the 
straight line OA drawn through its foot in that plane ; for the 
same reason AB is perpendicular to BO ; therefore OA and 
OB are two perpendiculars let fall, from the same point O, 
upon the same straight line; which is impossible : dierefore 
the planes MN, PQ, cannot meet each other ; therefore they 
are parallel. 




i 
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THEOREM. 

340. The ifUersecUans qf two pardUd planes with a third plane^ 

are parallel. 

Let the planes NM, QP be 
intersected by the plane EH ; 
then will EF, GH be parallel. 

For, if the lines EF, GH, 
lying in the same plane, were 
not parallel, they would meet 
each other when produced ; 
therefore the planes MN, PQ, 
in which those lines Ue, would 
also meet ; therefore the planes 
would not be parallel. 




THEOREM. 

341 . If two planes are parallel^ a straight line which is perpen- 
dicular to onCy is also perpendicular to the other. 

Let AB (see the fig. of Art. 339.) be perpendicular to NM ; 
then will it also be perpendicular to QP. 

Having drawn any Une BC in the plane PQ, through the 
lines AB and BC, draw a plane ABC intersecting the plane 
MN in AD ; the intersection AD will (340.) be parallel to 
BC ; but the line AB, being perpendicular to the plane MN, 
is perpendicular to the straight line At) ; therefore also, to its 
parallel BC : hence the line AB being perpendicular to any 
line BC drawn through its foot^n &e plane PQ, is conse- 
quently perpendicular to that plane. 

THSOREBI. 



342. The parallels comprehended between two parallel planes^ 

are equal. 

Through the parallels EG, FH, (see the fig. of Art. 340L) 
draw the plane EGHF intersecting the parallel planes in EF 
and GH. The intersections EF, GH, (340.) are parallel to 
each other ; so likewise are EG, FH ; therefore the figure 
EGHF is a parallelogram ; therefore £G=FH« 
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343. Cor. Hence it follows that ttDO parallel jdanes are 
every where equidistant; for if EG and FH are perpendicu- 
lar to the two planes MN, PQ, they will be parallel to each 
other, (336.); and therefore equal, as has just been shewn. 



THEORB M. 

344. If two angles not situated in the same plane, have their sides 
parallel and lying in the same direction, those angles wiUhe equal, 
and their planes will he parallel. 

Let the angles be CAE, and DBF. 

MakeAC=BD, AE=^ M 
BF ; and join CE, DF, 
AB, CD, EF. Since AC 
is equal and parallel to 
BD, the figure ABDC is 
a parallelogram (87.) ; 
therefore CD is equal and 
parallel to AB. For a 
similar reason, EF is equal 
and parallel to AB ; hence 
also CD is equal and pa- 
rallel to EF; hence the 
figure CEFD is a paral- 
lelogram, and the side CE 
is equal and parallel to DF ; therefore the triangles CAE, 
DBF have their corresponding sides equal ; therefore the an- 
gle CAE=:DBF. 

Again, the plane ACE is parallel to the plane BDF. For 
suppose the plane drawn through the point A, parallel to 
BDF, were to meet the lines CD, EF, in points different from 
C and E, for instance in G and H ; then, (342.) the three 
lines AB, GD, FH would be equal : but the lines AB, CD, 
EF are already known to be equal ; hence CD = GD, and FH 
=EF, which is absurd; hence the plane ACE is parallel to 
BDF. 

345. Cor. If two parallel planes MN, PQ are met by 
two other planes CABD, EABF, the angles CAE, DBF,. 
formed 'by the intersections of the parallel planes will be equal ; 
for (340.) the intersection AC is parallel to BD, and A£ to 
BF, therefore the angle CAE=DBF. 

19 5 
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346. If three straight lines, not situated in the same planCy are 
equal and parallel, the opposite triangles formed by joining the 
^extremities of these straight lines will he equal, and their planes 
tmU be parallel. 

Let AB, CD, EF (see the last fig.) be the lines. 

For, since AB is equal and parallel to CD, the figure 
ABDC is a parallelogram ; hence the side AC is equal and 
parallel to BD. For a like reason the sides AE, BF are 
equal and parallel, as also CE, DF ; therefore the two trian- 
gles ACE, BDF, are equal ; and consequently, as in the last 
Proposition, their planes are parallel. 

THEOREM. 



347. Two straight Unes, included between three parallel planes^ 

are cut proportionally. 

Suppose the line AB to 
meqt the parallel planes MN, 
PQ, RS, at the points A, E, 
B ; and the line CD to meet 
the same planes at the points 
C, F, D : we are now to show 
that AE : EB : : CF : FD. 

Draw AD meeting the plane 
PQ in G, and join AC, EG, 
GF, BD ; the intersections ^ 
EG, BD, of the parallel planes 

PQ, RS, by the plane ABD, 

are parallel (340.) ; therefore AE : EB : : AG : GD ; in Uke 
manner, the intersections AC, GF being parallel, AG ; GD 
: : CF : FD ; the ratio AG : GD is the same in both ; hence 

AE:EB:: CF ; FI>- 
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348. In any quadrilateral^ whose sides arCy or are noty in the same 
plane, if two lines be dravm, each dividing a pair of the oppo- 
site sides of the quadrilateral into proportional parts, these lines 
will intersect ; and will dinde each other into parts respectively 
proportional to the segments of the sides of the quadrilateral. 

In the quadrilateral ABCD, if the lines EF, GH, be drawn, 
making AE : EB : : DF : FC, and EG : GC : : AH : HD ; 
the lines EF, GH will intersect at M, and HM : MG : : AE : 
EB, and EM : MF : : AH : HD. 

Draw through AD any 
plane A6HcD,which shall 
not contain GH ; through 
the points E, B, C, F, 
draw Eet, B6, Cc, F/, 
parallel to GH, meeting 
thatplaneine, 6,^:,/. Be- 
cause Bft, GH, Ctf, are 
parallel, (196.) we have 
6H : He : : BG : GC : : 
AH : HD; therefore(208.) 
the triangles AH&, DHc are similar. Also we have Ke : eh 
: : AE : EB, and D/:/c : : DF : FC ; therefore Ae : eh : : 
D/ : fc, or by composition, Ae : Df : : Aft : Dc ; but, because 
the triangles AHft, DHr, are similar, we have A6 : Dc : : AH 
: HD ; therefore Ae : D/ : : AH : HD ; as the triangles AHft, 
HDc are similar, the angle HA6=HD/; therefore (208.) the 
triangles AHe, DH/, are also similar; therefore the angle 
AH5=DH/. Hence it follows that eHfis a straight line, 
and therefore the three parallels E^, GH, Ff, are situated in 
the same plane, which plane will contain the two straight lines 
EF, GH ; therefore these latter must cut ea^h other in a point 
M- Lastly, because Ee, MH, Ffare parallel, we have EM : 
MF::eH:H/:: AH:HD. 

And, by a similar construction in reference to the side AB, 
it may be shown that HM : MG : : AE : EB. 




* May be omitted, having no immediate connexion with what follows. 

Ed. 

+ Through inadvertency of the engraver, the line Be is drawn In the 
diagram ; the student can readily supply the line £e. 
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V THEOREM. 

349. The angle included between two planes may he measured^ 
agreeably to our Dejinitiony by the angle which is formed by two 
lines, one being drawn in each of those planes, and both per- 
pendicular to the common intersection at the same point. 

Let the line AN of the plane MAN, and AP of the plane 
MAP be perpendicular to the common intersection AM at the 
point A ; then will the angle PAN measure the angle included 
between the planes. 

To show the correctness of this mea- M 
surement, we must, iii the first place 
prove that it is constant, or that it would 
be the same at whatever point of the 
common intersection the perpendiculars 
were drawn. 

Take any other point M ; and draw 
MC in the plane MN, MB in the plane 
MP, perpendicular to the common inter- 
section AM. Since MB ^d AP are 
perpendicular to the same line AM, they are parallel to each 
other. For the same reason, MC is parallel to AN ; there- 
fore, (344.) the angle BMC=PAN ; therefore it is indifferent 
whether the perpendiculars be drawn at the point M or at the 
point A ; the included angle will be always the same. 

In the second place, we must prove that, if the angle of the 
two planes increases or diminishes in a certain ratio, the angle 
PAN" will increase or diminish in the same ratio. 

In the plane PAN, from the centre A and with any radius, 
describe die arc NDP ; from the centre M and with an equal 
radius describe the arc CEB ; draw AD to any point D of 
the arc PD : the two planes PAN, BMC, being perpendicular 
to the same straight line MA, will (339.) be parallel ; therefore 
the intersections AD, ME, of these two planes with a third 
AMD, will be parallel ; therefore (344.) the angle BME will 
be equal to PAD. 

Let us for a moment call the angle, which is formed by the 
two planes MP, MN, a wedge ; that granted, if the angle 
DAP were equal to DAN, it is evident that the wedge DAMP 
would be equal to the wedge DAMN ; for the base. PAD if 
placed upon its equal DAN would exactly coincide with it, 
the height AM would be always the same ; therefore the two 
corners would coincide with each other. In like manner it 
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may be shoWn, that if the angle DAP, were contained a cer- 
• tain number of times exactly in the angle PAN ; the wedge 
DAMP would be contained just as many times in the wedge 
PAMN. But from the ratio in whole numbers, the conclu- 
sion with regard to any ratio is legitimate, and was above 
demonstrated (122.) in a case altogether similar ; therefore 
whatever be the ratio of the angle DAP to the angle PAN, 
the wedge DAMP will be in that same ratio with the wedge 
PAMN ; therefore the angle NAP may be taken as the mea- 
sure of the wedge PAMN, or of the angle which is formed by 
the two planes MAP, MAN. 

350. Scholium. The same relation subsists between the 
angles which are formed by two planes, as between those 
which are formed by two straight lines. Thus when two 
planes mutually cross each other, the opposite or vertical an- 
gles are equal, and the adjacent angles are together equal to 
two right angles ; therefore if one plane be perpendicular to 
another, the latter is also perpendicular to the former. In like 
manner, when two parallel planes are met by a third plane, 
the same equalities and the same properties appear, as when 
two parallel lines are met by a third line. 
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351. If a line is ^perpendicular to a plane, every plane passed 
through the perpendicular, is also perpendicular to the plane. 

Let AP be perpendicular to the 
plane NM; then will every plane 
passing through AP be perpendi- 
cular to NM. M 

Let BC be the intersection of 
the planes AB, MN ; in the plane 
MN, draw DE perpendicular to 
BP : then the line AP, being per- 
pendicular to the plane MN, will 
be perpendicular to each of the 
two straight lines BC, DE : but the angle APD, formed by 
the two perpendiculars PA, PD to the common intersection 
BP, measures the angle of the two planes AB, MN ; there- 
fore (317.), since that angle is right, the two planes are per- 
pendicular to each other. 
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352. Scholium. When three straight lines, such as AP, 
BP, DPy are perpendicular to each other, each of those lines 
is perpendicular to the plane of the other two,^and the three 
planes are perpendicular to each other. 
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363. If two planes are perpendicular to each other , a line dravm 
in one of them perpendicular to their common intersection^ mil 
he perpendicular to the other plane. 

Let the plane AB (see the last fig.) be perpendicular to 
NM ; then if AP be perpendicular to BC, it will also be per- 
pendicular to the plane NM. 

For, in the plane MN draw PD perpendicular to PB ; then, 
because the planes are perpendicular, the angle APD is right ; 
therefore the line AP is perpendicular to the two straight lines 
PB, PD ; therefore it is perpendicular to their plane MN. 

354* Cor. ' If the plane AB is perpendicular to the plane 
MN, and if at a point P of th0 common intersertion we erect 
a perpendicular to the plane MN, that perpendicular will be 
in the plane AB ; for, if not, then, in the plane AB, we might 
draw AP perpendicular to PB the common intersection, and 
this AP, at the same time, would be perpendicular to the 
plane MN ; therefore at the same point P there would be two 
perpendiculars to the plane MN, which is impossible (338.). 
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358. If two planes are perpendicular to a thirds their common 
intersection will he perpendicular to this third plane. 

laeX the planes AB, AD, (see the preceding fig.) be perpen- 
dicular to NM ; then will their intersection AP be perpendi- 
cular to NM. 

For, at the point P erect a perpendicular to the plane MN ; 
that perpendicular must be at once in the plane AB and in 
the plane AD (354.) ; therefore it is their common intersec- 
tion AP. 



BOOK V 



135 




THEOREM. 

356. If a solid angle is farmed by three plane angles, the sum of 
any two of these angles will he greater than the third. 

The proposition requires demon- 
stration only when the plane angle, 
which is compared to the sum of the 
other two, is greater than either of 
them. Therefore suppose the solid 
angle S to be formed by three plane 
angles ASB, ASC, BSC, whereof 
the angle ASB is the greatest; we 
are to show' that ASB Z ASC+BSC- 

In the plane ASB make the angle BSD=BSC, draw the 
straight line ADB at pleasure ; and having taken SC = SD, 
join AC, BC. 

The two sides BS, SD are equal to the two BS, SC ; the 
angle BSD=BSC; therefore the triangles BSD, BSC are 
equal; therefore BD=BC. But AB/lAC + BC; taking 
BD from the one side, and from the other its equal BC, there 
remains AD /I AC. The two sides AS, SD are equal to the 
two AS, SC ; the third side AD is less than the third side 
AC; therefore (42.) the angle ASDZ ASC. Adding BSD 
=BSC, we shall have ASD+BSD or ASBZ ASC+BSC. 
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367. The sum of the plane angles which form a solid angle is al- 
ways less than four right angles. 

Cut the solid angle S by any plane 
ABODE ; firom O, a point in that plane, 
draw to the several angles straight lines 
AO, OB, OC, OD, OE. 

The sum of the angles of the trian- 
gles ASB, BSC, fac. formed about the 
vertex S, is equivalent to the sum of the 
angles of an equal number of triangles '^ 
AOB, BOC, &e. formed about the point 
O. But at the point B the angles ABO, 
OBC, taken together, make the angle ABC (356.) less than 
the sum of tlie angles ABS, SBC ; in the same manner, at 
the point C we have BCO + OCD 21 BCS + SCD ; and so with 
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all the angles of the polygon ABCDE : whence it follows, 
that the sum of all the angles at the bases of the triangles 
whose vertex is in O, is less than the sum of the angles at the 
bases of the triangles whose vertex is in S ; hence to make up 
the deficiency, the sum of the angles formed about the point O, 
is greater than the sum of the angles about the point S. But 
the sum of the angles about the point O is equal to four right 
angles (34.) ; therefore the sum of the plane angles, which 
form the solid angle S, is less than four right angles. 

358. Scholium. This demonstration is founded on the 
supposition that the solid angle is convex, or that the plane 
of no one surface produced can ever meet the solid angle ; if 
it were otherwise, the sum of the plane angles would no longer 
be limited, and might be of any magnitude. 
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369. If two solid angles are contained by three plane angles, re- 
spectively equal to each other, the planes of the equal angles, wiU 
be equally inclined to each other. 

Let the angle ASC=DTF, 
the angle ASB=DTE, and the 
angle BSC=ETF ; then will 
the inclination of the planes 
ASC, ASB, be equal to that of 
the planes DTF^ DTE. 

Having taken SB, at plea- 
sure, draw BO perpendicular 
to the plane ASC ; from the point O, at which that perpen- 
dicular meets the plane, draw OA, OC perpendicular to SA, 
SC ; join AB, BC ; next take TE=S B; draw EP perpen- 
dicular to the plane DTF ; from the point P draw PD,PF, 
perpendicular respectively to DT, TF ; lastly^ join DE, EF. 

The triangle SAB is right-angled at A, and the triangle 
TDE at D (332.) ; and since the angle ASB=DTE we have 
SBA=TED. Likewise SB=TE ; therefore the triangle 
SAB is equal to the triangle TDE ; therefore SA=TD, and 
AB=rDE. In like manner it may be shewn, that SC=TF, 
and BC = EF. That granted, the quadrilateral SAOC is 
equal to the quadrilateral TDPF : for, place, the angle ASC 
upon its equal DTF ; because SA=TD, and SC=:TF, the 
point A will fall on D, and the point C on F ; and at the 
same time, AO, which is perpendicular to SA, will fall on 
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PD wliich is perpendicular to TD, aud in like manner OC 
on PF ; wherefore the point O will fall on the point P, and AO 
will be equal to DP. But the triangles A OB, DPE, are 
right-angled at O and P ; the hypotenuse AB==DE, and the 
side AO=DP : hence (56.) those triangles are equal; hence 
the angle OAB=PDE. The angle OAB is the inclmation 
of the two planes ASB, ASC ; and the angle PDE is that of 
the two planes DTE, DTP ; hence those two inclinations 
are equal to each other. 

It must, however, be observed, that the angle A of the 
right-angled triangle OAB is properly the inclination of the 
two planes ASB, ASC, only when the perpendicular BO falls 
on the same side of SA, with SC ; for if it fell on the other 
side, the angle of the two planes would be obtuse, and joined 
to the angle A of the triangle OAB it would make two right 
angles. But in the same case, the angle of the two planes 
TDE, TDF would also be obtuse, and joined to the angle D 
of the triangle DPE, it would make two, right angles; and 
the angle A being thus always equal to the angle at D,it 
would follow in the same manner that the inclination of the 
two planes ASB, ASC, must be equal to that of the two 
planes TDE, TDF. 

360. Scholium. If two solid angles are contained by three 
plane angles, respectively equal to each other, and if at the 
same time the equal or homologous angles ^ve disposed in the 
same manner in the two solid angles, these angles will be 
equal, and they will coincide when applied the one to the 
other. We have already seen that the quadrilateral SAOC 
may be placed upon its equal TDPF ; thus placing S A upon 
TD, SC falls upon TF, and the point O upon the point P. 
But because the triangles AOB, DPE are equal, OB perpen- 
dicular to the plane ASC is equal to PE perpendicular to the 
plane TDF ; besides, those perpendiculars lie in the sartie di- 
rection ; therefore the point B will fall upon the point E, 
the line SB upon TE, and the two solid angles will wholly 
coincide. 

This coincidence, however, takes place only when we sup- 
pose that the equal plane angles are arranged in the same 
manner in the two solid angles ; for if they were arranged in 
an inverse order, or, what is the same, if the perpendiculars 
OB, PE, instead of lying in the same direction with regard 
to the planes ASC, DTF, lay in opposite directions, then it 
would be impossible to make these solid angles coincide with 
one another. It would not, however, oil this account, be less 
true, as our Theorem states, that die planes containing the 

20 



138 GEOMETRY. 

equal angles must stiU be equally inclined to each other ; so 
that the two solid angles would be equal in all their constitu- 
ent parts, without, however, admitting of superposition. This 
sort of equality, which k not absolute, or such as admits of 
superposition, deserves to be distinguished by a particular 
name : we shall call it equaUty hy symmetry. 

Thus those two solid angles, which are fonned by three 
plane angles respectively equal to each other, but disposed in 
an inverse order, will be called angles equal by symmetry^ or 
simply iymmetrical angles. 

The same remark is applicable to solid angles, which are 
formed by more than three plane angles : thus a solid angle, 
formed by the plane angles A, B, C, D, E, and another solid 
angle, formed by the same angles in an inverse order A, £, 
D, C, B, may be such that the planes which contain the 
equal angles are equally inclined to each other. Those two 
solid angles, likewise equal, without being capable of super- 
position, would be called sciUd angles equal by symmetry ^ or 
symmetrical solid angles. 

Among plane figures, equality by symmetry does not pro- 
perly exist, all figures which might take this name being abso- 
lutely equal, or equal by superposition ; the reason of which 
is, that a plane figure may be inverted, and the upper part 
taken indiscriminately for the under. This is not the case 
with solids ; in which the third dimension may be taken ia 
two difierent directions. 



PROBLEM. 

361. The three angles which form asclid angle being gweny to 
find by a construction on a plane the angle contained between 
two of these planes^ 

Let S be the proposed solid angle, in which the three plane 
angles ASB, ASC, BSC, are known ; it is required to find 
the angle contained by two of these planes, such as ASB, 
ASC. 
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Coaceive the same construction to be made as in the pre- 
ceding Theorem ; the angle O AB would be the angle sought. 
It is required to find the same angle by a plane construction, 
or one performed on a plane. 

On a plane, therefore, make the angles B'SA, ASC, B"SC 
equal to the angles BSA, ASC, BSC, in the solid figure ; 
take B'S and B''S each equal to BS in the solid figure ; from 
the points B' and B'', and at right angles to SA, and SC, 
draw B'A and B"C, which will intersect each other at the 
point O. From A as a centre, with the radius AB', describe 
the semicircle B'AE ; at the point O, erect Ob perpendicular 
to B'E, and meeting the circumference in b ; join Ab : the 
angle EAi will be the required inclination of die two planes 
ASC, ASB in the solid angle. 

All we have to prove is, that the triangle AOb of the plane 
figure is equal to the triangle AOB of the solid figure. Now 
the two triangles B'SA, BSA are right-angled at A ; the angles 
at S are equal: hence the angles at B and B'are also equal. 
But the hypotenuse SB' is also equal to the hypotenuse SB ; 
hence these triangles are equal ; therefore SA of the plane 
figure, is equal to SA of the solid figure, and likewise AB', 
or its equal A&, in the former to AB in the latter. In the 
same way, it might be shown that SC is equal in both ; hence 
it follows, that the quadrilateral SAOC must be equal in both, 
and consequently AO of the plane figure is equal to AO in 
the solid. Thus, in both figures the right-angled triangles 
AOby AOB have each the h3rpotenuse and a side respectively 
equal ; hence they are themselves equal ; and the angle EA&, 
found by the plane construction, is equal to the inclination of 
the two planes SAB, SAC in the solid angle. 
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When the point O falls between A and B' in the plane 
figure, the angle EA6 becomes obtuse, and still measures the 
true inclination of the planes. It is for this reason that EA&, 
not OAft, has been employed to designate the required in- 
clination, in order that the same solution might suit every 
possible case, 

362. Sclu)Uum. A question may arise, whether, if apy 
three angles be assumed at pleasure, a solid angle can be 
formed with them. 

Now, first, the sum of the three given angles must be less 
than four right angles, otherwise (357.) no solid angle can be 
formed ; and further, two of these angles B'SA, ASC being 
assumed at pleasure, the third CSB'' must be such that B"C, 
perpendicular to the side SC, shall meet the diameter BE 
between its extremities B' and E. Thus the limits to the 
magnitude of the angle CSB" are such as would make the 
perpendicular B"C terminate in the points B' and E. From 
these points, draw Bl and EK at right angles to CS, and 
meeting the circumference described with the radius SB" in I 
and K ; the limits of the angle CSB ' will be CSI and CSK. 

But in the isosceles triangle B'SI, since the line CS pro- 
duced is perpendicular to the base BI, we have the angle 
CSI=CSB'=^ASC4-ASB'. And in the isosceles triangle 
ESK, since the line SC is perpendicular to EK, we have die 
angle CSE=CSE. Also, by reason of the equal triangles 
ASE, ASB', we have the angle ASE=:ASB'; hence CSE 
or CSK=ASC— ASB'. 

Therefore the problem is always possible, when the third 
angle CSB" is less than the sum of ASC, ASB' the other two, 
and greater than their difference ; conditions agreeing with 
Theorem of Art. 356 ; according to which it was required 
that we should have CSBV ASC+ASB, and also ASC Z. 
CSB'+ASB', or CSB'yASC— ASB'. 



PROBLEM* 

363. Two of the three plane angles which form a solid angle, and 
also the inclination of their planes, being given, to find the third 
plane angle. 

Let ASC, ASB', (see the last figure) be the two given 
plane angles ; and suppose for a moment that CSB" is the 
third angle required : dien, employing the same construction 
as in the foregoing Problem, the angle included between the 
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planes of the two first, ASC, ASB', would be EA6, Now, 
as EA6 is determinea by means of CSB", the other twto bein^ 
given, so likewise may GSB" be determined by means of EA6, 
which is just what the Problem requires. 

Having taken SB' of any length, at pleasure, upon SA let 
fall the indefinite perpendicular B'E ;- make the angle EAfr 
equal to the inclination of the two given planes ; from the 
point 6, where the side A6 meets the circle described firom the 
centre A with the radius AB', draw 60 perpendicular to AE ; 
from the point O, at right angles to SC draw the indefinite 
line OCB"; make SB"=SB': the angle CSB" wiU be the 
third plane angle required. 

For, if a solid angle is formed with the three plane angles 
B'SA, ASC, CSB", the inclination of the planes, in which are 
the given angles ASB', ASC, will be equaJ to the given angle 
EA6. 

364. Scholium, If a solid angle is g 

quadruple, or formed by four plane angles A 

ASB, BSC, CSD, DSA, a knowledge /'\\ 

of all these angles is not enough for de- /j \ \ 

termining the mutual inclinations of their // \\ 

planes ; for the same plane angles may / i \ \ 

serve ^ to form a multitude of solid angles* / :i> \ \ 

But if one condition is added, if, for ex- /.'';*" 1 \ . 

ample, the inclination of the two planes -^y^f-- a.-..~^ 

ASB, BSC is given, then the solid angle /^^-^^^^ \ / 

is entirely determined, and the inclination ^^ 

of any other two of its planes may be 
found, as follows : Conceive a triple solid angle to be formed 
by the three plane angles ASB, BSC, ASC ; the first two an- 
gles are given, as well as the inclination of their planes ; the 
third angle ASC may therefore be determined, by the Pro- 
blem we have just solved. Now, examining the triple solid 
angle formed by the plane angles ASC, ASD, DSC ; those 
three angles are known ; hence this solid angle is entirely 
determined. But the quadruple solid angle is formed by the 
junction of the two triple solid angles of which we have now 
been treating ; and both these partial angles being known and 
determined, the whole angle will be known and determined 
likewise. 

The inclination of the two planes ASD, DSC may be found 
immediately by means of the second partial solid angle. As 
for the incfination of the two planes BSC, CSD, to obtain 
this, the inclination of the two planes ASC, DSC must be 
found in the one partial angle, that of the two planes ASC, 
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BSC in tbe other ; the sum of these two inclinatioiift will be 
the angle included between the planes BSC, DSC. 

In the same manner, we should find that for determining a 
quintuple solid angle, not only the five plane angles which 
compose it must be known, but also two of the mutual incli- 
nations of their planes ; three in a sextuple solid angle ; and 
so on* 
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POLyEDRONS. 

JDeJmUions. 

365. The name $oUd pciyedron^ or simply pdyedron^ is 
given to every solid terminated by planes or plane faces ; 
which planes, it is evident, will themselves be terminated by 
straight lines. 

Solids which have a certain number of faces, receive parti- 
cular names : the solid which has four faces is named a tetrae- 
dron; that which has six, a hexaedran; that which has eight, 
an odaedran; that which has twelve, a dodecaedron; that 
which has twenty, an icosaedron ; and so on. 

The tetraedron is the simplest of all polyedrons ; because at 
least three planes are required to form a solid angle, and these 
three planes leave a void, which cannot be closed without at 
least one other plane. 

366. The common intersection of two adjacent faces of a 
polyedron is called the ride^ or edge of the polyedron. 

367. A regular pciyedrcn is one whose faces are all equal 
regular polygons, and whose solid angles are all equal to each 
other. There are five such polyedrons. (See the Appendix^ 
to Books VI. and VII.) 

368. The prism is a solid bounded by several parallelo- 
grams, which are ternunated at both ends by equal and paral- 
lel polygons* 
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To construct this sofid, let ABODE be any polygon ; then 
if in a plane paraUel to ABC, the lines FG, GH, HI, &c. be 
drawir equal and parallel to the sides AB, BC, CD, be. thus 
forming the polygon F6HIK equal to ABODE ; if in the 
next place, the vertices of the angles in the one plane be joined 
with the homologous vertices in the other, by straight lines, 
AF, BG, OH, fcc, the faces ABGF, BOHG, fac. will be pa- 
rallelograms, and ABODEFGHIE, the solid so formed, will 
be a prism. 

369. The equal and parallel polygons ABODE, FGHIK 
are called the hoies of the prism; the parallelograms taken 
together constitute the lateral or comoex surface o/ ihe prism ; 
the equal straight lines AF, BG, OH, be. are called the sides 
of ihe prism. 

370. The aUitude of a prism is the distance between its 
two bases, or the perpendicular drawn from a point in the up- 
per base to the plane of the lower base. 

371. A prism is rights when the sides AF, BG, OH, &c» 
are perpendicular to the planes of the bases ; and then each 
of them is equal to the sdtitude of the prism. In any other 
case the prism is obUque, and the altitude less than the side. 

372. A prism is triangular ^ quadrangular, pentagonal, 
hexagonal, &c. when the base is a triangle, a quadrilateiral, a 
pentagon, a hexagon, be. 

373. A prism whose base is a parallelogram, has all its 
faces parallelograms ; it is named a paraUelopipedon. (See 
the diagram of Art 390.) 

The paraUelopipedon is rectangular when all its faces are 
rectangles. 
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374. Among rectangular parallelopipedons, we distin- 
guish the cube^ or regular hexaedron, bounded by six equal 
squares. 

^75. A pyramid (see the diagram of Art. 357.) is the so- 
lid formed by several triangular planes proceeding from the 
same point S, and terminating in the different sides of the 
same polygonal plane A6CDE. 

The polygon ABCDE is called the base of the pyramid, 
the point S its vertex; and the whole of the triangles ASB, 
BSC, Sec. form its convex or lateral surface. 

376. The attitude of a pyramid is the perpendicular let 
fall from the vertex upon the plane of the base, produced if 
necessary. 

377. A pyramid is triangular^ quadrangular^ &c* accord- 
ing as its base is a triangle, a quadrilateral, &^c. 

« • • 

378. A pyramid is regular^ when its base is a regular po^ 

lygon, and when, at the same time, the perpendicular let i^ll 
from the vertex to the plane of the base passes through the 
centre of this base. That perpendicular is then called the 
a^s of the pyramid. 

379* The diagonal of a polyedron is tlie straight line 
joining the vertices of two solid angles which are not ^ja- 
^ent to each other. 

380. We shall give the name, symmetrical polyedrons^ to 
any two polyedrons which having a common base, are con- 
structed similarly, the one above this base, the other beneath 
It, and so that the vertices of their homologous solid angles 
are situated at equal distances from the plane of the base ; 
and in the same straight line perpendicular to that plane. 

If the straight line 
ST, for example, is 
perpendicular to the 
plane ABC, and al- 
so bisected at the 

point O, where it ^ 

meets this plane» the S ^ O ^ 

two pyramids SABC, TABC, which have the common base 
ABC, will be two symmetrical polyedrons. 
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361. Two triangular pyramids are similar j when two 
faces in each are respectively similar, similarly placed, and 
equally inclined to each other. 

Thus, supposing the angles 
ABC =DEF,BAC =EDF, ABS 
=DET, BAS=EDT,if the in- 
clination of the planes ABS, ABC 
is likewise equal to that of their 
liomologous planes DTE, DEF, 
the pyramids SABC,TDEF, will 
be similar. 




382, If a triangle is formed by joining the vertices of 
three angles taken upon the same face, or on the base of a 
polyedron, then the vertices of the different solid angles of 
the polyedron, which are situated without this base, may be 
conceived as being the vertices of so many triangular pyra- 
mids having the triangle just described for a common base ; 
and each of tliose pyramids will determine the position of a 
solid angle of the polyedron with reference to the base. Now, 
Two polyedrons are similar j when having similar bases, the 
vertices of their corresponding solid angles Ijang without 
those bases, are determmed by triangular pyramids which are 
similar each to each, 

383. By the vertices of a polyedron, we mean the points 
situated at die vertices of its different solid angles. 

Note. The only poleydrons we intend at present to tieat of, 
are polyedrons with salient angles, or convex polyedrons. 
They are such that their surface cannot be intersected by a 
straight line in more than two points. In polyedrons of this 
kind, the plane of any face, when produced, can in no case 
cut the solid ; the polyedron therefore cannot be in part above 
the plane of any face, and in part below it; it must lie 
wholly on the same side of this plane. 
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384. Two polyedrons, having the same nunAer of vertices, and 
these vertices being the same points, wUl coincide. 

For suppose, one polyedron to be already constructed; if 
a second is to be formed, having the same vertices and in the 

21 
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flaooe number, the planes of the hitter must either not all pass 
through the same points with the planes of the former, or the 
two polyedrons will not differ from each other. But if those 
planes of the latter do not all pass through the same points 
with the planes of the former, some of them must cut the first 
polyedron ; one or more of whose vertices must therefore lie 
above these planes, one or more below ; which cannot be the 
case with a convex polyedron ; hence if two polyedrons have 
the same vertices and in the same number, they must necessa- 
rily coincide with each other* 

385. The points A, B, C, E, he. which are to be the 
vertices of a polyedron, being given, it is easy to describe the 
polyedron. 

First choose three adjacent points, D, 
£, H, such that the plane DEH shall 
pass, if need be, through the new points 
K, C, but leaving all the rest on the same 
side, all above the plane or all below it ; aI 
the plane DEH or DEHEC, thus de- 
termined, will be one face of the solid. 
Through EH one of its sides, pass a ^ 
plane, which turn round upon EH as an axis till it embraces 
a new vertex F, or several at once as F, I ; it will give a se- 
cond face FEH or FEHI. Continue the same process, ma- 
king planes to pass through the sides successively determined 
till the solid is bounded on all quarters : this solid will be the 
polyedron required, since there cannot be two which have the 
same vertices. 
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386. In ttoo symmetrical polyedrona^ the komohgous faces are re* 
epectivefy equals and the incUnatim cf two adjacent faces in one 
of those sciids, is equal to the inclination of the two hmdogcus 
faces in (he other. 
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Let ABODE be the common 
base of the two polyedrons ; M 
and N the vertices of any two so- 
lid angl^ in the one, M' and N' 
the homologous vertices of the 
other; then (380.) the straight 
lines MM', NN', must be perpen- 
dicular to the plane ABC, and be 
divided into two equal parts at the 
points m and n, where they meet 
it. Now we are to shew that MN 
is equal to M'N'. 

For, if the trapezoid m M'N'w 
be made to revolve about ma till 
the plane of it falls upon the plane mMNn ; by reason of the 
right angles at m and », the side mM will fall on its equal niM, 
and aN' upon nN ; hence the trapezoids will coincide, and we 
shall have MN=MN'. 

Let P be a third vertex of the upper polyedron, and P' its 
homologous vertex in the other; we shall, as before, have 
MP=MP', and NP=NP'; hence the triangle MNP, fcUch 
Joins amf three vertices of the upper polyedron j is equal to the 
triangle MNP' which joins the three corresponding vertices 
of the other polyedron. 

If among those triangles, we confine our attention to such 
as are formed at the surface of the polyedrons, we may al- 
ready conclude that the suriaces of the two polyedrons are 
each composed of the same number of triangles respectively 
equal in both. 

It is now to be shewn, that if any of those triangles lie on 
the same plane in the upper surface, and form one and the 
same polygonal face, the corresponding triapgles will lie on 
the same plane in the under surface, and there form an equal 
polygonal face. 

To prove this, let MPN, NPQ, be two adjacent triangles 
supposed to lie on the same plane ; and let MPN', NP'Q', 
be their corresponding triangles. The angle MNP=MN'P', 
the angle PNQ=PN'Q* ; and if MQ and M'Q' were joined, 
the triangle MNQ would be equal to M'N'Q'; hence we 
should have the angle MNQ=M'NQ'. But since MPNQ is 
one single plane, the angle MNQ — ^MNP + PNQ ; hence i^b 
shall likewise have MNQ' = MNP + PNQ. Now, if the 
three planes M'NP', P NQ, MNQ' wer6 not all in one 
plane, those three planes would form a solid angle, and (356.) 
we should have the angle MNQ' ^ M'NP' + PNQ'; which 
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conclusion not being true, the two triangles M'N'P, FN'Q' are 
in one and the same plane. 

Hence each face, whether triangular or polygonal, in the 
one polyedron, corresponds to an equal face in the other po- 
lyedron, and thus the two polyedrons are each included under 
the same number of planes respectively equal in both. 

We have still to shew, that the inclination of any two adja- 
cent faces in the one polyedron is equal to the inclination of 
the two corresponding faces in the other. 

Let MPN, NPQ be two triangles formed on the common 
edge NP, in the planes of two adjacent faces ; let MPTf', 
NPQ correspond to them : conceive a solid angle to he 
formed at N, by the three plane angles MNQ, MNP, PNQ ; 
and another at N, by the three MNQ.', M'NF, P'N'Q'. Now 
it has been shewn already, that those plane angles are respec- 
tively equal ; hence the inclination of the two planes MNP, 
PNQ is equal (359.) to that of their corresponding planes 
MNP', PNQ. 

Therefore, in symmetrical polyedrons, the faces are equal 
each to each ; and the planes of any two adjacent faces, in 
the one solid, have the same inclination as the planes of the 
two corresponding faces in the other solid. 

387. Scholium. It may be observed, that the 9(did angles 
of the one polyedron are symmetrical with Ike solid angles of 
^ other; for as the solid angle N is formed by the planes 
MNP, PNQ, QNR, fitc, so its corresponding angle N' is 
formed by the planes M'NP', PTTQ, QTSfH', &c. The lat- 
ter appear to be arranged in the same order as the former ; 
but since the two solid angles are in an inverse position widi 
regard to each other, the real arrangement of the planes 
which form the solid angle N' must be the reverse of die ar- 
rangement which occurs in the corresponding angle N. Far- 
ther, in both solids, the inclination of the consecutive planes 
are respectively the same ; hence those solid angles are sym- 
metrical each with the other. (See Art. 360.) 

The observation we have just made, proves, moreover, that 
nopofyedron can have more than one polyedron synnnetrical 
torn iL For if upon a second base, a new polyedron were 
constructed synunetrical with the given one, the solid angles 
of this new polyedron would still be symmetrical with those 
of the giyen polyedron ; hence they would be equal to those 
of the symmetrical poleydron constructed on the first base. 
Beddes, the homologous faces would still be equal : hence 
those two symmetrical polyedrons constructed on the first and 
on the second base, would have their faces equal and their 
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solid angles equal ; hence they would coincide if applied to 
each other ; hence they would form one and the same polye- 
dron. 



THEOREM. 



388. Two prisms are equal, when a solid angle in each is can- 
tinned by three planes which are respectively equal, and similarly 
placed. 

Let Jhe base ABCDE be equal to the base abcde, the pa- 
rallelogram ABGF equal to the parallelogram atgf, and the 
parallelogram BCHG equal to bchg ; then will the prism 
ABCI be equal to the prism abd. 




For, lay the base ABCDE upon its equal abode; these two 
bases will coincide. But the diree plane angles, which form 
the solid angle B, are respectively equal to the three plane 
angles, which form the solid angle h, namely, KBC^ahcj 
ABG=dbgf and GBC=gbc; they are also similarly situated : 
hence the solid angles B and b are equal, and therefore the 
side B6 will fall on its equal bg. It is likewise evident, that 
by reason of the equal parallelograms ABGF, aig/, the side 
OF will fall on its equal gf, and in the same manner GH on 
gh ; hence the upper base FGHIK will exactly coincide with 
its equal fghik, and the two solids will be identical (384.) 
since their vertices are the same. 

389. Cor* Two right prisms, which have equal bases and 
equal altitudes, are equal. For, since the side AB is equal 
to a&, and the altitude B6 to bg, the rectangle ABGF will 
be equal to abgf; so also will the rectangle BGHC be equal 
to bghc ; and thus the three planes, which form the solid 
angle B, will be equal to the three which form the solid angle 
6. Hence the two prisms are equal. 
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THEOREM. 

390. In every paraUehpipedon the opposite pkmes are equal and 

pardHd. 

By the definidon of this soUd, the bases 
ABCD, EF6H are equal parallelo- 
grams, and their sides are parallel : it 
remains only to show, that the same is 
trae of any two opposite lat^al faces, 
such as AEHD, BF6C. Now AD is 
equal and parallel to BC, because the 
figure ABCD is a parallelogram ; for a like reason, AE is 
parallel to BF : hence (344.) the angle DAE is equal to the 
angle CBF, and the planes i)AE, CBF are parallel ; hence 
also the parallelogram DAEH is equal to the parallelogram 
. CBF6. In the same way, it might be shown diat the oppo- 
site parallelograms ABFE, DCGH are equal and parallel. 

391« C€T* Since the parallelopipedon is a solid bounded 
by six plames, whereof those lying opposite to each other are 
equal and parallel, it fi)llows that any face and the one op- 
posite to it, may be assumed as the bases of the parallelopi- 
pedon* 

392. SchoUum. If three straight lines AB, AE, AD, 
passing through the same point A, and making given angles 
with each othe^, are known, a jparallelopipedon may be 
formed on those lines. For this purpose, a plane must be 
passed throu^ the extremity of each line, and parallel to the 
plane of the other two ; that is, through the point B a plane 
parallel to DAE, through D a plane parallel to BAE, and 
through E a plane parallel to BAD. The mutual intersec- 
tions of those planes will form the parallelopipedon required. 

THEOSJBM. 

393. In every parallelopipedon^ the opposite solid angles are sym- 
metrical; and the diagonals drawn through the vertices of those 
angles bisect each other. 
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Firsi* Compare the solid angle A (see precedii^ figure) 
with its opposite one 6* The angle EAB, equal to EFB, is 
also equal to HGC ; the angle DAE=DHE=CGF; and the 
angle D AB=DCB=HGF ; therefore the three plane angles, 
which form the solid angle A, are equal to the three which 
form the solid angle G, each to each. It is easy, moreover, 
to see that their arrangement in fhe one is different from their 
arrangement in the other : hence (360.) the two solid angles 
A and G ^e symmetrical. 

Secondly. Imagine two diagonals EC, AG to be drawn 
both through opposite vertices : since A£ is equal and pa- 
rallel to CG, the figure AEGC is a parallelogram ; hence 
the diagonals EC, AG will mutually bisect each other. In 
the same manner, we could show that the diagonal EC and 
another DF bisect each other; 'hence the four diagonals will 
mutually bisect each other, in a point which may be regarded 
as the centre of the parallelopipedon, 

% 

THEOREM. 

394. If a plane he passed Araugh the two edges of aparallelop^ 
pedon diagonally opposite to each other ^ it toiU divide the pa» 
raUdopipedon into two symmetrical triangular prisms. 

Let the plane BDHF be passed through the edges DH, 
BF of the parallelopipedon AG ; the prisms ABDE, DBC6 
are symmetrical. 

In the first place, those solids are evi- 
dently prisms ; for the triangles ABD, 
EFH, having their sides equal and pa- 
rallel are equal ; also the lateral faces 
ABFE, ADHE, BDHF areparaUelcH 
grams ; hence the solid ABDHEF is a 
prism : so likewise is GHFBCD. We 
are now to sbew that those prisms are . j 
symmetricaL ' 

On the base ABD, construct the prism 
ABDE'FH' such that it be symmetrical 
with the prism ABDEFH. According 
to what has been ahready proved (386.), 
the plane ABF1E' must be equal to 
ABFE, and the plane ADH'E' to 
ADHE : but comparing the prism GHFBCD with the prism 
ABDH'E'F, we find the base GHF=: ABD ; the parallelo- 
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gram GHDC, which is equal to ABFE, also eqnal to 
ABKE' ; and the parallelogram GFBC, which is equal to 
ADHE, also equal ADH'E': therefore the three planes 
which form the solid angle G in the prism GHFBCD are 
equal to the three planes which form the solid angle A in the 
prism ABDH'E'F', each to each ; and they are similarly ar- 
ranged : hence those two prisms are equal, and might be 
made to coincide. But one of them ABDH'ET' is sjrmmet- 
rical with the prism ABDHEF ; hence the other GHFBCD 
is also symmetrical with that prism. 

LEMMA. 

395. In every pri&m, the sections formed by parallel planesy are 

equal polygons. 

Let the prism AH be intersected by the parallel planes NP, I 
SV ; then are the polygons NOPQR, STVXY equal, ^ 

For the sides ST, NO, are parallel, 
being the intersections of two parallel 
planes with a third plane ABGF ; those 
same sides ST, NO, are included be- 
tween the parallel NS, OT, which are 
sides of the prism : hence NO is equal 
to ST. For like reasons, the sides OP, 
PQ, QR, fee. of the section NOPQR, 
are respectively equal to the sides TV, 
VX, XY, &c. of the section STVXY. 
And since the equal sides are at the same 
time parallel, it follows that the angles ^ - 
NOP, OPQ, fcc. of the first section are 
respectively equal to the angles STV, TVX of the second 
(344-). Hence the two sections NOPQR, STVXY are equal 
polygons. 

396. Cor. Every section in a prism, if drawn parallel 
lo the base, is also equal to that base. 




397. The ttBO gymmetrical triangular priamt into vtkick a paral- 
leli^pedoa U divided bg a platte pasting through itt oppomte di- 
agonal edge», (394.) are equivalent. 

Through the vertices B and F, draw 
the planes Bade, Fekg at right angles to 
the side BF, the former meeting AI>, 
DH, CG the three other sides of the pa- 
rallelepipedon, in the points a, d, c the 
latter iae,h,g; the sections Bade, Fekg 
will be equal parallelograms. They are 
equal (395.), because they are formed by ■ 
planes perpendicular to the same straight 
line, and consequentiy parallel ; they are 
parallelograms, because aB, dc, two op- 
posite sides of the same section, are formed by tlie meeting of 
one plane with two parallel planes ABFE, DCGH. 

For a like reason, the figure BaeF is a parallelogram ; so 
also are BF^, cdl^, adke, the other lateral faces of the solid 
BadcYehg ; hence that solid is a prism (368.); and that 
prism is right, because the side BF is perpendicular to its 
base. 

This being proved, if the right prism BA is divided, by 
the plane'^FHD, into two right triangular prisms oQdeYk, 
IRdeVhg ; we are now to shew that tiie oblique triangular 
prism ABDEFH will be equivalent to the right triangular 
prism oBdeFk- And since those two prisms have a part 
ABDi^F in common, it will only be requisite to prove that 
the remaining parts, namely, the solids BnADt^, YeEBk are 
equivalent. 

Now, by reason of the parallelograms ABFF, dHFe, the 
sides AE, ae, being equal to their parallel BF, are equal to 
each other; and taking away the common part Ae, there re- 
mains Aa=Ee. In the same manner we could prove D(2=HA. 

Next, to bring about the superposition of the two solids 
BaADii, FeEHA, let us place the base Feh on its equal Barf ; 
the point e falling on a, and the point h on d, the sides fE, AH 
will fall on their equals a\, dD, because they are perpendicu- 
lar to the same plane Bad. Hence the two solids in question 
will coincide exactly with each other; hence the oblique prism 
BADFEH is equivalent to the right one BadFeh. 
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In the same manner might the oblique prism BDCFHG be 
proved equivalent to the right prism BdcFhg. But (389.) 
the two right prisms BadFeh, BdcFhg are equal, since they 
have the same altitude BF, and since their bases Barf, Bdc 
are halves of the same parallelogram. Hence the two trian- 
gular prisms BADFEH, BDCFHG, being equivalent to the 
equal right prisms, are equivalent to each other. 

398. Car. Every triangular prism ABDHEF is half of 
the parallelopipedon AG described with the same solid angle 
A, and the same edg^ AB, AD, AE. 



THBORBM. 

399. 7f two paraUdapipedons Juxve a common base, and their up- 
per bases in the same plane and between the same paraUehy ikey 
win be equivalent. 

Let the parallelopipe- 
dons AG, AL, have the 
common base AC, and 
their upper bases EG, 
MK in the same plane, and 
between the same parallels 
HL, EK; then will they j^j 
be equivalent. 

There may be three ca- 
ses, according as £1 is 
greater, less than, or equal to, £F ; but the demonstration is 
the same for all. In the first place, then, we shall shew that the 
triangular prism AEIDHM is equal to the triangular prism 
BFKCGL. 

Since AE is parallel to BF, and HE to GF, the angle 
AEI=BFK, HEI=GFK, and HEA=GFB. Of these six 
angles the first three form the solid angle E, the last three the 
soUd angle F ; therefore, the plane angles being respectively 
equal, and similarly arranged, the solid angles F and E must 
be equal. Now, if the prism AEM is laid on the prism BFL, 
the base AEI being placed' on the base BFK will coincide 
with it because they are equal ; and since the solid angle £ is 
equal to the solid angle F, the side EH will fall on its equal 
FG : and nothing more is required to prove the coincidence 
of the two prisms throughout their whole extent, for (388.) 
the base AEI and the edge EH determine the prism AEM, as 
the base BFK and tlie edge FG determine tlie prism BFL ; 
hence these prisms are equal. 
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But if the prism A£M is taken away from the solid AL, 
tiiere will remain the parallelopipedoa AIL ; and if the prism 
BFL is taken away from the same solid, there will remain the 
parallelopipedon AEG; hence those two parallelopipedoDS 
AIL, AEG, are equivalent. 

THEOREM. 

400. Two paraUelapipedons haoing the same base and the same al- 

titude are equivaJkni. 

Let ABCD (see the next figure) be the common base of the 
two parallelopipedons AG, AL ; since they have the same al* 
titude, their upper bases EFGH, IKLM will be in the same 
plane. Also the sides £F and AB will be equal and parallel, 
as well as IK and AB ; hence £F is equal and parallel to IK ; 
for a like reason, GF is equal and parallel to LK* Let the 
sides EF, HG be produced, and likewise LK, IM, till by their 
intersections they form the parallelogram NOPQ ; this paral* 
lelogram will evidently be equal to either of the bases EFGH, 
IKLM. Now if a third parallelopipedon be conceived, ha- 
ving for its lower base the same ABCD, and NOPQ for its 
upper, this third parallelopipedon will (399.) be equal to the 
parallelopipedon AG, since with the same lower base, their 
upper bases lie in the same plane and between the same paral- 
lels, GQ, FN. For the same reason, ihis third parallelopipe- 
don will also be equivalent to the parallelopipedon AL ; hence 
the two paraHelopipedons AG, AL, which have the same bttie 
and the same altitude, are equivalent. 

THEOREM. 

401. Any paraOelapipedon may he changed into an eqmudent reC' 
iangular pandUlopipedan hoeing the same aUitude €md an egvi- 
valent base. 
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Let AG be the paral- q 
lelopipedon proposed. 
From the points A, B, 
C, D, draw AI, BK, 
CL, DM, perpendicular 
to the plane of the base ; 
you will thus form the 
parallelopipedon AL 
equivalent to AG, and 
having its lateral faces 
AK, BL, &c. rectan- 
gles* Hence if the base 
ABCD is a rectangle, 
AL will be a rectangular parallelopipedon equivalent to AG, 
and consequently the parallelopipedon required. But if 
ABCD is not a rectangle, draw AO and ajpO 
BN perpendicular to CD, and OQ and NP 
perpendicular to the base ; you will then 
have the solid ABNOIKPQ, which will be a 
rectangular parallelopipedon : for by con- 
struction, the bases ABNO, and lEPQ are 
rectangles; so also are the lateral faces, 
the edges AI, OQ, be. being perpendicular 
to the plane of the base ; hence the solid ^ 
AP is a rectangular parallelopipedon. But ^ 
the two paraUelopipedons AP, AL may be 
conceived as having the same base ABKI and the same alti- 
tude AO ; hence the parallelopipedon AG, which Vas at first 
changed into an equivalent parallelopipedon AL, is again 
changed into an equivalent rectangular parallelopipedon AP, 
having the same altitude AI, and a base ABNO equivalent to 
the base ABCD. 




THEOREM. 



402. Two rectangular parallelopipedonSy which hace the same basty 

are to each other as their dliUudes* 

Let the paraUelopipedons AG, AL have the same base 
BD ; then will they be to each other as their altitudes AE, 
AI. 
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First, suppose the altitudes AE, AI, to be 2 
to each other, as two whole numbers, as 15 
is to 8, for example. Divide AE into 15 
equal parts ; whereof AX will contain 8; and 
through Xf ffi 2r, &c. the points of division, 
draw planes parallel to the base. These 
planes will cut the solid AG into 15 partial 
parallelopipedons, all equal to each other, 
because they have equal bases and equal SF 
altitudes,— equal bases, since (395.) every ^ 
section MIKL, made parallel to the base 
ABCD of a prism, is equal to that base,— X 
equal altitudes, because these altitudes are equal divisions 
^i ^9 3p9 &^<^* Bi^t of those 15 equal parallelopipedons, 8 
are contained in AL ; hence the solid AG is to the solid AL 
as 15 is to 8, or generally, as the akitude A£ is to the altitude 
Al* 

Again, if the rado of AE to AI cannot be expressed in 
numbers, it is to be shown, that notwithstanding, we shall have 
solid* AG : soUd. AL : : AE : AL For, if this proportion 
is not correct, suppose we have S€i» AG : fo7« AL : : AE : 
AG greater than AL Divide AE into equal parts, such that 
each shall be less than 01 ; there will be at least one point of 
division I9i, between O and L Let P be the parallelopipedon, 
whose base is ABCD, and altitude Am ; since the altitudes 
AE, Am are to each other as the two whole numbers, we shall 
have sol. AG : P : : AE : Am. But by hypothesis, we have 
soL AG : s(d.AL : : AE : AO; therefore sol. AL : P : : AO : 
Am. But AO is greater than Am ; hence if the proportion is 
correct, the solid AL must be greater than P. On the contra- 
ry, however, it is less ; hence the fourth term of this propor- 
tion sol. AG : sol. AL : : AE : x, cannot possibly be a line 
greater than AI. By the same mode of reasoning, it might be 
shown that the fourth term cannot be less than AI; therefore 
it is equal to AI ; hence rectangular parallelopipedons having 
the same base are to each other as their altitudes. 



THEOREM. 



403. Two rectangular parallelcpipedonSf hamng the same aUitudey 

are to each other as their bases. 



•». 



158 



GEOMETRY. 



Let the parallelopipedons AG, AK have the same altitude 
A£ ; then will they be to each other as their bases AC, AN. 

Having placed the two j 
solids by the side of each 
other, as the figure repre- 
sents, produce the plane 
ONEL till it meets the plane 
DCGH in PQ ; you will ^ 
thus have a third parallelo- 
pipedon AQ, which may be 
compared with each of the 
paraJlelopipedons AG, AK. 
The two solids AG, AQ,, 
having the same base AEHD 
are to each other as their ^ 
altitudes AB, AO ; in like "^ 
manner, the two solids AQ,, 
AK, having the same base 
AOLE, are to each other as their altitudes AD, AM* Hence 
we have the two proportions, 

sol. AG : sol. AQ : : AB : AO, 
sol. AQ : sol. AK : : AD : AM. 

Multiplying together the corresponding terms of those pro- 
portions, and omitting m the result the common multiplier 
«q/. AQ ; we shall have 

^. AG : 90;. AK : : ABx AD : AOx AM. 

But ABx AD represents the base ABCD ; and AOXAM re- 
presents the base AMNO ; hence two rectangular parallelo- 
pipedons of the same altitude are to each other as their bases. 




THEOKEM. 

404. Any two rectangular parallelopipedons are to each other as 
the products of their bases by their altitudes, that is to say^ as 
the products of their three dimensions. 

For, having placed the two solids AG, AZ, so that their 
surfaces have the common angle BAE, produce the planes 
necessary for completing the third parallelopipedon AK. 
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having the same altitude with the parallelopipedon AG. By 
the last proposition, we shall have 

id. AG : sd. AK : : ABCD : AMNO. 

But the two parallelepipedons AK, AZ having the same base 
AMNO, are to each other as their altitudes AE, AX ; hence 
we have 

sd. AK : sd. AZ : : A£ : AX. 

Multiplying together the corresponding terms of those pro- 
portions, and omitting in the result the common multiplier 
9d. AK ; we shall have 

8d. AG :sd.AZ: : ABCDxAE : AMNOx AX. 

Instead of the bases ABCD and AMNO, put ABXAD and 
AOXAM it will give 

id. AG : sol AZ : : ABx ADX AE : AOx AMxAX. 

Hence any two rectangular parallelopipedons are to each 
other, &LC. 

405. Scholium. We are consequently authorised to as- 
sume, as the measure of a rectangular parallelopipedon, the 
product of its base by its altitude, in other words, the product 
of its three dimensions. 

In order to comprehend the nature of this measurement, it 
is necessary to reflect, that by the product of two or more 
lines is always meant the product of the numbers which re- 
present them, those numbers themselves being determined by 
the linear unit, which may be assumed at will. Upon this 



160 GEOMETRY. 

principle, the product of the three dimensions of a parallelo- 
pipedon is a number, which signifies nothing of itself, and 
would be difierent if a difierent linear unit had been assumed. 
But if the three dimensions of another parallelepipedon are 
valued according to the same linear unit, and multiplied to- 
gether in the same manner, the two products will be to each 
other as the solids, and will serve to express their relative 
magnitude. 

The magnitude of a solid, its volume or extent, form what 
is caUed its solidity^ and this word is exclusively employed to 
designate the measure of a solid: thus we say the solidity of 
a rectangular parallelopipedon is equal to 'the product of its 
base by its altitude, or to the product of its three dimensions. 

As the cube has all its three dimensions equal, if the side 
is 1 ; the solidity will be 1 X 1 X 1 = 1 ; if the side is 2, the so- 
lidity will be 2X2X2=8 ; if the side is 3, the solidity will be 
3X3X3=27 ; and so on : hence, if the sides of a series of 
cubes are to each other as the numbers, 1, 2, 3, StCr the cubes 
themselves or their solidities will be as the numbers 1, 8, 27, 
&c« Hence it is, that in arithmetic, the cube of a number is 
the name given to a product which results from three factors, 
each equal to this number. 

If it were proposed to find a cube double of a given cube, 
the side of the required cube would have to be that of the 
given one, as the cube-root of 2 is to unity. Now, by a ge- 
ometrical construction, it is easy to find the square-root of 2 ; 
bat the cube-root of it cannot be so found, at least not by the 
simple operations of elementary geometry, which consist in 
employing nothing but straight lines, two points of which are 
known, and circles whose centres and radii are determined. 

Owing to this difficulty the problem of the duplication of 
the cube became celebrated among the ancient geometers, as 
well as that of the trisection of an angle, which is nearly of 
the same species. The solutions of which such problems are 
susceptible, have however long since been discovered ; and 
though less simple than the constructions of elementary geo- 
metry, they are not, on that account, less rigorous or less 
satisfactory. 
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THEOREM. 

40§. The soUdUy of a paraUelopipedon, and generally of any 
prism^ is equal to the product of its base by its altitude. 

For, in the first place, any paraUelopipedon (401.) is equi- 
valent to a rectangular paraUelopipedon, having' the same aJti- 
tude and an equivalent base. Now the solidity of the latter 
is equal to its base multiplied by its height ; hence the soU- 
dity of the former is, in like manner, equal to the product of 
its base by its altitude. 

In the second place, any triangular prism (397.) is half of 
the paraUelopipedon so constructed as to have the same altitude 
and a double base. But the solidity of the latter 'is equal to 
its base multiplied by its altitude ; hence that of a triangular 
prism is also equal to the product of its base (half that of the 
paraUelopipedon) muItipUed into its altitude. 

In the third place, any prism may be divided into as many 
triangular prisms of the same altitude, as there are triangles 
capable of being formed in the polygon which constitutes its 
base. But the solidity of each triangular prism is equal to 
its base multiplied by its altitude ; and since the altitude is the 
same for all, it follows that the sum of all the partial prisms 
must be equal to the sum of aU the partial triangles, which 
constitute their bases, multiplied by the common altitude. 

Hence the solidity of any polygonal prism is equal to the 

product of its base by its altitude. 

» 

407. Cor. Comparing two prisms, which have the same 
altitude, the products of dieir bases by their altitudes will be 
as the bases simply ; hence two prisms of the same altitude 
are to ea>ch other as their bases. For a like reason, ttoo prisms 
of the same base are to ea4ih other as their altitudes. 

IiEMMA. 

408. Jf a pyramid is cut by a plane parallel to its base, 
Pirst, The edges and the altitude vnU be divided proportionally t 
Secondly, The section mil be a polygon similar to the base. 

23 
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Let the pyramid SABCDE, 
of whicb SO is the altitude, 
he cut by the plane abcde ; 
then will Sa : SA : : So : SO, 
and the same for the other 
edges : and the polygon <^>cde, 
will he similar to the base 
ABCDE. 

Firtt. -Since the planes 
ABC, ahc are parallel, their 
intersections AB, db, by a 

third plane SAB will also be parallel (340.) ; hence the tri- 
angles SAB, Soft are similar, and we have sA : Sa : : SB : 
Sft ; we might also have SB : S& : : SC : Sc ; and so on. 
Hence all the edges SA, SB, SO, inc. are cut proporUooally 
in a, h, c, Sec. The altitude SO is likewise cut in the same 
proportion at the point o ; for BO and ho are parallel, there- 
fore we have SO : So : : SB : S6. 

Secondly. Since oft is parallel to AB, be to BC, cd to CD, 
&,c. the angle abc is equal to ABC, the angle bed to BCD, and 
so on. Also, by reason of the similar triangles SAB, Sab, 
we have AB : ah : i SB : 86 ; and by reason of the similar 
triangles SBC, Sbc, we have SB : S6 : : BC : Be ; hence AB 
: ab : : BC : 6c ; we might likewise have BC : Jc : : CD : cd, 
and so on. Hence the polygons ABCDE, abcde have their 
angles respectively equal and their homologous sides propor- 
tional ; hence they are similar. 

409. Cor. 1. Let SABCDE, SXYZ be two pyramids, ha- 
ving a common vertex and the same altitude, or having their 
bases sitaated in the same plane ; if those pyramids are cut 
by a plane parallel to the plane of their bases, and the sec- 
tions abcde, xyz result from it, then mU the sections abede, ayr 
he to each other as the bases ABCDE, XYZ. 

For, the polygons ABCDE, t^de being similar, their sur- 
faces are as the squares of the homologous sides AB, abj but 
AB : o6 : : SA : Sa J hence ABCDE : abede : : SA" : So*. 
For the same reason, XYZ : xyz : : SX ; S^;'. Sut since 
abc and jyz are in one plane, we have likewise SA : Sa : : SX : 
Sx ; hence ABCDE : abcde ; XYZ : x^ ; hence the sections 
abcde, xyz are to each other as the bases ABCDE, XYZ. 

410. Cor. 2. If the bases ABCDE, XYZ are eqtiivalent, 
any sections abcde, xyz, made at equal distances from those 
bases, will be equivalent likewise. 



Two triangvlar pyramids, haeing equivalent bates and equal 
akitudea, are equwaJent, or equal in aoUdil;/, 




Let SABC, Sabc be those two pyramids ; let their equiva- 
lent bases ABC, abc be situated in the same plane, and let AT 
be their common altitude. If they are not equivalent, let 
Sdbc be the smaller : and suppose Aa to be the altitude of a 
prism, which having ABC for its base, is equal to their diC- 
ference. 

Divide the altitude AT into equal parts Ax, xy, yz., Sec. 
each less than Ao, and let ft be one of those parts ; through 
the points of division pass planes parallel to the plane of the 
bases ; the corresponding secdons formed by these planes in 
the two pyramids will be respectively equivalent by the last 
Corollary, namely, DEF to def, GHI to gki, fcc. 

This being granted, upon the triangles ABC, DEF, GHI, 
Etc. talcen as bases, construct exterior prisms having for edges 
the parts AD, DG, GE, he. of the edge SA ; in like man- 
ner, on the bases def, gki. Mm, Sec. in the second pyramid, 
construct interior prisms, having for edges the corresponding 
parts of sa. It is plain that the sum of all the exterior prisms 
of the pyramid SABC will be greater than this pyramid ; and 
also that the sum of all the interior prisms of the pyramid 
sahc will be less than this. Hence the difference, between the 
sum of all the exterior prisma and the sum of all the interior 
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ones, must be greater than the difference between the two py- 
ramids themselves. 

N0W9 beginning with the bases ABC, dbc, the second exte- 
rior prism DEFG is equivalent to the first interior prism defa^ 
because they have the same altitude kj and their bases DEF, 
defy are equivalent ; for like reasons, the third exterior prism 
GHIK and the second interior prism ghik are equivalent ; 
the fourth exterior and the third interior ; and so on, to the 
last in each series. Hence all the exterior prisms of the py- 
ramid SABC, excepting the first prism DABC, have equiva- 
lent corresponding ones in the interior prisms of the pyramid 
sdbc : hence the prism DABC is the difference between the 
sum of all the exterior prisms of the pyramid SABC, and the 
sum of all the interior prisms of the pyramid Sabc. But the 
difference between those two sets of prisms has already been 
proved to be greater than that of the two pyramids ; which 
latter difference we supposed to be equal to the prism aABC r 
hence the prism DABC must be greater than the prism 
aABC. But in reality it is less ; for they have the same bas6 
ABC, and the altitude Ax of the first is less than Aa the alti- 
tude of the second. Hence the supposed inequality between 
the two pyramids cannot exist ; hence the two pjnramids SABC, 
sabcy having equal altitudes and equivalent bases, are them- 
selves equivalent. 



THEOREM. 

I 

412. Every triangular pyramid is a third part of the trianguUr 
prism having the same base and the same altitude. 

Let FABC be a triangular py- -jg 
ramid, ABCDEF a triangular 
prism of the same base and the 
same altitude ; the pyramid will 
be equal to a third of the prism. 

Cut off the pyramid FABC 
from the prism, by the plane 
FAC ; there will remain the solid 
FACDE, which may be consi- , 
dered as a quadrangular pyra- "^ 
mid, whose vertex is F, and 
whose base is the parallelogram 
ACDE. Draw the diagonal CE; 
and pass the plane FCE, which 
will cut the quadrangular pyramid into two triangular ones 
FACE, FCDE. These two triangular pyramids have for 
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tfteir common altitude the perpendicular let fall from F on 
the plane ACDE ; they have equal bases, the triangles ACE, 
CDE bdng halves of the same parallelogram; hence (411.) 
the two pyramids FACE, FCDE are eqaivaleot But the 
pyramid FCDE and the pyramid FABC have equal bases 
ABC, DEF ; they have also the same altitude, namely, the 
distance of ^e parallel planes ABC, DEF ; hence the two 
pyramids are equivalenL Now the pyramid FCDE has al- 
ready been proved equivalent to FACE ; hence the three py- 
ramids FABC, F('DE, FACE, which rompose the prism 
ABCD are all equivalent. Hence the pyramid FABC, is the 
third part of the prism ABCD which has the same base and 
the same altitude. 

413. Cor. The solidity of a triangnlar pyramid is eqnal 
to a third part of the product of its base by its altitude. 

414. The solidities of triangular pyranuds of eqtial bases 
are to each other as their aldtades. 

415. The solidities of triangular pyramids of equal altp- 
tudes are to each other as their bases. 



416. Every pyramid u meanired by the third part of the produti 
of its base by its t^itude. 

For, pass the planes SEB, SEC through 
the diagonals EB, EC; the polygnnal pyra- 
mid SABCDE will be divided into several 
triangular pyramids all having the same al- 
timde SO. But (413.) each of Ui^pyra^ 
mids is measured by multiplying its base 
ABE, BCE. or CDE, by the third part of 
its altitude SO ; hence the sum of these tri- 
angnlar pyramids, or the polygonal pyni- ■ 
jnid SABCDE will he measured by the sum 
of the triangles ABE, BCE, CDE, or the _ 

polygon ABCDE, multiplied by one third of SO; hence 
every pyramid is measured by a tliird part of the product of 
its base by its altitude. 

417. Cor. 1. Every pyramid is the third part of the 
prism which has tfl^%ame base and the same altitude. 

418. Cor. 2. Two pyramids having the same altitude ar6 
iB each other as their bues. 
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419. SckoUum. The solidity of any polycdral body may 
be computed, by dividing the body into pyramids ; and this 
division may be accomplished in various ways. One of the 
simplest is to make all the planes of division pass through the 
vertex of one solid angle ; in that case, there will be formed 
as many partial pyramids as the polyedron has faces, mhim 
those faces which form the solid angle whence the planes of 
division proceed. 

THEOREM. 

. 

420. Two symmetrical polyedrona are equivalent, or equal in 

solidity. 

For, in the first J^ 

place, two symme- 
trical triangular py- 
ramids, such as 
SABC,TABC,are 
both measured by 

the product of their ^^^^ ' h- 

base ABC and the ^ O 

third part of their altitude SO or TO ; hence these p3a*amids 

are equivalent. 

In the second place, if one of the two symmetrical polye- 
drons is divided in any way into triangular pyramids, the 
other may always be divided in the same way into as many 
symmetrical triangular pyramids ; and these symmetrical py- 
ramids^ are equivalent each to each ; hence the whole polye- 
drons are equivalent, or equal in solidity. 

421. Scholium, TUs Theorem might seem to result im- 
mediately from Art. 386., where it was shewn that, in two sym- 
metrical polyedronsy all the constituent parts of the one solid 
are respectively equal to the constituent parts of the other: 
but it appeared necessary, notwithstanding, to demonstrate 
this truth in a rigorous manner. 

THEOREM. 

• 

42S. If a pyramid be cut by a plane parallel to its base, the frus- 
tum that remains when the small pyramid is taken away, is 
equal to the sum of three pyramids hamngj^r their common aU 
iitude the altitude of the frustum^ and forbases, the lower base 
of the frustum, the upper one, and a mean proportional between 
the two bases. 
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Let S ABODE be a pyra- 
imd cut by the plane abd^ pa- 
rallel to its base ; let TFGH 
be a triangular pyramid 
whose base and altitude are 
equal or equivalent to those 
of the pyramid SABCDE. A^ 
The two bases may be re- 
garded as situated in the same 
plane; in which case, the plane aJrf, if produced, will form 
in the triangular pyramid a section fgh^ situated at the same 
distance above the common plane of the bases ; and therefore 
(408.) the section fgh will be to the section oM as the base 
F6H is to the base ABD, and since the bases are equivalent, 
the sections will be so likewise. Hence the pyramids ^abcde, 
Tfgh are equivalent, for their altitude is the same and their 
bases are equivalent. The whole pyramids SABCDE, TFGH 
are equivalent for the same reason; hence the frustums 
ABDclab, FGUhfg are equivalent : hence if our proposition 
, can be proved in the single case of the frustum of a triangu- 
lar pyramid, it will be true of every other. 

Let FGH^^ be the frustum of a tri- 
angular pyramid, having parallel bases : 
through the three points F, g*, H, pass 
the plane Fg*H ; it will cut off from the 
frustum the triangular pyramid g-FGH. 
This pjrramid has for its base the lower 
base FGH of the frustum ; its altitude , 
likewise is that of the frustum, because 
the vertex g lies in the plane of the up- 
per base fgh. 

This pyramid being cut off, there will & 

remain the quadrangular pyramid g/JHF, whose vertex is g-, 
and base /AHF. Pass the plane ^H through the three 
points/, g", H ; it will divide the quadrangular pyramid into 
two triangular pyramids g-F/H, gfhH. The latter has for 
its base the upper base gfh of the frustum ; and for its alti- 
tude, the altitude of the frustum, because its vertex H lies in 
the lower base. Thus we already know two of the three py- 
ramids which compose the frustum. 

It remains to examine the third gF/H. Now, if gK be 
drawn parallel to /F, and if we conceive a new pyramid 
KF/H, having K for its vertex and F/"H for its base, these 
two pyramids will have the same base FfH ; they will also 
have the same altitude, because their vertices g and K lie in 
the line g'K, parallel to P/, and consequently parallel to the 
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plane of the base : hence these pyramids are equivalent Bat 
the pyramid KF/^ m^y be regarded as having its vertex in 
f, and thus its altitude will be the same as that of the frustum : 
as to its base FKH, we are now to shew that this is a mean 
' proportional between the bases FGH BSidfgh. Now, the tri- 
iingles FHK, fgh have each an equal angle, F=/, and an 
equal side, ¥K=fg; hence (216.) we have FHK : fgh : : 
FH :fh. We have also, FHG : FHK : : FG : FK or fc 
But the similar triangles FGH, fgh give FG : fg : : FH : fi; 
hence FGH : FHK : : FHK : fgh; or the base FHK is a 
mean proportional between the two bases FGH, fgh. Hence 
the firustum of a triangular pyramid is equivalent to three 
pyramids whose common altitude is that of the frustum, and 
whose bases are the lower base of the frustum, the upper base^ 
and a mean proportional between the two bases. 

THEOREM* 

4!93. If a triangular prism be cut by apUmeincUfied to the plane 
of iie base, the solid included between this plane and the plane of 
the base^ is equivalen(~to three pyramids hawing the base rf the 
prism for a common base, and the three points in which the edges 
of the prism pierce the inclined plane, for vertice^^ 

Let ABCDEF be a solid formed by intersecting a trian^ 
gular prism, by a plane DEF inclined to the plane of the 
base ABC; then will this solid be equivalent to the three 
pyramids having ABC for a common base, and the points 
F, D, E for vertices. 

Through the three points F, 
A, C, pass the plane FAC ; it 
will cut off, from the truncated 
prism ABCDEF, the triangular 
pyramid FABC : this pyramid 
has ABC for its base, and the 
point F for its vertex. 

This pyramid being cut off, 
there will remain the quadran- Ai 
gular pyramid FACDE, whose 
vertex is F, and whose base is 
ACDE. Through- the three 
points F, E, C, draw another B 

plane FEC ; it will divide the quadrangular pyranu<i itifb^ 
two triangular pyramids FACE, FCDE* 
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The pyramid FACE, which has for its base the triangle 
AEC and for its vertex the point F, is equivalent to a pyr^p 
mid BAEC having AEC for its base and for its vertex the 
point B. For, these two pyramids have the same base ; they 
have also the same altitude, because the line BF, parallel to 
each, of the lines AE, CD, is parallel to their plane ACE : 
hence the pyramid FAEC is equivalent to the pyramid 
BAEC : which latter may be considered as having ABC for 
its base, and the point E for its vertex. 

Again, the third pyramid FCDE may in the first place be 
changed into AFCD ; for these two pyramids have tne same 
base FCD ; they have also the same altitude, AE being pa* 
rallel to the plane FCD ; hence the pyramid EFCD is equi- 
valent to the pyramid AFCD. In the second place, the 
pyramids AFCD may be changed into BACD : for these two 
pyramids have the common base ACD ; they have the same 
altitude, since the vertices ,F and B lie in a line parallel to 
the plane of the base. Hence the pyramid EFCD, equiva- 
lent to AFCD, is also equivalent to BACD : which latter 
may be regarded as having ABC for its base, and the point 
D for its vertex. 

Hence finally, the truncated prism ABCDEF is equal to 
the sum of three pyramids whose common base is ABC, and 
whose vertices are respectively the points D, E, F. 

424. Cor. If the edges AE, BF, CD are perpendicular 
to the plane of the base, they will at the same time be the 
altitudes of the three p3nramids which compose the truncated 
prism : so that the solidity of the truncated prism will be ex- 
pressed by i ABCXAE + 1ABCXBF+ i ABCXCD, or, 
which is the same thing, by i ABCx (AE + BF+CD). 



THJSOBEM. 

425. Two similar triangular pyramids haf>e their homol^oU9 
faces similar f and their solid angles equal. 
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By the Definition, (381.) the 
two triangular pyramids SABC, 
TDEF are similar when the 
two triangles SAB, ABC are 
similar to the two TDE, DEF, 
and similarly placed, that is to 
gay, when the angle ABS =DET -^^ 
BAS = EDT, ABC = DEF, 
BAC=EDF, and when also the 
inclination of the planes SAB, 
ABC is equal to that of the 
planes TDE, DEF. This being granted, we are to show 
that these pjrramids have all their faces similar each to each, 
and their homologous solid angles equal. 

Take BG=ED, BH=EF, BI=ET ; and join GH, GI, 
IH. The pyramid TDEF is equal to the pyramid IGBH ; 
for, the sides GB, BH being made equal to the sides DE, 
£F, and the angle GBH being equal to the angle DEF by 
hypothesis, the triangle GBH must be equal to DEF ; hence 
to bring about the superposition of the two pyramids, the 
base DEF may in the first place be laid on its equal GBH ; 
then, because the plane DTE is inclined to DEF as much as 
the plane SAB to ABC, it is evident that the plane DET will 
fall indefinitely on the plane ABS. But, by hjrpothesis, the 
angle DET=:GBI : therefore ET will fall on its equal BI: 
and since the four points "t), E, F, T, coincide with the four 
6, B, H, I, it follows (384.) that the pyramid TDEF coin- 
cides with the pyramid IGBH, 

Now by reason of the equal triangles DEF, GBH, we 
have the angle BGH=:EDF=B AC; hence GH is parallel 
to AC. For a like reason, GI is parallel to AS ; hence (344.) 
the plane IGH is parallel to SAC. It follows, therefore, 
(347.) that the triangle IGH or its equal TDF is similar to 
SAC, and the triangle IBH or its equal TEF to SBC ; 
hence the two similar triangular pyramids SABC, TDEF ; 
have their four faces similar each to each. We are now to 
show that the ht>mologous solid angles are equal. 

The solid angle E has already been applied to its homo- 
logous one B ; and the same thing might be done with any 
other two homologous solid angles : but it is clear of itself 
that any two homologous solid angles, T and S for example, 
are equal, because they are formed by three plane angles 
which are respectively equal and similarly placed. 
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Hence two similar triangular pyramids have their homo- 
logous faces similar, and their homologous solid angles equal. 

426. Cor. 1. The similar triangles in the two pyramids 
furnish the proportions, AB : DE : : BC : EF : : AC : : DF 
: : AS : DT : : SB : TE : : SC : TF ; hence, in simUa/r tri- 
angular pyrawidSy the homologous edges a/re proportional. 

427. Cor. 2. And since the homologous solid angles are 
equal, it follows, that the inclination of any two faces of apy^ 
ramidf is equal to the inclination of the two corresponding jor 
ces in a siridlar pyramid. (359.) 

438. Cor. If the triangular pyramid SABC is cut by 
a plane 6IH parallel to SAC one of its faces, the partial 
P3nramid IGBH will be similar to the whole pyramid SABC : 
for, the triangles BGI, BGH are" similar to the triangles 
BAS, BAG, each to each, and similarly placed ; the inclina- 
tion of their planes is the same in both ; hence the two pyra 
mids are similar. 

429. Cor. 4. In general, (see the fig of 408.) if any 
pyramid SABCDE is cut by a plane abode parallel to the 
base J the partial pyramid Sabcde wiU be similar to the whole 
pyramid SABCDE. For the bases ABCDE, aicde^ are si*- 
milar ; and joining AC, ac, we have just proved that the tri- 
angular pyramid SABC must be similar to the pyramid 
Sabc ; hence (382.) the point S in reference to the base ABC, 
is determined exactly as it is in reference to the base abc ; 
hence the two pyramids SABCDE, Sabcde are similar. 

430. Scholium. Instead of the five data required by the 
Definition to determine the similarity of two triangular pyra- 
mids, five other data might be substituted according to various 
combinations, and there would result as many theorems as 
combinations. Among these, the following deserves to be 
specially noticed : Two triangular pyramids a/re similar when 
they have their homologous edges proportional. 

For (see the figure of the Proposition), if we have the pro- 
portions AB : DE : : BC : EF : : AC : DF : : AS : DT : : 
SB : TE : : SC : TF, which includes five conditions, the tri- 
angles ABS, ABC will be respectively similar to the trian- 
gles DET, DEF, and similarly placed. The triangle SBC 
will be similar to TEF : hence the three plane angles which 
form the solid angle B will be equal to the plane angles which 
form the solid angle £, each to each ; hence the inclination 
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or the planes SAB, ABC is equal to that of tlidr homologons 
planes TDE, DEF ; hence the two pyramids are similar. 



431. Two timlar polyedrona have their homologous faeet » 
and thiir homologoua aolid angles equal. 

Let ABCDE be 

the base of a polye- 
dron, let M and N be 
the vertices of two " 
solid angles without 
this base, and deter- 
mined by the triangu- 
lar pyramids M ABC, 
NABC, whose com- 
mon base is ABC ; 
let abede in the other 
polyedron be the base 
homologous or simi- 
lar to ABCDE ; m and n the vertices homologous to M and 
N, and determined by the pyramids mahc, nahc, similar to ibe 
pyramids MABC, NABC : we are to show first, thai the 
distances MN, tnn, are proportional to the homologous &iet 
AB,ai. 

The pyramids MABC, maic being similar, the inclination 
of the planes MAC, BAG is equal to that of the planes mac, 
bac ; in like manner, the pyramids NABC, nahc being similar, 
the inclination of the planes NAC, BAC is equal to that of 
the planes nac, bac : and taking away the two former inclina- 
tions from the two latter, there will remain the inclination of 
the planes NAC, MAC equal to that of the planes nac, mac. 
But further, since these same pyramids are similar, the trian- 
gle MAC is similar to fftoe ; and the triangle NAC to nac: 
hence the two triangular pyramids MNAC, mnac have two 
faces in each respectively similar, similarly placed, and 
eqaally inclined ; hence (425.) these two pyramids are simi- 
lar; and their homologous edges give the proportion MN ■ 
nm : : AM : am. Besides, AM ■.am:: AB : oj ; hence MN 
: »M : : AB : ah. 

Let P and j> be two other homologous vertices of the same 
polyedrons, we shall in like manner have FN : pn :: AB : ab, 
andPM:|>«t : : AB : «ft. Hence MN : ami :: FN :iMi : : PM 
: pm. Hence the triangle PNM, ■wkkhjmm atuf three vertices 
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of the one polyedron, is similar to the triangle pnm which joins 
the three homologous vertices of the other. 

Again, let Q and q be two homologous vertices ; and the 
triangle PQN will be similar to p<pi. We assert farther, that 
the inclination of the planes PQ.N, PMN is equal to that of 
the planes pqUy pmn. ^ 

For, joining QM and qm^ we shall still have the triangle 
QNM similar to qnm, and therefore the angle QNM equal to 
qnm. Imagine a solid angle to be formed at N, by the three 
plane angles Q.NM, QNP, PNM ; and another solid angle to 
be formed at n, by the three plane angles qam^ qup^ pnm. 
Since these plane angles are respectively equal, the solid an- 
gles must be equal also. Hence the inclination of the two 
planes PNQ, PNM is equal to that of their homologous 
planes pnq^ pnm (359.) ; hence, if the two triangles PNQ, PNM 
were in the same plane, in which case, the angle QNM would 
be equal to QNP + PNM, we should likewise have the angle 
qnm equal to qnp'\-pnmy and the two triangles qnp^ prnn, would 
also be in the same plane. 

AH that we have now proved is true, whatever be the value 
of the angles M, N, P, Q, compared with their corresponding 
ones m, n^ p^ q* 

Let us next suppose die surface of one of the polyedrons to 
be divided into triangles ABC, ACD, MNP, NPQ, &c. ; 
the surface of the other polyedrons will evidently contain an 
equal number of triangles o&c, acd, rnnp^ npq^ &c*, similar and 
similarly placed ; and if several triangles, as MNP, NPQ, 
&c» belong to one face, and lie in the same plane, their corres- 
ponding triangles mnp^ npq^ &c. will likewise lie in one plane. 
Hence every polygonal face in the one polyedron will corres- 
pond to a similar polygonal face in the other polyedron; 
hence the two polyedrons will be terminated by the same num- 
ber of planes similar, and similarly placed. We assert far- 
ther, that their homologous solid angles will be equal. 

For if the solid angle N, for example, is formed by the 
plane angles QNP, PNM, MNR, QNR, the corresponding 
solid angle n will be formed by the plane angles qnp, pnm, 
mnrj qnr. But these plane angles are equal each to each ; 
and the inclination of any two adjacent planes is equal to that 
of the two which correspond to them : hence the two solid 
angles are equal, because they would exactly coincide. 

Hence, finally, two similar polyedrons have their homolo- 
gous faces similar and their homologous solid angles equal. 

432. Coi\ From the preceding demonstration, it follows, 
that if a triangular pyramid were formed with four vertices of 
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one polyedron, and a second with the four corresponding ver- 
tices of a similar polyedron, these two pyramids (430.) would 
be similar, because their homologous edges would be propor- 
tional. 

It is also evident that two homologous diagonals (157.), as 
AN, an, are to each othd^ as two homologous sides AB, ofr. 

PROBLEM. 

433. Two similar polyedrons may be divided into the same mm- 
ber of triangutar pyramids^ similar each to each, and similaHfi 
placed. 

For, it has already been shewn, that the surfaces of two po- 
lyedrons may be divided into the same number of triangles 
similar each to each, and similarly placed. Consider all the 
triangles of the one polyedron, except those which form the 
solid angle A, as the bases of so many triangular pyramids 
having their common vertex in A ; those pjrramids taken to- 
gether will compose the whole polyedron. Divide the other 
polyedron, in the^same manner, into pyramids having for their 
common vertex the angle a, homologous to A : the pyramid 
which joins four vertices of the one polyedron, will evidendy 
be similar to the pyramid which joins the four homologous 
vertices of the other polyedron. Hence two similar polye- 
drons, &z;c. 

THEOREM. 



434. Two similar pyramids are to each other as the cubes qflkar 

homologous sides. 

For two pyramids being similar, the small- 
er may be placed within the greater, so that 
the solid angle S shall be common to both. 
In that position, the bases ABODE, (ibcde 
will be parallel; because, since (423.) the 
homologous faces are similar, the angle Soi 
is equal to SAB, and S&c to SBC ; hence 
(344.) the plane ABC is parallel to the plane 
oftc. This granted, let SO be the perpendi- A^ 
cular drawn from the vertex S to the plane 
ABC, and o the point where this perpendi- 
cular meets the plane (ibc : from what has already been shewn 
(406.), we shall have SO : So : : SA : Sa : : AB : oJ ; and 
consequently, 
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JSO : jSo : : AB : ab. 
But the bases ABCDE, ahcde being similar figures, we have 

ABCDE : oAcde : : AB" : aJ'. (221.) 
Multiply the corresponding terms of these two proportions ; 
there results the proportion, 

ABCDExiSO :a6cdexiSo::AB=:o6^ 
Now ABCDE X JSO is the solidity of the pyramid SABCDE 
and abedeX^So is that of the pyramid Saicrfe (413.) ; hence 
two similar pyramids are to each other as the cubes of th^r 
homologous ddes. 



436. Two HmOar polyedrona are to eadt other at tie cubes of 
their homologous tides. 

For two umilar po- 
lyedrons may (433.) 
be divided, each into 
the same number of 
triangular pyramids 
respectively similar. 
Now, the two simi- 
lar pyramids APNM, 
t^mm are to each oth- 
er as the cubes of their 
bomologous sides 
AM, am, or as the 
cubes of their homo- 
logous sides AB, ab. The same ratio exists between every 
other pair of homologous pyramids : hence the sum of all the 
pyramids which compose the one polyedron, or that polyedron 
itself, is to the other polyedron, as the cube of any one side in 
the first is to the cube of the homologous side in the second. 

General Sch<^m. 

436. The chief propositions of this Book relating to the 
solidity of polyedrons, may be exhibited in algebraical terms, 
and so recapitulated in the briefest manner possible. 

Let B represent the base of a prism ; H its altitude : the 
solidly of die prism will be BxH, or BH. 

Let B represent the base of a pyramid ; H its altitude ; the 
solidity of the pyramid will be BxiH, or Hx JB, or iBH. 
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Let H represent the altitude of the frusttm of a pyramid^ 
having parallel bases A and B ; V AB will be the mean pro- 
portional between those bases ; and the solidity of the frustum 
will be iHx(A + B+ VAB). 

Let B represent the base of the frustum of a trianguiat 
prism; H, H', H" the altitudes of its three upper vertices : the 
solidity of the truncated prism will be iBX(H+H'+H"). 

In fine, let P and p represent the scUdities of ttoo nmilar 
polyedrons; A and a two homologous edges or diagonals of 
these polyedrons : we shall have P : ^ : : A^ : a'. 
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THE SPHERE. 



Defirdtiotts. 

437. The sphere is a solid terminated by a curve surface, 
all the points of which are equally distant from a point within, 
called the centre. 



The sphere may be 
conceived to be gene- 
rated by the revolution 
of a semicircle DAE 
about its diameter DEJ; 
for the surface descri- 
bed in this movement, 
by the curve DAE, will 
have all its points equal- 
ly distant from its cen- 
tre C. 




438. The radius of a sphere is a straight line drawn from 
the centre to any point of the surface ; the diameter or axis is 
a line passing through this centre, and terminated on both 
sides by the surface. * 

All the radii of a sphere are equal ; all the diameters are 
equal, and each double of the radius. 
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439. It win be shewn (452.) that every section of the 
sphere, made by a plane, is a circle : this granted, a great 
circle is a section which passes through the centre ; a smaU 
circle one which does not pass through the centre. 

440. A plune is tangent to a sphere, when their surfaces 
have but one point in common. 

441. The pole of a circle of a sphere is a point in the sur- 
face equally distant from all the points in the circumference 
of this circle. It will be shown (464.) that every circle^ 
great or small, has always two poles. 

442. A spherical triangle is a portion of the surface of a 
sphere, bounded by three arcs of great circles* 

Those arcs, named the sides of the triangle, are always 
supposed to-be each less than a semicircumference* The an- 
gles, which their planes form with each other^ are the angles 
of the triangle. 

443. A spherical triangle takes the name of right-angled, 
iwsecleSj equilateral^ in the same cases as a rectilineal triangle. 

444« A spherical polygon is a portion of the surface of a 
sphere terminated by several arcs of great circles. 

445. A lune is that portion of the surface of a sphere, 
which is included between two great semicircles meeting in a 
common diameter. 

446. A yfherical wedge or ungula is that portion of the 
solid sphere which is included between the same great semi- 
circles, asd has the lune for its base. 

447. A spherical pyramid is a portion of the solid sphere, 
included between the planes of a solid angle whose vertex is 
the centre. T^heha^e of the pjnramid is the spherical polygon 
intercepted by the same planes. 

448^ A Z(me is the portion of the surface of the sphere, 
included between two parallel planes, which form its bases. 
One of those planes may be tangent to the sphere ; in which 
case the zone has only a single base. 

449. A spheriealsegment is the portion of the solid sphere, 
included between two^arallel planes which form its bases. 

25 
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One of these planes may be tangent to the sphere ; in which 
case, the segment has only a single base. 

450. * The aUitnde of a zone or of a segment is the dis- 
tance between the two parallel planes, which form the bases 
of the zone or segment. 

451. Whilst the semicircle DAE (437.) revolving round 
its diameter DE, describes the Sphere ; any circular sector, 
sts DCF or FCH, describes a solid, which is named Vigpherical 
sector. 

THEOREM. 

462. Eeery section of a sphere^ made by a plane, is a circle. 

Let AMB be a section, made by 
a plane, in the sphere whose centre is 
C. From the point C, draw CO f^^ 
perpendicular to the plane AMB ; 
and different lines CM, CM to differ^ 
ent points of the curve AMB, which 
terminates the section. 

The oblique lines CM, CM, CA 
are equal, being radii of the sphere ; 
hence (329.) they are equally distant from the perpendicular 
CO ; therefore all the lines OM, MO, OB are equal ; conse- 
quently the section AMB is a curcle, whose centre is O. 

453. Cor. 1. If the section passes through the centre of 
the sphere, its radius will be the radius of the sphere ; hence 
all great circles are equal. 

454. Cor. 2. Two great circles always bisect each other; 
for their common intersection, passing through the centre, is 
a diameter. 

455. Cor. 3. Every great circle divides the sphere and its 
surface into two equal parts : for, if the two hemispheres were 
separated and afterwards placed on the common base, with 
their convexities turned the same way, the two surfaces would 
exactly coincide, no point of the one being nearer the centre 
than any point of the other. 

45^. Cor. 4. The centre of a small circle, and that of 
the sphere, are in the same straight line, perpendicular to the 
plane of the small circle. 
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457. Cor. 5. Small circles are the less the further they 
lie from the centre of the sphere ; for the greater CO is, the 
less is the chord AB, the diameter of the small circle AMB. 

458. Cor, 6. An arc of a great circle may always be 
made to pass through any two given points of the surface 
of the sphere; for .the two given points, and the centre of the 
sphere make three points which determine the position of a 
plane. But if the two given points were at the extremities of 
a diameter, these two points and the centre would then lie in 
one straight line, and an infinite number of great circles might 
be made to pass through the two given points. 

THJBOnEM. 

459. Jfi enery spherical triangle^ any Hde is less than ike sum of 

ike other two. 

Let O be the centre of the sphere, and Aj 
ACB the triangle ; draw the radii OA 
OB, OC. Imagine the planes AOB, 
AOC, COB to be drawn ; those planes 
will form a solid angle at the centre O ; 
and the angles AOB, AOC, COB will be 
measiired by AB, AC, BC, the sides of 
the spherical triangle. But (356.) each 
of the three plane angles forming a solid 
angle is less than the sum of the other & 
two (356.) ; hence any side of the triangle ABC is less than 
the sum of the other two. 



THEORBM* 

460. Tke skariest path from one point to anotker^ on the surface 
tf a sphere^ is ike arc of the great circle which joins ihe two 
given points. 
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Let ANB be ^e arc of the great drcle which . 

joim the points A and B; and without this line, if "' *■ 
possible, let M be a point of ibe shortest path be- 
tween A and B. " Through the point M, draw MA, 
MB, arcs of great circles ; and take BN=MB. 

By the last theorem, the arc ANB is shorter 
than AM+MB; take BN=BM respectively from -j^i- 
both} there will remain ANZ. AJM. Now, the dis- ^ 
tance of B from M, whether it be the same with the 
arc BM or with any other line, is equal to the dis- 
tance of B from N ; for by making the plane of the 
great circle BM to revolve about the diameter 
which passes through B, the point M may be brought into the 
position of the point N ; and the shortest line between M,and 
B, whatever it may be, will then be identical with that be- 
tween N and B : hence the two paths from A to B, one pass- 
ing through M, the other through N, have an equal part id 
each, the part from M to B equal to the part from N to B. 
The first path is the shorter, by hypothesis ; hence the dis- 
tance from A to M must be shorter than the distance from 
A to N ; which is absurd, the mc AM being proved greater 
than AN-; hence no point of the Veriest line from A to B 
can lie out of the arc ANB ; hence thisarc is itself the shoi^ 
est distance between its two extreuudeE. 



Ti£ aum of the three aidet of a apherical truMgU ii lest^n 
ike circumference of a great circU. 

ABC be any spherical tri- 
angle ; produce the sides AB, AC 
till they meet again in D. The 
arcs ABD, ACD will be semicir- 
cumferences, since (454.) two 
great circles always bisect each 
other. But in the triangle BCD, 
we have (459.) the side BC^BD 
+CD; add AB + AC to both; 
we shall have AB-hAC-fBC^ 
ABD + ACD, that is to say, less 
than a circumference. 





TUEOBEM. 

463. The mm of all the tidet of any spherical polj/gon w few 
than the arcumference of a great circle. 

Take the pentagon ABCDE, for 
example. Produce the sides AB, 
DC till they meetrin F ; then since 
BC is less than Bt' + CF, the peri- 
meter of the pentagon ABCDE ' 
will be less than that of the quadri- 
lateral AEDF. Again produce 
the sides AE, FD, till they meet in G ; we shall have ED< 
EG+DG; hence the perimeter of the quadrilateral AEDF 
is less than that of the triangle AFG ; which last is itself less 
than the circumference of a great circle ; hence, for a still 
stronger reason, die perimeter of the polygon ABCDE is less 
than this same circumference. 

463. Sch(dmm. This proposition is fundamentally the 
same as (Art. 357.) ; for, O being the centre of 
scJid angle may be conceived as formed at O by 
gles AOB, BOC, COD, 8ec., and lie sum ol 
must be less than four right angles ; which is ex 
position we have been engaged witb. The 
here given is different from that of Art. 357.; I 
suppose that the polygon ABCDE is convex, o 
produced will cut the figure. 



THEOREH. 

464. The poles cf « gnml circle rf the sphere, are the extremities 
of that diameter of the sphere which is perpendicular to this cir- 
cle ; and these extremities are also the poles of all small circles 
paraUel to it. 
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Let ED be perpendi- 
cular to the great circle 
AMB ; then will E and 
D be its poles ; as also 
the poles of the paral- 
lel small circles HPP, 
FNG. 

For, DC being per- 
pendicular to the plane 
AMBy is perpendicular 
to all the straight lines 
CA, CM, CB, &c., 
drawn through its foot 
in this plane ; hence all 
the arcs DA, DM, DB, 
&;c. are quarters of the circumference. So likewise are all 
the arcs EA, EM, EB, &c. ; hence the points D and E are 
each equally distant from all the points of the circumference 
AMB ; hence (441 •) they are the poles of that circumference. 

Agadn, the radius DC, perpencQcular to the plane AMB, is 
perpendicular to its parallel FNG; hence,^ (456.) it passes 
through O the centre of the circle FNG ; hence, if the oblique 
lines DF, DN, DG be drawn, these oblique lines will diverge 
equally from the perpendicular DO, and will themselves be 
equal. But, the chords being equal, the arcs are equal ; hence 
the point D is the pole of the small circle FNG ; and for like 
reasons, the point E is the other pole. 

465. Cor. 1. Every arc DM, drawn from a point in the 
arc of a great circle AMB to its pole, is a quarter of the cir- 
cumference, which for the sake of brevity, is usually named 
a quadraTis or quadrant : and this quadrant at the same time 
makes a right angle with the arc AM. For (351.) the line 
DC being perpendicular to the plane AMC, every plane DMC 
passing through the line DC is perpendicular to the plane 
AMC ; hence the angle of these planes, or (442.) the angle 
AMD, is a right angle. 

466. Cor, 2. To find the pole of a given arc AM, draw 
the indefinite arc MD perpendicular to AM ; take MD equal 
to a quadrant ; the point D will be one of the^ poles of the arc 
AM : or thus, at the two points A and M, draw the arcs AD 
and MD perpendicular to AM ; their point of intersection D 
will be the pole required. 



\ 
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467. Cor^ 3. Conversely, 'if the distance of the point D 
from each of the points A and M is equal to a quadrant, the 
point D will be the pole of the arc AM, and also the angles 
DAM, AMD will be right. 

For, let C be the centre of the sphere ; and draw the radii 
CA, CD, CM. Since the angles ACD, MCD are right, the 
line CD is perpendicular to the two straight lines CA, CM ; 
hence it is perpendicular to their plane (325.) ; hence the point 
D is the pole of the arc AM ; and consequently the angles 
DAM, AMD are right. 

468. Scholium. The properties of these poles enable us 
to describe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. It is evident, for in- 
stance, that by turning the arc DF, or any other line extend- 
ing to the same distance, round the point D, the extremity F 
will describe the small circle FNG ; and by turning the qua- 
drant DFA round the point D, its extremity A will describe 
the arc of the great circle AM. 

If the arc AM were required to be produced, and nothing 
were given but the points A and M through which it was to 
pass, we should first have to determine the pole D, by the in- 
tersection of two arcs described from the points A and M as 
centres, with a distance equal to a quadrant ; the pole D being 
found, we might describe the arc AM and its prolongation, 
from D as a centre, and with the same distance as before. 

In fine, if it is required from a given point P to let fall a 
perpendicular on the given arc AM ; produce this arc to S, 
till the distance PS be equal to a quadrant ; then from the 
pole S, and with the same distance, describe the arc PM, which 
will be the perpendicular required. 



THEOREM. 

469. Efoery plane perpendicular to a radius at its extremity is 

tangent to the sphere. 

Let FAG (see the next figure) be a plane perpendicular to 
the radius OA, at its extremity A. Any point M in this plane 
being assumed, and OM, AM being joined, the angle OAM 
will be right, and hence the distance OM will be greater than 
OA, Hence the point M lies without the sphere ; and as the 
same can be shewn for every other point of the plane FAG, 
this plane can have no point but A common to it and the sur* 
face of the sphere ; hence (440.) it is tangent. 
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470. Scholium* In the same way it may be shewn, that two 
spheres have but one point in common, and therefcHre touch 
each other, when the distance between their centres is equal to 
the smn, or the difference of their radii ; in which case, the 
centres and the point of contact lie in the same straight fine. 




THEOBEM. 

471. The angle formed by two arcs of great circles^ is eqval to 
the angle formed by the tangents of these arcs at their point cf 
intersection^ and is measured by the arc describedfrom this point 
of intersection^ as a pdUy and limited by the sides, produced ff 
necessary. 

Let the angle BAG be formed by the Jl 
two arcs AB, AC ; then will it be equal to "" 
the angle FAG formed by the tangents 
AF, AG, and be measured by the arc DE, 
described about A as' a pole. 

For the tangent AF, drawn in the plane ^ 
of the arc AB, is perpendicular to the ra- 
dius AO ; and the tangent AG, drawn in 
the plane of the arc AC, is perpendicular 
to the same radius AO. Hence (349.) the 
angle FAG is equal to the angle contained _ 
by the planes OAB, OAC ; which is that °^ 
of the arcs AB, AC, and is named BAG. 

In like manner, if the arcs AD and AE are both quadrants, 
the lines OD, OE will be perpendicular to OA, and the angle 
DOE will still be equal to the angle of the planes ADD, 
AOE : hence the arc DE is the measure of the angle con- 
tained by these planes, or of the angle CAB. 

472. Cor. The angles of spherical triangles may be com- 
pared together, by means of the arcs of great circles de- 
scribed from their vertices as poles and included between their 
sides : hence it is easy to make an angle of this kind equal to 
a given angle. 

473. Scholium. Vertical angles, such as AGO and BCN 
(see the figure of Art. 499.) are equal ; for either of them is 
still the angle fcnrmed by the twQ planes ACB, OCN. 

It is farther evident, that, in the intersection of two arcs 
ACB, OCN, the two adjacent angles AGO, OOB taken toge- 
ther, are equal to two right angles. 
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474* If from the vertices of the three angles of a spherical tri- 
angle, aa poles f three arcs be described forming a second trian- 

^ gki the tertiees of the angles of this second triangle toiU be re- 
spectively poles of the sides of the triangles. 

From the*vertices A, B, C, 
as poles, let the arcs EF, FD, 
ED be described, forming on 
the surface of the sphere, the 
triangle DFE ; then will the 
points D, £, and F be re- 
spectively poles of the sides -v, 
BC, AC, AB. 

For, the point A being the 
pole of the arc EF, the dis- 
tance A£ is a quadrant ; the 
point C being the pole of the arc DE, the distance CE is like- 
wise a quadrant : hence the point E is removed the length of 
a quadrant from each of the points A and C ; hence (467*) 
it is the pole of the arc AC. It might be shewn, by the same 
method, that D is the pole of the arc BC, and F that of the 
arc AB. 

475. Cor. Hence the triangle ABC may be described by 
means of DEF, as DEF is described by means of ABC. 

THHOREM. 

476. The same supposition continuing a$ in the last Theorem, 
each angle in the one of the triangles^ wUl 6e measured by the 
semidrcuntfi^ence minus the side lying opposite to ii in the other 
triangle. 

Produce the sides (see the preceding figure) AB, AC, if 
necessary, till they meet EF, in 6 and H. The point A bemg 
the pole of the arc 6H, the angle A will be measured by that 
arc. But the arc EH is a quadrant, and Ul^ewise 6F, £ be- 
ing the pole of AH, and F of AG ; hence EH+6F is equal 
to a semicircumference. Now, EH + GF is the same as EF 
+ GH ; hence the arc GH, which measures the angle A, is 
equal to a semicircumference minus the side £F. In like 
manner, the angle B will be measured by i circ«— DF : the 
angle C, by ^ circ. — DE. 

26 
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And this properQr mast be reciprocal in the two triangles 
since each of them is described in a similar manner by means 
of the other. Thus we shall find the angles D, E, F of the 
triangle DEF to be measured respectively by ^ circ* — ^BC, 
^ circ. — ^AC, ^ ctrc-^AB. Thus the angle D, for example^ 
is measured by the arc MI ; butMI+BC=MC+BI=^ arc; 
hence the arc MI, the measure of D, is equal to ^ arc*— BC ; 
and so of all the rest* 

477. Scholium. It must further be observed, that besides 
the triangle DEF, three otheris might be formed by the inter- 
section of the three arcs DE, EF, DF. 
But the proposition immediately before 
us is applicable only to the central tri- 
angle, which is distinguished firom the 
other three by the circumstance (see the >. 
figure in the last page) that the two an- 
gles A and D lie on the same side of 
BC, the two B and E on the same side 
of AC, and the two C and F on the same ride of AB« 

Various names have been given to the triangles ABC, DEF; 
we shall call thempdar Mangles. 




round the vertices qf the two angles cf a given spkeriad 
% as polesy the circumferences of two circles be described 
which shaU pass through the third angle if the triangle ; if then, 
through the other point in which those circumferences inierseel 
and the two first angles rf the triangle, thearcs of great drdes 
he drawny the triangle thus farmed wiU have aU its parts eqjual 
to those of the first 



Let ABC be the given triangle, CED, DFC the arc de- 
. scribed about A and B as poles ; then win the triangle ADB 
^ have all its parts equal to those of ABC. 
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For, by construction, the side AD=: 
AC, DB=:BC, and AB is common ; 
hence those two triangles have their sides 
equal, each to each. We are now to show, . 
that the angles opposite these equal sides 
are also equal. 

If the centre of the sphere is supposed ^* 
to be at O, a solid angle may be conceiv- 
ed as formed at O by the three plane 
angles AOB, AOC, BOC ; likewise ano- B 

tber sdlid angle may be conceived as formed by the three plane 
angles AOB, AOD, BOD. And because the sides of the 
triangle ABC are equal to those of the triangle ADB, the 
plane angles forming the one of these solid angles, must be 
equal to the plane angles forming the other, each to each. 
But in this case we have shewn (359.) that the planes, in 
which the equal angles lie, are equally inclined to each other ; 
hence all the migles of the spherical triangle DAB are re^ 
spectively equal to. those of the triangle CAB, namely, DAB 
=BAC, DBA=ABC, andADB=ACB; hence the sides 
and the angles of the triangle ADB are equal to the sides and 
the angles of the triangle ACB. 

■ ■ 

479. Scholium. The equality of those triangles is not, 
however, an absolute equality, or one of superposition ; for 
it would be impossible to apply them to each other exactly, 
unless they were isosceles. The equality meant here is what 
we have already named an equality by symmetry ; therefore we 
shall call the triangles ACB, ADB, symmekical triangles. ' 



THEOREM. 

480. TuH> triangles on the same sphere^ or on equal spheres, are 
equal in all their partSy when they have each an equal angle in» 
eluded between equal sides. 

Suppose the side AB=EF, the 
side AC=£G, and the angle BAC 
=FEG ; the triangle EFG may be 
placed on the triangle ABC, or on 
ABD symmetrical with ABC, just 
as two rectilineal triangles are JV I )c G 
placed upon each other, when they 
have an equal angle included be- 
tween equal sides. Hence all the 
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parts of the triangle EFG will be equal to all the parts of the 
triangle ABC ; that is, besides the three parts equal by hypo- 
thesisy we shall have the side BC=FG, the angle ABC = 
EFG, and the angle ACB=EGF. 



THEOREM. 

481 . Ti0o triangles on the same sphere, or on equal spheres^ are 
equal in aU their partSy when two angles and the included side of 
the one are respectively equed to two angles and the included side 
of the other. 

For, one of those triangles, or the triangle symmetrical with 
it, may be placed on the other, as is done in the corresponding 
. case of rectilineal triangles (38*) 



THEOREM. 

482; If two triangles on the same sphere, or on equal spheres, 
have all their sides respectively equal, their angles will likewise 
he all respectively equals the equal angles lying opposite the equd 
sides* 

This truth is evident from (Art. 478.), 
where it was shewn that, with three 
given sides AB, AC, BC, there can only 
be two triangles ACB, ABD, differing 
as to the position of their parts, and equal 
as to the magnitude of those parts. 
Hence those two triangles, having all 
their sides respectively equal in both, 
must either be absolutely equal, or at 
least 8j/mmelricaUy so ; in both of which 
cases, their corresponding angles must be equal, and lie oppo- 
site to equal sides. 



THBOREBC 

483. In every isosceles spherical triangle, the angles opposite the 
equal sides are equal ; and conversely, if two angles of a sphe- 
rical triangle are equal, the triangle is isosceles. 
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First. Suppose the side AB=AC; we 
shall have the angle C =B. For, if the arc 
AD be drawn from the vertex A to the mid- 
dle point D of the base, the two triangles 
ABD, ACD will have all the sides of the 
one respectively equal to the corresponding 
sides of the other, namely, AD common, 
BD=J)C, and AB= AC : hence by the last 
Proposition, their angles will be equal ; 
therefore B=C. 

Secondly. Suppose the angle B=C; we shall have the 
side AC=AB. For, if not, let AB be the greater of the 'two ; 
take BO=AC, and join OC. The two sides BO, BC are 
equal to the two AC, BC ; the angle OBC, contained by the 
first two is equal to ACB contained by the second two*/ 
Hence (480.) the two triangles BOC, ACB have all their 
other parts equal ; hence the angle OCB=ABC : but by hy- 
pothesis, the angle ABC=ACB ; hence we have OCB= 
ACB, which is absurd ; hence it Js absurd to suppose AB 
dijSerent from AC ; hence the sides AB, AC, opposite to the 
equal angles B and C, are equal. 

484. Schdium. The same demonstration proves the an- 
gle BAD=DAC, and the angle BDA=ADC. Hence the 
two last are right angles ; hence Uie are drawn from the ver- 
tex of an isosdes spherical triangle to the middle of the baset 
is at right angles to that base^ and bisects the vertical angle. 
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485* In any spherical trianglej the greater side is opposite the 
greater angle ; and conversely ^ the greater angle is opposite the 
greater side. 

Let the angle A be greater than the angle B, then mil BC 
be greater than AC ; and conversely, if BC is greater than 
AC, then will the angle A be greater dian B. 

First. Suppose the angle 
A7B; make the angle BAD 
=B: then (483.) we shall 
haveAD=DB; but AD + DC 
is greater than AC; hence, 
putting DB in place of AD» 
we shall have DB+DC,or BC7AC. 
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Secondly. If we suppose BC7AC, the angle BAG will 
be greater than ABC. For, ^f BAG were equal to ABC, we 
should have BC=AC ; if BAG were less than ABC, we 
should then, as has just been showBt find BC/. AC. Both 
these conclusions are false s hence the angle BAG is. greater 
than ABC. 



THEOREM. 

486. If two rides of a spherical triangle are respeetioely efmd 
to two sides of anether triangle drawn upon an ejual sphere ; 
and if at the same time the contained angle of the first triangle 
is greater than the oontained angle of the second triangle, then 
vnU the third side of the first triangle be greater than the third 
of tie second. 



Let AB, AC be respectively equal to DE, DF, and the 
angle A greater than D ; then will BC be greater than EF. 





The demonstration is every way similar to that of (Art. 42.) 



TBEOIIEM. 



487. If ttoo triangles on the same sphere, or on equal spheres, are 
mutually equiangular, they vntt also he mutually equHateraL 

Let A and B be the two given triangles ; P and Q their 
polar triangles. Since the angles are equal in the triangles 
A and B, the sides will be equal in their polar triangles P and 
Q (476.) : but since the triangles P and Q are mutual^ equi- 
lateral, they must also (482.) be mutually equiangular; and, 
lastly, the angles being equal in the triangles P and Q^ itfol- 
lows^476.) that the sides are equal in their polar triragles A 
and B. Hence the mutually equiangular triaAgks A and B 
are at the same time mutnal^^ equUateraJ. 
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This prdpo^idon may also be demonstrated^without the ttid 
of polar triangled^ as follows : 

LetABCDEP 
be two triangles 
mutually equian- 
gular, having A X^ 
=D,B=E,C= 
F; we are to shew 
that AB=DE, 
AC=DF,BC=EF. 

On the prolongation of the dides AB, AC, take AG==DE, 
and AH=DF ; join GH ; and prodnce the arcs- BC, GH, 
till they meet fai I and E. 

The two sides AG, AH are equal, by construction, to the 
two DF, DE ; the included angle GAH«BACt=EDF ; 
hence (480.) the triangles AGH, DEF, are equal in all therr 
parts ; Jiehce the angle AGH=DEF= ABC, and the angle 
AHG==DFE=ACB. 

In the triangles IBG, KBG, the side BG is commoii ; the , 
angle IGB=GBK; and, since IGB+GBK is equal to two [J i 
right augles, and likewise GBK+IBG, it follows that BGK 
=IBG. Hence (481^ the triangles IBG, GBK are equal ; 
hence IG:=BK, and IB=^GK. 

In like manner, the angle AHG being equal Xx^ AOB, we 
can shew that the triangles I€)H^ HCE have two angles and 
the interjacent side in each equal ; hence they are themselves 
equal ; hence IH=CK, and HK=1C. 

Now, if the equals CK, IH be taken away from the equals 
BK» IG, the remainders BC, GH, will be equal. Besides, 
the angle BCA=AHG, and the angle ABC=AGH. Hence f 
the trismgles ABC, AHG have two angles and the interjacent 
side in each equcd ; hence thev are diemselves equal. But 
the triangle DEF is equal in all its parts to AHG ; hence it 
is also equal to the triangle ABC, and we have AB^DE, 
AC=DF, BC=EF ; hence if two spherical triangles are 
mutually equiangular, the sides opposite their equal angles 
will also be equal. 

488. Scholium* This proposition is not applicable to rec- 
tilineal triangles ; in which equality among die angles indi- 
cates only proportionality among the sides. Nor is it difficult 
to account for the difference observable, in this respect, be- 
tween spherical and rectilineal triangles. In the Proposition 
now before us, as well as in Articles 480, 481, 482, 466, 
which treat of the comparison of triangles, it is expressly re- 
quired that the arcs be traced on the same sphere, or on equal 
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spheres* Now similar arcs are to each other as their radii ; 
hence, on equal spheres, two triangles cannot be similar with- 
out being equal. Therefore it is not strange that equality 
among the angles should produce equality among the sides. 

The case would be different, if the triangles were drawn 
upon unequal spheres ; there, the angles being et}ual, the tri- 
angles would be similar, and the homologous sides would 
be to ieach other as die radii of their spheres. 

THEOREM. 

489. The sum of ail the angles in any sphericdL triangle is less 

than six righiangles, andgreater than two* 

For, in the first place, every angle of a spherical triangle 
is less than two right angles (see the following Scholium) : 
hence the sum of all the three is less than six right angles. 

Secondly, the measure of each angle of a spherical triangle 
(476.) is equal to the seroicircumference minus the corres- 
ponding side of the polar triangle ; hence the sum of all the 
three, is n^asured by three semicircumferences minus the sum 
of all the sides of the polar triangle. Now (461.), this latter 
sum is less than a circumference ; therefore, taking it away 
firom three semicircumferences, the remainder will be greater 
than one semicircuikiference, which is the measure of two 
right angles ; hence, in the second place, the sum of all the 
angles in a spherical triangle is greater than two right angles. 

490. Cor. 1. The sum of all the angles of a spherical 
triangle is not constant, like that of all the angles of a rectili- 
neal triangle; it varies between two right angles and six, 
without ever arriving at either of these limits. Two given 
angles therefore do not serve to determine the third. 

491. Cor» 2. A spherical triangle may have two, or even 
three angles, right, two or three obtuse. 

If the triangle ABC is HrredangvlaT^ in 
x>ther words, has two right angles B and C, 
the vertex A will (467.) be the pole of the 
base BC ; and the sides AB, AC will be qua- 
drants. • 

If the angle A is also right, the triangle -nj 
ABC will be tri-rectangtUar ; its angles will 
all be right, and its sides quadrants. The tri-rectangular tri- 
angle is contained eight times in the surface of the sphere ; 
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as is evident from the figure of Art; 493, supposing the arc 
MN to be a quadrant. 

492. Scholium. In all the preceding observations, we have 
supposed, in conformity with (Art. 442.), that our spherical 
triangles have always each of their sides less than a semicir- 
cumference ; from which it follows that any one of their an- 
gles is always less than two right angles. For (see fig. to 
Art. 461.) if the side AB is less than a semicircumference, and 
AC is so likewise, both those arcs will require to be produced 
before they can meet in D. Now the two angles ABC, CBD 
taken together, are equal to two right angles ; hence the an- 
gle ABC itself, is less than two right angles. 

We may observe however, that some spherical triangles do 
exist, in which certain of the sides are greater than a semi- 
circumference, and certain of the angles greater than two 
right aiigles. Thus, if the side AC is produced so as to form 
a whole circumference ACE, the part which remains after 
subtracting the triangle ABC from the hemisphere is a new 
triangle also designated by ABC, and having AB, BC, 
AEDC for its sides. Here, it is plain, the side AEDC is 
greater than the semicircumference AED ; and, at the same 
time, the angle B opposite to it exceeds two right angles, by 
the quantity CBD. 

The triangles whose sides and angles are so large, have been 
excluded from our Definition ; but the only reason was, that 
the solution of them, or the determination of their parts, is al- 
ways reducible to the solution of such triangles as are com- 
prehended by the Definition. Indeed, it is evident enough, 
that if the sides and angles of the triangle ABC are known, 
it will be easy to discover the angles and sides of the triangle 
which bears the same name, and is the difierence between a 
hemisphere and the former triangle. 



THEOREM. 

493. . Th$ surface of a lune is to the surface of the sjphere, as the 
angle of this lune^ is to four right angles^ or as the are which 
measures that angle^ is to the circumference. 
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Let AMNB be a lune ; then will its 
surface be to the surface of the sphere 
as the angle NCM to four right an- 
gles, or as the arc NM to the circum- 
ference of a great circle. -^ 

Suppose, in th^ first place, the arc 
MN to be to the circumference MNPQ 
as some one rational number: is to ano- 
ther, as 5 to 48, for example. The _ 
circumference MNPQ being divided 

into 48 equal parts, MN will contain 5 of them ; and if the 
pole A were joined with the several points of division, by as 
many quadrants, we should in the hemisphere AMNPQ have 
48 triangles, all equal, because all their parts are equal. 
Hence the whole sphere must contain 96 of those partial tri- 
angles, the lune AMBNA will contain 10 of them ; hence 
the lune is to the sphere as 10 is to 96, or as 5 to 48, in other 
words, as the arc MN is to the circumference. 

If the arc MN is not commensurable with the circumference, 
we may still shew, by a mode of reasoning frequently exem- 
plified already, that in this case also, the lune is to the sfdiere 
as MN is to the circumference. 

494. Cot. 1. Two lunes are to each other as their respec- 
tive angles. 

495. Cor. 2. It was shewn above (491.) that the whok 
surface of the sphere is equal to eight tri-rectangular trian- 
gles ; hence, if the area for one such triangle is taken for 
unity, the surface of the sphere will be represented by 8. 
This granted, Jthe surface of the lune, whose angle is A, will 
be expressed by 2A (the angle A being always estimated from 
the right angle assumed as unity), since 2A : 8 : : A : 4. 
Thus we have here two difierent unities ; one for angles, be- 
ing the right angle ; the other for surfaces* being the tri-rec- 
tangular spherical triangle, or the triangle whose angles are 
all right, and whose sides are quadrants. 

496. Scholium. The spherical ungula, bounded by the 
planes AMB, ANB, is to the whole solid sphere, as the angle 
A is to four right angles. For, the lunes being equal, the 
spherical ungulas will also be equal ; hence two spherical on- 
gulas are to each other, as the angles formed by the planes 
which bound them. 
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\ 

497. Two symmetrical spherical triangles are equal in surface. 

Let ABC, DEF be two symme- j^ 

trical triangles, that is to say, two ~P 

triangles having their sides AB= 

DE, AC=DF, CB=EF, and yet 

incapable qf coinciding with each / I *^q p / J 

other : we are to shew that the sur- ' * '* • * "*"'■'" 

face ABC is equal to the surface 

DEF. 
Let P be the pole of the ^mall "*^E 

circle passing through the three points A, B, C ;* from this 

point draw (464.) the equal arcs PA, PB, PC ; at the point 

F, make the angle DFQ=ACP, the-arc FQ=CP ; and join 

DQ, EQ. 

The sides DF, FQ are equal to the sides AC, CP ; the 

angle DFQ=ACP : hence (480.) the two triangles DFQ, 

ACP are equal in all their parts ; hence the side DQ=AP, 

and the angle DQF=APC, 

In the proposed triangles DFE, ABC, the angles DFE, 
ACB opposite to the equal sides DE, AB, being equal (481.). 
if the angles DFQ, ACP, which are equal by construction, be 
taken away from them, there will remain the angle QFE, 
equal to PCB. Also the sides QF, FE are equal to the sides 
PC» CB ; hence the two triangles FQE, CPB are equal in 
all their parts ; hence the side QE=rPB, and the angle FQE 
=CPB. 

Now, the ■ triangles DFQ, ACP, which have their sides 
respectively equal, are at the same time isosceles, and capar 
ble of coinciding, when applied to each other ; for having pla- 
ced PA on its equal QF, the side PC will fall on its equal QD, 
and thus the two triangles will eiactly coincide : hence they 
are equal ; and the surface DQF=APC. For a like reason, 
the surface FQE=CPB, and the surface DQE=APB ; hence 
we have DQF+FQE~DQE=APC + CPB— APB, or 
DFE = ABC f hence the two symmetrical triangles ABC, 
DEF are equal in surface. • 



* The circle which passes throug^h the three points A, B, C, or which 
circumscribes the triangle ABC, can only be a small circle of the sphere ; 
for if it were a great circle, the three sides AB, BC, AC would lie in on« 
plane, and the triangle ABC woald be reduced to one of its sides. 
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498. Scholium. The poles P and Q might lie within the 
triangles ABC, DEF : in which case it would be requisite to 
add the three triangles DQF, FQE, DQE together, in order 
to make up the triangle DEF ; and in like manner, to add 
the three triangles APC, CPB, APB together in order to 
make up the triangle ABC : in all other respects, the demon- 
stration and the result would still be the same. ^ 



THEOREM. 

499. If the circumferences of two great circles intersect each other 
on the surface of a hemisphere^ the sum of the opposite triangles 
thus formed, is equivalent to the surface of a lune whose angU 
is equal to the angle formed by the circles. 

Let the circumferences AOB, COD, in- 
tersect on the hemisphei*e OACBD ; then 
will the opposite triangles AOC, BOD be 
equal to the lune whose angle is BOD. 

For, producing the arcs OB, OD on 
the other hemisphere, till they meet in 
N, the arc OBN will be a semicircum* 
ference, and AOB one also ; and taking 
OB from both, we shall have BN'=AO. For a like reason, 
we have DN=CO, and BD=AC. Hence the two triangles 
AOC, BDN have their three sides respectively equal ; besides 
they are so placed as to be symmetrical ; hence (496.) they 
are equal in surface, and the sum of the triangles AOC, BOD 
is equivalent to the lune OBNDO Whose angle is BOD. 

500. Scholium. It is likewise evident that the two spheri- 
cal pyramids, which have the triangles AOC, BOD for bases, 
are together equivalent to the spherical ungula whose angle is 
BOD. 




THEOREM. 



601. The surface of a spherical triangle is measured hy the ex- 
cess of the sum of its three angles ab&oe two right angles. 
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Let ABC be the proposed triangle : ' 
produce its sides till they meet the great 
circle DEFG drawn at pleasure without the 
triangle. By the last Theorem, the two 
triangles ADE, AGH are together equi- 
valent to the lune whose angle is A, and 
which is measured (495.) by 2A. Hence 
we have ADE + AGH=^2A; and for a 
like reason, BGF+BID r=2B, and CIH+ 
CFE=2C. But the sum of those six triangles exceeds the 
hemisphere by twice the triangle A^C, and the hemisphere is 
represented by 4 ; therefore twice the triangle ABC is equal 
to 2A + 2B + 2C — 4 ; and consequently, once ABC=A+B + 
C — 2; hence every spherical triangle is measured by the 
sum of all its angles minus two right angles. 

502. Car. 1. However many right angles there be con- 
tained in this measure, just so many tri-rectangular triangles, 
or eighths of the sphere, which (494.) are the unit of surface, 
will the proposed, triangle contain. If the angles, for example, 
are each equal to | of a right angle, the . three angles will 
amount tp 4 right angles, and the proposed triangle will be 
re|)resented by 4 — 2 or 2 ; therefore it will be equal to two 
tri-rectangular triangles, or to the fourth part of the whole 
surface of the sphere. 

503* C(fr. 2, The spherical triangle ABC is equivalent 

to the lune whose angle is 1 ; likewise the spheri- 

cal pyramid, which has ABC for its base, is equivalent to the 
spherical ungula whose angle is ~ 1. 

504. Scholium. While the spherical triangle ABC is 
. compared with the tri-rectangular triangle, the spherical 
pyramid, which has ABC for its base, is compared with the 
tri-rectangular pyramid, and a similar proportion is found to 
subsist between them. The solid an^le at the vertex of the 
pyramid is, in like manner compared with the solid angle at 
the vertex of the tri-rectangular pyramid. These compari- 
sons are founded on the coincidence of the corresponding 
parts. If the bases of the pyramids coincide, the pyramids 
themselves will evidently coiheide, and likewise the solid 
angles at their vertices. From this, some consequences are 
deduced. 
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First Two triangular spherical pyramids are to cack 
other as their bases : and since a polygonal pyramid may 
always be divided into a certain number of triangular ones, it 
follows that any two spherical pyramids are to each other, as 
the polygons which form their bases. 

Second. The solid angles at the vertices of those pyramids 
are also as their bases ; hence, for comparing any two solid 
angl03y we have merely to place their vertices at the centres 
of two equal spheres, and the solid angles will be to each 
other as the spherical polygons intercepted between their 
planes or faces. 

The verticle angle of the tri-rectangular pyramid is formed 
by three planes at Vight angles to each ottier : this angle, 
which may be called a right solid angle j will serve as a very 
natural unit of measure for all other solid angles. And if so, 
the same tiumber, that exhibits the area of a spherical poly- 
gon, will exhibit the measure of the corresponding soKd an- 
gle. If the area of the polygon is |, for example, in other 
words, if the polygon is j of the tri-rectangular polygcMi, then 
the corresponding solid angle will also be | of the right solid 
angle. 



THSORSM. 

505. The surface of a spherieai pdygon ia measured hy the sum 
of all its angles^ minus two right angles mtitttpJteei ty the 
her of sides in the polygon less two. 

From one of the vertices A, let di- 
agonals AC, AD be drawn to all the 
other vertices ; the polygon ABODE 
will be divided into as many triangles 
minus two as it has sides. But the 
surface of each triangle is measured 
by the sum of all its angles minus two 
right angles; and the sum of the ai^- 
gles in all the triangles is evidently the same as that of all^tte 
angles in the polygon; hence the surface of the polygon fs 
equal to the sum of all its angles diminished by twice ai^ 
many right angles as it has sides minus two. 

506. ScIioUum. Let s be the sum of all the angles in a 
spherical polygon, n the number of its sides ; the right angle 
being taken for unity, the surface of the polygon will be mea- 
sured by s—2 {n—2), or j— 2ji+4. 




THE THREE BOUND BODIES. 
Defimtiont. - 

507. A eyUnder is the solid geoerated by the revolution of 
« rectangle ABCD, conceived to turn about HIm immoveabl* 
ndeAB. 

In this movement, the sides AD, BC, con- 
tiauing always perpendicular to AB, de- 
scribe equal circles DHP, CGQ, which are 
called the btuet of the tyUnder, the side CD 
at the same time describing the convex nir- 
/aee. 

The immoveable line AB is called the 
axi$ of the cylinder. 

Every section KLM, made in the cylinder, 
at right angles to the axis, is a circle equal 
to either of the bases ; for, whilst the rectangle ABCD 
turns about AB, the line KI, perpendicular to AB, describes 
a circle, equal to the base, and this circle is nothing pise than 
tfae section made perpendicular to the asis at the point I. 
* Every section PQGH, made through the axis, is a rectan- 
gle double of the generating rectangle ABCD. 

508. A cone is the solid generated by the revolution of a 
right-angled -Mangle SAB, conceived to turn about the Im- ■ 
moveable side SA. 

In this movement, the side AB describes 
a circle BDCE, named the base of the 
tone; the hypotenuse SB describes its 
mmvex turface. 

The point S is named the vertex of the 
foae, SA the axis or the altUude, and SB 
tlie side or the apoAem. 

Every section HKFI, at right angles to 
the axis, is a circle ; every section SDE, 
(farough the axis, is an isosceles triangle 
double crf'tha generating triangle SAB. 
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509. If from the cone SCDB, the cone SFKH be cut off 

by a section parallel to the base, the remaining solid CBHF 
is called a truncated cone, or the frustum of a cone. 

We may conceive it to be generated by the revolution of a 
trapezoid ABHG, whose angles A and G are right, about th« 
side .AG. The immoveable line AG is called the aocis or alti- 
tude of the frustum, the circles BDC, HKF, are its baseSy 
and BH is its side. 

510. Two cylinders, or two cones, are similar, when their 
axes are to each other as the diameters of their bases. 



511. If in the circle ACD, which 
forms the base of a cylinder, a polygon 
ABCDE is inscribed, a right prism, con- J^ 
structed #i this base ABCDE, and equal 
in altitude to the cylinder, is said to be 
inscribed in the cylinder, or the cylinder 
to be circumscribed about the prism. 

The edges AF, BG, CH, &c. of the 
prism, being perpendicular to the plane 
of the base, are evidently included in the 
convex surface of the cylinder ; hence ^ 
the prism and the cylinder touch one 
another along these edges. 




512. In like manner, if ABCD is a 
polygon, circumscribed about the base of 
a cylinder, a right prism constructed on 
this base ABCD, and equal in altitude 
to the cylinder, is said to be circumscribed 
about the cylinder, or the cylinder to be 
inscribed in the prism. 

LetM, N, &c. be the points of contact 
in the sides AB, BC, &c. ; and through Ak 
the points M, N, &cc. let MX, NY, &;c. 
be drawn perpendicular to the plane of 
the base : those perpendiculars will evi- 
dently lie both in the surface of the cylinder, and in that of 
the circumscribed prism ; hence they will be their lines of 
contact. 

Note. The Cylinder, the Cone, and the Sphere, are the 
Aree round bodies treated of in the Elements of Geom^lry. 
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PRBLIMINART LEMMAS CONCERNING SURFACES. 

513. A plane 9urfaee OABDC is leas than any other surface 

PABCD terminated by the same perimeter ABCD. 

This proposition is almost evident enough 
to be ranked in the class of axioms ; for 
the plane may be regarded among surfaces 
as being what the straight line is among 
lines ; the straight line is the shortest dis- 
tance between two given points ; and so 
also, it may easily be conceived, is the plane the least of all 
the surfaces having the same perimeter. Yet, since it is ad- 
visable to reduce the number of axioms as far as possy^le, we 
have subjoined a demonstration, which will remove all doubt 
concerning this truth. 

A surface being extended in length and breadth, one surface 
cannot be imagined to be greater than another, unles3 the 
dimensions of the first, in some direction, exceed those of the 
second : and if it should happen that the dimensions of one 
surface were, in all directions, less than the dimensions of 
another, the first surface would evidently be the less of the 
two. Now, in whatever direction we pass the plane BPD 
to cut the plane surface in BD, and the other surface in BPD, 
the straight line BD will always be less than BPD ; hence 
the plane surface OABCD is less than the surface PABCD, 
which envelopes it. 

• 

514. Every convex surface is less than any other surface enve- 

loping ity and resting on the same perimeter. 

We shall here repeat, that by convex 
surface^ we understand a surface which 
cannot be cut by a straight line in more 
than two points : a straight line, how- 
ever, may in some cases be capable of A> 
applying itself exactly in a certain direc- 
tion to a convex surface ; examples of this are to be seen in 
the surfaces of the cone and the cylinder. We may further 
observe, that the name convex surface, is not limited to curve 
surfaces alone; it includes polyedral surfaces, or surfaces 
composed of several planes, and likewise surfaces partly curved 
and partly polyedral. 

This being settled, if the surface OABCD, which is the 
enveloped surface, is not less than all those which envelope 

28 
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it, there mnst be among the latter a si^face PABCD, less 
than all the rest, and at most, equal to OABCD. Through 
any point O, pass a plane, touching the surface OABCD, 
without catting it ; this plane will meet the surface 
PABCD, and (513.) the part which it cuts off from this sur- 
face will be greater than the plane which is terminated in the 
same boundary; hence, retaining the rest of the surface 
PABCD, we might substitute the plane instead of the part 
cut off from it, and so have a new surface, still enveloping 
OABCD, and less than PABCD. 

But by hypothesis, PABCD is the least of all ; hence the 
hypothesis was false ; hence the convex surface OABCD is 
less than any other surface enveloping it, and terminating in 
the same contour ABCD. 

515. SchoUmu By a mode of reasoning entupely similar, 
we could show. 



1* That, if a convex surface terminated 
by two perimeters ABC, DEF, is enveloped 
by any other surface, terminated by the 
same perimeters, the enveloped surface will 
be the smaUer of the two. 




2. That, if a convex sur- 
face AB, is enveloped on all 
sides by another surface MN, Q^ 
whether they have any points, 
lines, or planes, in common, 
or have no point at all in 
common, the enveloped sur- 
face will always be less than 
the surface which envelopes it. 

For among the enveloping surfaces, there cannot be any 
one less than all the rest : because in every case a plane CD 
may be drawn so as to touch the enveloped convex surface, 
and (513.) this plane will always be less than the surface 
CMD ; whence the surface CND would be less than MN ; 
which is contrsCry to the supposition of MN being the least 
of all. Hence the convex surface AB is less than all those 
which envelope it* 
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THSOREM. 

516. The aoUdxty of a cylinder igequalto the produdjof its base 

by its dUUude. 

Let CA be. a radius of the 
given cylinder's base ; H the 
altitude ; let surf. CA, repre- 
sent the area of the circle 
whose radius is CA : we are 
to show that the solidity of 
the cylinder is surf CAxH. ^' 
For, if surf CAxH is not 
the measure of the given cyl- 
inder, it must be the measure 
of a greater cylinder, or of a 
smaller one. Suppose it first 
to be the measure of a smaller one ; of a cylinder, for exam- 
ple which has CD for the radius of its base, H being the com- 
mon altitude. 

About the circle whose radius is CD, circumscribe a regu- 
lar polygon GHIP (285.), the sides of which shall not meet 
the circumference whose radius is C A. Imagine a right prism 
having the regular polygon GHIP for its base, and H for its 
altitude ; this prism will be circumscribed about the cylinderi 
whose base has CD for its radius. Now, (406.) the solidity 
of the prism is equal to its base GHIP, multipUed by the al- 
titude H ; the base GHIP is less than the circle whose radius 
is CA ; hence the solidity of the prism is less than suff CA^ 
H. But by hypothesis, surf CAXH is the solidity of the cyl- 
inder inscribed in the prism ; hence the prism must be less 
than the cylinder : whereas in reality it is greater, because it 
contains the cylinder; hence it is impossible that ^urf. CAXH 
can be the measure of the cylinder whose base has CD for its 
radius, H being the altitude ; or in more general terms, ike 
product of the base^ by the altitude of a cylinder j camtot meor 
sure a less cylinder. 

We must now prove that the same product cannot measure 
a greater cylinder. To avoid the necessity of changing our 
figure, let CD be a radius of the given cylinder's base ; and 
if possible, let surf. CDXH be the measure of a greater cyl- 
inder, for example, of the cylinder, whose base has CA for its 
radius, H being the altitude. 

The same construction being performed as in the first 
case, the prism, circumscribed about the given cylinder, will 
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have 6HIP X H for its measure : the area GHIP is greater 
than mrf. CD ; hence the solidity of this prism is greater than 
surf. CD+H : hence the prism must be greater than the cyl- 
inder haying the same ^ edtitude, and surf. C A for its base. 
But on the contrary, the prism is less than the cylinder, being 
contained in it : hence the base of the cylinder^ multiplied ly 
its altitude J cannot be the measure of a greater cylinder. 

Hence finally, the solidity of a cylinder is equal to the pro- 
duct of its base by its altitude. 

517. Cor. 1. Cylinders of the same altitude are to eack 
other as their bases ; and cylinders of the same base are to 
each other as their altitudes. 

518. Cor. 2. Similar cylinders are to each other as the 
cubes of their altitudes, or as the cubes of the diameters of 
their bases. For the bases are as the squares of their diame- 
ters ; and the cylinders being similar, the diameters of their 
bases (510.) are to each other as the altitudes : hence the 
bases are as the squares of the altitudes; hence the bases, 
multiplied by the altitudes, or the cylinders themselves, are 
as the cubes of the altitudes. 

519. Scholium. Let R be the radius of a cylinder's base ; 
H the altitude : the ,surface of the base (291.) will be «'R> ; 
and the solidity of the cylinder will be «'R^xH, orcR'H. 

LEMMA. 

520. The convex surface of a right prism is equal to the perimeter 

of its base multiplied by its edtitude. 

For this surface is equal to the sum of the rectangles 
AFGB, BGHC, CHID, &c. (see fig. of Art. 512.) which 
compose it. Now the altitudes AF, BG, CH, he. of those 
rectangles, are equal to the altitude of the prism ; their bases 
AB, BC, CD, &c. taken together, make up the perimeter of 
the prism's base. Hence the sum of these rectangles, or the 
convex surface of the prism, is equal to the perimeter of its 
base, multiplied by its altitude. 

521. Cor. If two right prisms have the same altitude, 
their convex surfaces will be to each other as the perimeters 
of their bases. 
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522. The convex surface of a cylinder is greater than the convex 

surface of any inscribed prism^ and less than the coitoex surface 
of any circumscribed prism. 

For (see the fig. of Art. 511.), the convex surface of the 
cylinder and that of the prism may be considered as having- 
the same length, since every section made in either parallel to 
AF is equal to AF ; and if these surfaces be cot, in order to 
obtain the breadths of them, by planes parallel to the b^se, 
or perpendicular to the edge AF, the one section will be equal 
to the circumference of the base, the other to the perimeter of 
the polygon ABCDE, which is less than that circumference : 
hence, with an equal length, the cylindrical surface is broader 
than the prismatic surface ; hence the former is greater than 
the latter. 

By a similar demonstration, the convex surface of the cyl- 
inder might be shewn to be less than that of any circum- 
scribed prism BCDELH. (See the fig. of Art. 612.) * 



THEOREM. 

633. The convex surface of a cylinder is equal to the circumfer- 
ence of its base multiplied by its altitude. 

Let C A be the radius of the 
given cylinder's base, H its T 
altitude ; the circumference 
whose radius is CA, being re- 
presented by circ. CA, we are 
to show that circ, CAxH 
will be the convex surface of -^t 
the cylinder. For, if this pro- 
position is not true, then circ. 
CAxH must be the surface of 
a greater cylinder, or of a less 
one. Suppose it first to be the 
surface of a less cylinder ; of the cylinder, for example, the 
radius of whose base is CD, and whose altitude is H. 

About the circle whose radius is CD, circumscribe a regu- 
lar polygon GHIP, the sides of which shall not meet the cir- 
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cle whose radius is CA ; conceive a right prism having H 
for its altitude, and the polygon CHIP for its base. The 
convex surface of this prism will be equal (520.) to the peri- 
meter of the polygon GHIP multiplied by the altitude H : 
this perimeter is less than the circumference whose radius is 
C A ; hence the convex surface of this prism is less than ctrc. 
CAxH. But, by hypothesis, arc. CAXH is the convex 
surface of the cylinder whose base has CD for its radius ; 
which cylinder is inscribed in the prism : hence the convex 
surface of the prism must be less than that of the inscribed 
cylinder. On the other hand (522.) it is greater: conse- 
quently, our hypothesis was false : first, therefore, the cir- 
cumference of a cylinder's hose multiplied by its altitude cannot 
be the measure of the convex surface of a smaller cylinder. 

We are next to show that this product cannot be the measure 
of the convex surface of a greater cylinder. For, retaining the 
present figure, let CD be the radius of the given cylinder's base; 
atid, if possible, let drc. CDXH be the convex surface of the 
cylinder, which with the same altitude has for its base a greater 
circle, the circle, for instance, whose radius is CA. The same 
construction being performed as above, the convex surface of 
the prism will again be equal to the perimeter of the polygon 
GHIP multiplied by the altitude H. But this perimeter is 
greater than circ. CD ; hence the surface of the prism must 
be greater than circ. CDXH, which, by hypothesis, is the 
surface of a cylinder having die same altitude, and CA for 
the radius of its base. Hence the surface of the prism must 
be greater than that of the cylinder. But even though this 
prism were inscribed in the cylinder, its surface (522.) would 
be less than that of the cylinder; still further is it less when the 
prism does not reach so far as to touch the cylinder. Hence 
our last hypothesis also was false; hence, in the second 
place, the circumference of the ba^e of a cylinder multiplied by 
the altitude J cannot meoMire the surface of a greater cylinder. 

Hence, finally, the convex surface of a cylinder is equal to 
the circumference of its base, multiplied by the altitude. 
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524. The solidity of a cone is equal to the product of its base by 

the third of its altitude. 

Let SO be the altitude of 
the given cone, AO the radius 
of its base ; the surface of the 
base being designated by surf 
AO, we are to show that surf 
AOxiSO is equal to the soli- ^ 
dity of the cone. 

Suppose, first, that surf. 
AOxiSO, is the solidity of a 
greater cone for* example, of 
the cone whose altitude is 
still SO, but whose base has OB, greater than AO, for its 
radius. 

About the circle whose radius is AO, circumscribe a re- 
gular polygon MNPT (285.)^ so as not to meet the circum- 
ference whose radius is OB ; imagine a pyramid having this 
polygon for its base, and the point S for its vertex. The 
solidity of this pyramid (416.) is equal to the area of the po- 
lygon MNPT multiplied by a third of the altitude SO. But 
the polygon is greater than the inscribed circle represented 
by surf AO ; hence the pyramid is greater than surf AO 
X iSO, which, by hypothesis, measures the cone having S 
for its vertex and OB for the radius of its base : whereas, in 
reality, the pyramid is less than the cone, being contained in 
it ; hence, first, the base of a cone multiplied by a third of its 
altitude cannot be the measure of a greater cone. 

We are next to show that this same product cannot be the 
measure of a smaller cone. For, retaining the present figure, 
let OB be the radius of the given cone's base : and, if possi- 
ble, let surf OBX JSO be the solidity of the cone having SO 
for its altitude, and for its base the circle whose radius is AO. 
The same construction as above being made, the pyramid 
SMNPT will have for its measure the area MNPT multiplied 
by i SO. But the area MNPT is less than surf OB ; 
hence the measure of the pyramid must be less than surf OB 
X^SO, and consequently, it must be less than the cone whose 
altitude is SO and whose base has AO for its radius. But 
on the contrary, the pyramid is greater than the cone, because 
the cone is contained it; hence in the second place, the base 
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of a cone multiplied by a third of its altitude cannot be the 
measure of a smaller cone. 

Hence, finally, the solidity of a cone is equal to the product 
of its base by the third of its altitude. 

525. Cor. A cone is the third of a cylinder having the 
same base and the same altitude ; whence it follows, 

1. That cones of equal altitudes are to each other as their 
bases ; 

2. That cones of equal bases are to each other as their 
altitudes ; 

That similar cones are as the cubes of the diameters of their 
bases, or as the cubes of their altitudes. 

526. Scholium. Let R be the radius of a cone's base, H 
its altitude ; the solidity of the cone will be R* XKH, or JcR' 
H. 



THEOREM* 

527. The solidity of the frustum of a cone is equivalent to the 
sum of the solidities of three conesy whose common alHtude is 
the altitude of the frustum and whose bases are^ the upper base 
of ihefrustum^ the lower base ef the frustum^ and a mean pro- 
portional between them* 

Let ADEB be the frustum of 
a cone ; then will its solidity be 
equivalenttoKOP.(AO'+DP' 
+ AO.DP). 

Let TFGH be a triangular 
pyramid having the same alti- 
tude as the cone SAB, and a 
base FGH equivalent to the 
base of the cone. These two 
bases may be conceived as pla- 
ced on the same plane ; in which 
case, the vertices S and T will be equally distant from the 
plane of the bases, and the plane EPD produced will form in 
the pyramid a section IKL. Now this section IKL is equi- 
valent to the base DE : for (287.) the bases AB, D£ are to 
each other as the squares of the radii AO, DP, or as the 
squares of the altitude SO, SP ; the triangles FGH, IKL 
("407.) are to each other as the squares' of these same alti- 
tudes ; hence the circles AB, DE are to each other as the 
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triangles F6H, IKL. But by hypothesis, the triangle F6H 
is equivalent to the circle AB : hence the triangle IKL is 
equivalent to the circle DE. 

Now, the base AB multiplied by ^ SO is the solidity of the 
cone SAB ; and the base F6H multiplied by | SO is the soli- 
dity of the pyramid TFGH ; hence, by reason of the equi- 
valent bases, the solidity of the pyramid is equivalent to that of 
the cone. For a like reason, the pyramid TIKL is equivalent to 
the cone SDE ; hence the frustum ADEB is equivalent to the 
frustum FGHIKL. But the base F6H, being equivalent to 
the circle whose radius is AO, has for its measure «'XAO'; 
the base IKL has likewise for its measure v'XDP' ; and the 
mean proportional betvvreen ^X AO* and irXDP*, is «'X AOX 
DP ; hence (422.) the solidity of the frustum of the pyra- 
mid, or of the frustum of the cone, is measured by 7OPX 
(«'XAO'4-VxDP» +^rXAOX DP),orwhichis tbesamethingi 
by iirXOPX(AO»+DP«+AOXDP). 



THEOREM. 

528. The convex surface, of a cone is equal to the circumferenee 

of its base mtdtiplied by half its side. 

Let AO be a radius of the 
given cone's base, S its vertex, 
and SA its side : the surface 
will be circ. AOX JSA. For, 
if possible, let drc. AOX^SA 
be the surface of a cone having -q 
S for its vertex, and for its base 
a circle whose radius OB is 
greater than AO. 

About *'»the smaller circle 
describe a regular polygon 
MNPT, the sides of which 
shall not meet the circle whose radius is OB ; and let SMNPT 
be the regular pyramid, having this polygon for its base and 
the point S for its vertex. The triangle SMN, one of those 
which compose the convex surface of the pyramid, has for 
measure its base MN multiplied by half its altitude SA, or 
half the side of the given* cone ; and since this altittide is the 
same in all the other triangles SNP, SPQ, be, the convex 
surface of the pyramid must be equal to the perimeter 
MNPTM multiplied by ^SA. But the perimeter MNPTM is 
greater than circ. AO ; hence the convex surface of the pyra- 

29 
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mid is greater than drc* AOX^SA, and consequently greater 
than the convex surface of the cone having the same vertex 
S and the circle whose radius is OB for its base. On the con- 
trary, however, the surface of this cone is greater than that 
of the pyramid ; because, if two such pyramids are adjusted 
to each other, base to base, and two such cones, base to base, 
the surface of the double cone will envelope on all sides that 
of the double pyramid, and therefore (514.) be greater dian 
it; hence the surface of the cone is greater than that of the 
pyramid. The reverse of this resulted from our hypotheins ; 
hence that hypothesis was false ; hence, in the first place, the 
circumference of the cone's base multiplied by half the jBide 
cannot measure the suHace of a greater cone. 

We are next to shew that it cannot measure the surface of a 
smaller ccme. Let BO be the radius of the given cope's 
base; and if possible, let drc. BOX^SB be the surface of a 
cone having S for its vertex, and AO less than OB, for the 
radius of its base. 

The same construction being made as above, the surface 
of the pyramid SMNPT will still be equal to the perimeter 
MNPT X JSA. Now this perimeter MNPT is less than drc. 
OB ; likewise SA is less than SB : hence, for a double rea- 
son, the convex surface of the pyramid is less than drc. 
OBX^SB, which, by hypothesis, is the surface of the cone 
having OA for the radius of its base ; hence the surface of 
the pyramid must be less than that of the inscribed cone. On 
the contrary, however, it is greater ; for, adjusting two such 
pyramids to each other base to base, and two such cones base 
to base, the surface of the double pjnramid will envelope that 
of the double cone, and (514.) will be greater than it. Hence, 
in the second place, the circumference of the given cone's base 
multiplied by half the side cannot be the measure of the sur- 
face of a smaller cone. 

Hence finally, the convex surface of a cone is equal to the 
circumference of its base multiplied by half its side. 

^ 529. ^ Scholium. Let L be the side of a cone, R the ra- ' 
dius of its base ; the circumference of this base will be SkR, 
and the surface of the cone will be S^RX^L, or ^rRL. 
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530, The convex surface of the frustum of a cone is equal to Us 
side muUiplied by the half sum of the circumferences of its two 
hoses. 

Let ADEB be a frustum of a cone ; then will its convex 
surface be equal to ADX I — I. 

In the plane SAB which passes through the axis SO, draw 
the line AF perpendicular to SA, and equal to the circum- 
ference having AO for its radius ; join SF ; and draw DH 
parallel to AF. 

By reason of the similar triangles SAO, SDC, we shall 
have AO : DC : : SA : SD ; and by reason of die similar 




triangles SAF, SDH, we shall have AF 2 DH : : SA : SD ; 
hence AF : DH : : AO : DC, or (287.) as drc. AO is to arc. 
DC, But by construction, AF =c»rc. AO ; hence DH=cerc. 
DC. This being granted, the triangle SAF, measured by 
AFX^SA, is equal to the surface of tiie cone SAB, which is 
measured hy drc. AOx JSA. For a like reason, the triangle 
SDH is equal to the surface of the cone SDE. Hence the sur- 
face of the frustum ADEB is equal to that of the trapezoid 

ADHF. Thelatter(178.)ismeasuredbyADx (— i55V 

hence the surface of the frustum ADEB is equal to its side 
AD multiplied by half the sum of the circumferences of its 
two bases. 

531. Cot. Through I, the middle point of AD, draw 
IKL parallel to AB, and IM parallel to AF ; it may be shewn 
as above that IM =circ. IK. But the trapezoid ADHF=: 
AD XIM=:ADXcfr(;.IE. Hence it may also be asserted, that 
the surfa4:e of a frustum of a cone is equal to its side muki* 
plied hy the dreumference of a section at equal distances from 
the ffoo bases. 
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533. SchoUum. If a line AD, lying wholly on one side of 
the line 0C« and in the same plane, make a revolution around 
OCy the surface described by AD will have for its measure 

ADxC 5 I, or AD Xcirc. IK; the lines AP» 

DC, IK being perpendiculars, let fall from the extremities and 
from the middle of the axis OC. 

For, if AD and OC are produced till they meet in S, the 
surface described by AD is evidently the frustum of a cone 
having AO and DC for the radii of its bases, the vertex of 
the whole cone being S. Hence this surface will be measured 
as we have said. 

This measure will always hold good, even when the point D 
falls on S, and thus forms a whole cone ; and also when the 
line AD is parallel to the axis, and thus forms a cylinder. In 
the first case DC would be nothing ; in the second, DC would 
be equal to AO and to IK. 



TiBMwiA. 

533. If any portion of a regular polygon^ lying on the same side 
of a diameter^ he supposed to make an entire revolution about 
this diameter^ the surface which the perimeter decrihes wiU he 
equal to the distance between the two parallels drawn through its 
extremities perpendicular to the line about which it revolvesy mvl" 
tiplied by the circumference of the inscribed cifrcle. 

Let the portion ABCD of a regu- 
lar polygon be supposed to revolve 
about GF ; the surface described by 
ABCD will have for its measure 
MQXcirc* 01 ; 01 being the radius 
of die inscribed circle. 

The point I being the middle of 
AB, and IK a perpendicular let fall 
from the point I upon the axis, the n 
surface described by AB will (532^ 
have for its measure ABXcerc.IKl 
Draw AX parallel to the axis; the 
triangles ABX, OIK will have their 
sides perpendicular each to each, 
namely, OI to AB, IK to AX, and 
OK to BX ; hence these triangles 
are similar, and give the proportion 
AB : AX, or MN : : 01 : IK, or as 
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circ. 01 to eirc. IK , hence AB x drc. IK=MNxctrc.OI. 

Whence it is plain that the surface described by the partial 
polygon ABCD is measured by (MN+NP+PQ)x circ. OI, 
or, by MQXctrc.05 ; hence it is equal to the altitude multi- 
plied by the circumference of the inscribed circle. 

534. Cor. If the whole polygon has an even number of 
sides, and if the axis FG passes through two opposite vertices 
F and G, the whole surface described by the revolution of the 
half-polygon FACG will be equal to its axis FG multiplied 
by the circumference of the inscribed circle. This axis FG 
will at the same time be the diameter of the circumscribed 
circle. 




THEOREM. 

535. The surface of a sphere is equal to the product of its. dia- 
meter hy the drcutnference of a great circle. 

We shall first shew, that the diameter of a 
sphere multiplied by the circumference of its 
great circle cannot measure the surface of a 
larger sphere. If possible let AB Xcirc. AC 
be the surface of the sphere whose radius is 
CD. 

About the circle whose radius is CA, cir- 
cumscribe a regular polygon having an even 
number of sides, so as not to meet the circuub- 
ference whose radius is CD : let M and S be 
the two opposite vertices of this polygon ; and 
about the diameter MS let the half polygon MPS be made to 
revolve. The Surface described by this polygon will be mea- 
sured (534.) by MSXciVc.AC : but MS is greater than AB ; 
hence the surface described by this polygon is greater than 
ABX circ. AC, and consequently greater than the surface of 
the sphere whose radius is CD. Now, on the contrary, the 
surface of the sphere is greater than the surface described by 
the polygon, since the former envelopes the latter on all sides. 
Hence, in the first place, the diameter of a sphere muhiplied 
by the circumference of its great circle cannot measure the 
surface of a larger sphere. 

We shall now shew that this same product cannot measure 
the surface of a smaller sphere. For, if possible, let DEx 
ctrc. CD be the surface of that sphere whose radius is CA* 
The same construction being made as in the former case, the 
jyurface of the solid generated by the revolution of the half- 
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polygon will still be equal to MS Xctrc. AC. Bui MS. it kss 
than D£, and ctrcAC is less than circCD ; hence, for these 
two reasons, the surface of the solid described by the polygon 
must be less than DEXctrcCD, and therefore less than the 
surface of the sphere whose radius is AC. Now, on the con- 
trary, the surface described by. the polygon is greater than 
the surface of the sphere whose radius is AC, because the for- 
mer envelopes the latter; hence, in the second place, the dia- 
meter of a sphere multiplied by the circumference of its great 
circle cannot measure the surface of a smaller sphere. 

Hence the surface of a sphere is equal to its diameter mul« 
tiplied by the circumference of its great circle. 

536. Cor. The surface of the great circle is measured by 
multipljdng its circumference by half the radius, or by a 
fourth of ^e diameter ; hence the surface of a sphere is four 
times that of its great circle, 

SSI. Scholium, The surface of the sphere being thus de- 
termined, and compared with plane surfaces, it will be easy 
to find the absolute value of the various lunes and spherical 
triangles whose ratio to the surface of the whole sphere has 
been determined above. 

First, the lune having A for its angle, is to the surface of 
the sphere (493.) as the angle A is to four right angles, or 
as the arc of the great circle which measures the angle A is 
to the circumference of that great circle. But the surface of 
the sphere is equal to the same circumference multiplied by 
the diameter ; hence the surface of the lune is equal to the 
arc, which measures the angle of that lune, multiplied by the 
diameter. 

In the second place, every spherical triangle is equal to the 
lune whose angle is half the excess of its three angles above 
two right angles. (503.) Let P, Q, R. be the three arcs of a 
great circle which measure the three angles of the triangle : 
let C be the circumference of a great circle, D its diameter ; 
the spherical triangle will be equivalent to the lune whose an- 
gle is measured by c% > *°^ consequently its sur- 



facewmbeDx(P±SJ^=iC\ 



Thus in the caSe of the tri-rectangular triangle, each of the 
arcs P, Q, R being equal to iC, their sum will be |C, the 
excess of that sum above iC will be iC, and half of that ex- 
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cess f C ; hence the surface of the tri-rectadgnlar triangle 
is iCxD, the eighth part of the whole surface of the sphere. 

The measurement of spherical polygons follows immedi- 
ately from that of triangles ; indeed it is entirely determined 
by Art. 505., rince the unit of measure, or the tri-rectangular 
triangle, has now been estimated as a plane surface. 



TBJBOREM. 



538. The surface of any spherical zone is equal to its edtitude 
multiplied by the circumference <^ a great drde. 

Let FF be any arc less or greater than a quadrant ; and 
let F6 be drawn perpendicular to the radius EC : the zone 




with one base, described by the revolution of the arc EF 
about EC, will be measured by EG. XceVc. EC. 

For, suppose first, that this tone is measured by something 
less ; if possible, by EGXcircCA. In the arc EF, inscribe 
a portion of a regular polygon EMNOPF, whose sides shall 
not reach the circumference described with the radius CA ; 
and dfitw CI perpendicular to EM. By (533.) the surface 
described by the polygon EMF turning about EC will be 
measured by EGxcfrc. CI. This quantity is greater than 
EGxcirc. AC, which by hypothesis is the measure of the 
zone described by the arc EF. Hence the surface described 
by the polygon EMNOPF must be greater than the surface 
described by EF the circumscribed arc ; whereas this latter 
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surface is greater than the former, because it envelopes it on 
all sides ; hence, in the first place, the measure of any spheri- 
'cal zone with one base cannot be less than the altitude multi- 
plied by the circumference of a great circle. 

We are now to shew that the measure of this zone cannot 
be greater than its altitude multiplied by the circumference of 
a great circle. For suppose the zone described by the revo- 
lution of the arc AB about AC to be the proposed one ; and 
if possible, let zoTie AByADXcirc.AC- The whole surface 
of the sphere composed of the two zones AB, BH is measured 
by ARXcirc. AC (535.), or by AD X arc. AC+BHX circ. 
AC; hence if we have zone AB 7 AD X arc. AC, we must 
also have zone BH^lDHX arc. AC; which cannot be the 
case, as we have shown above. Hence, in the second place, 
the measure of a spherical zone with one base cannot be 
greater than the altitude of this zone multiplied by the cir- 
cumference of a great circle. 

Hence, finally, every spherical zone with one base is mea- 
sured by its altitude multiplied by the circumference of a 
great circle. 

Let us now examine j^ 

any zone with two bases, 
described by the revo- 
lution of the arc FH 
about the diameter DE. 
Draw FO, HQ perpen- 
dicular to this diame- 
ter. The zone describ- ^ 
ed by the arc FH is the^ 
difierence of the two 
zones described by the 
arcs DH and DF ; the 
latter are respectively 
measured by DQXarc. 
CD and DO Xcirc. CD; 
hence the zone described by FH has for its measure (DQ — 
DO) X arc. CD, or OQX arc. CD. 

Hence any spherical zone, with one or two bases, is mea- 
sured by its altitude multiplied by the circumference of a great 
circle. 

539. Cor» Two zones, taken in the same sphere or in 
equal spheres, are to each other as their altitudes ; and any 
zone is to the surface of the sphere as their altitudes ; and any 
zone is to the surface of the sphere as the altitude of that 
zone is to the diameter. 




BOOK vm. 



1*17 




THEOREM. 

540. If a triangle and a rectangle^ hamng the fame base and the 
same idtUude, turn simultaneously about the common base^ the 
sdid described by the revolution of the triangle wiU be a third of 
the cylinder described by the revolution of the reetangle* 

Let ACB be the triangle, aad BE the rectangle. 

On the axis, let fall the perpen- -p 
dicular AD : the cone described by 
the triangle ABD is the third part 
of the cylinder described by the 
rectangle AFBD (524.) ; also the 
cone described by the triangle ADC 
is the third part of the cylinder de- 
scribed by the rectangle ADCE ; hence the sum of the two 
cones, or the solid described by ABC, is the third part of the 
two cylinders taken together, or of the cylinder described by 
the rectangle BCEF. 

If the perpendicular AD falls without ^^ E A 

the triangle ; the solid described by ABC 
will, in that case, be the difference of 
the two cones described by ABD and 
ACD ; but at the same time, the cylin- ^ 
der described by BCEF will be the difference of the two cyl- 
inders described by AFBD and AECD. Hence the solid, 
described by the revolution of the triangle,, will still be a 
third part of the cylinder described by the revolution of the 
rectangle having the same base and the same altitude. 

541. Scholium. The circle of which AD is radius has 
for its measure ^X AD ^ ; hence «'XAD*XBC measures the 
cylinder described by BCEF, and a«'XAD*XBC measures 
the solid described by the triangle ABC. 




PROBLEM. 



M2. If a triangle be supposed to perform a revolutufn about a line 
drawn ai unU without the triangle^ but through Us vertex^ 
to find the measure of the solid so produced. 
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Let CAB be the triangle, and CD the line about which it 
revolves. 

Produce the side AB till it 
meets the axis CD in D ; from 
the points A arid B, draw AM, 
BN perpendicular to the axis. 

The solid described by the 
triangle CAD is measured (540.) C ^- M.KIIS' 
by ^flrXAM^XCD ; the solid described by the triangle CBD 
is measured by ^flrXBN'X CD; hence the difference of those 
solids, or the solid described by ABC, will have for its mea- 
sure ^<AM«—BN»)XCD. 

To this expression another form may be given- From I, 
the middle point of AB, draw IK perpendicular to CD ; and 
through B, draw BO parallel to CD : we shall have AM + 
BN=2IK (178.), and AM— BN=AO; hence (AM+BN) 
X (AM— NB), or AM«— BN^ =2IKX AO (184.). Hence the 
measure of the solid in question is expressed by firXlKxAO 
XCD. But if CP is drawn perpendicular to AB, the tri- 
angles ABO, !DCP will be similar, and give the proportion 
AO : CP : : AB : CD ; hence AO X CD = CPX AB ; but 
CPxAB is double the area of the triangle ABC ; hence 
we have A0XCD=2ABC; hence the solid described by 
the triangle ABC is also measured by f^rxABCxIK, or 
which is the same thing, by ABCX|circ# IK, circ. IK being 
equal to 2«'XIK. Hence the solid described by the revohdion 
of the triangle ABC^ has for its measure the area of this tri- 
angle multiplied by two thirds of the circwnference traced by 
I, the midMe poind of the base. . 

543. C(yr. If the side 
AC=CB, the line CI will 
be perpendicular to AB, the 
area ABC will be equal to 
ABX JCI, and the solidity 
frXABCXiK will become 
i^XABXlKxCL But the 
triangles ABO, CIK are si- q* 
milar and give the propor- 
tion AB ! BO or MN : : CI : IK ; hence AB XlK==MNxCI ; 
hence the solid described by the isosceles triangle ABC will 
have for its measure fflrXMNxCP. 

544. SchoUum* The general solution appears to include 
the supposition that AB produced will meet the axis ; but the 
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results would be equally true, though AB were parallel to 
the axis. 

Thus, the cylinder described by p a B 

AMNB is equal to *• AM* .MN; the cone 
described by ACM is equal to i^r.AM^ 
X CM, and the cone described by BCN 
to JflT. AM X 2CN. Add the first two solids 
and take away the third ; we shall have ^ 
the solid described by ABC equal to ^r. 
AM^(MN+iCM— |CN) : and since CN— CM=MN, this 
expression is reducible to flr.AM^.fMN, or |«',CP«,MN; which 
agrees with the conclusion found above. 




THEOREM. 

545. If from the centre of a regular polygon lines be drawn to the 
two extremities of any portion of the perimeter terminated at ttoo 
angular points of the polygon^ and through the centre any dia- 
meter he drawn leaving the whole of this polygon sector on the 
same side cf it; then, if the sector he supposed to perform a 
revolution about this diameter y the solid so described will be equi- 
valent to a cone^ whose base is the inscribed circle^ and altitude 
double the distance between the perpendiculars let fall from the 
extremities of the polygonal linCy on the diameter » 

Let the polygonal sector AOD, 
of the regular polygon FAB, &c. 
be revolved about FG; if lO be the 
radius of the inscribed circle, the so- 
lid described will be equivalent to 
f^^.IO^MQ ; or, i*.I0'.2MQ. 

For, since the polygon is regular, 
all the triangles AOB, BOC, &c. 
are equal and isosceles. Now, by C 
the last Corollary, the solid pro- 
duced by the isosceles triangle AOB 
has for its measure f ir.OPMN ; the 
solid described by the triangle BOC 
has for its measure f* , OF.NP ; 
and the solid described by the tri- 
angle COD has for its measure I'^r. 
OP.PQ : hence the sum of those so- 
lids, or the whole solid described by 

the polygonal sector AOD, will have for its measure f flf.OP. 
(MN+NP+IQ); or,|*OP.MQ; or, i'rOP.2MQ ; or equal 
to a cone whose base is mrf 01 and altitude 2MQ. 
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546. Every ipkeriedl seetw U measurei by ihe atone wkiek forms 
its hose muUiplied by the third of ike radiue ; and ihe whcie 
sphere has for Us measure a third of the radius^ rnvJUiplied by 
Us surface. 

Let ABC be the circular sector, which, by its rerolotioB 
about AC, describes the spherical sector : the lone described 
by AB being ADXCTr<:.AC, or 2flr.AC.AD, we are to shew 
that this sone multipHed by i of AC, or that |*.AC«.AD, 
will measure the sector. 
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Titsif suppose, if possible, that f^r.AC^AD is the measure 
of a greater spherical sector, say of the spherical sector des- 
cribed by the circular sector ECF similar to ACB. 

In the arc EF, inscribe a portion of a regular polygoo, 
EMNOP, such that its sides shall not meet the arc AB ; theB 
imagine the polygonal sector ENFC to turn about EC, at 
the same time with the circular sector ECF. Let CI be a 
radius of the circle inscribed in the polygon ; and let F6 be 
drawn perpendicular to EC. The solid described by the po- 
lygonal sector will (545.) have for its measure |CP. EG ; 
but CI is greater than AC by construction ; and EG is greater 
than AD ; for joining AB, EF, the similar triangles EFG, 
ABD give the prqjortion EG : AD : : FG : BD : : CF : CB; 
hence EG 7 AD. 
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For this double reason, f^^CI*. EG is greater than }«'.CA'. 
AD. the first is the measure of the solid described by the 
polygonal sector ; the second, by hypothesis, is that of the 
spherical sector described by the circular sector £CF : hence 
the solid described by the polygonal sector must be greater 
than the spherical sector ; whereas, in reality, it is less, being 
contained in the latter : hence our hypothesis was false ; hence, 
in the first place, the zone or base of a spherical sector multi* 
plied by a third of the radius, cannot measure a greater sphe- 
rical sector. 

We are next to shew that it cannot measure a less spherical 
sector. Let C£F be ^the circular sector, which, by its revo* 
lution, generates the given spherical sector ; and suppose, if 
possible, that f^.CE'.EG is the measure of some smaller sphe^* 
rical sector, say of that produced by the circular sector ACB« 

The construction remaining as above, the solid described 
by the polygonal sector will still have for its measure J^.d*. 
EG. But CI is less than CE: hence the solid is, less than 
f«'.CE'.EG, which, according to our supposition, is the mea- 
sure of the spherical sector described by the circular sector 
ACB. Hence the solid described by the polygonal sector must 
be less thsm the spherical sector described by ACB ; whereas, 
in reality, it is greater, the latter being contained in the for- 
mer. Hence, in the second place, it is impossible that the 
zone of a spherical sector, multiplied by a third of the radius, 
can be the measure of a smaller spherical sector. 

Hence, every spherical sector is measured by the zone which 
farms its base, multiplied by a third of the radius. 

A circular sector ACB may increase till it becomes equal 
to a semi-circle : in which case, the spherical sector described 
by its revolution is the whole sphere. Hence the solidity of a 
sphere is equal to its surface midtiplied bg a third of the ran 



547. Cor. The surfaces of spheres being as the squares of 
their radii, tiiese surfaces being multiplied by the radii, shews 
their solidities to be as the cubes of the radii. Hence the so^ 
Udities of two spheres are as tlie cubes of their radii, or as the 
cubes of their diameters. 

548. Scholium. Let R be the radius of a sphere, its sur- 
face will be 4^R* ; its solidity 4^R«X}R, or i^.R^ If the 
diameter is named D, we shall have R=JD, and R^=JD3 ; 
hence the solidity may likewise be expressed by ^*XiD*, 
or i«'D ^ 
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549. The surface of a sphere is to the whole surface of the cir- 
cumscribeS cylinder (including its bases) as 2 is to S. The so- 
lidities of these two bodies are to each other in the same ratio^ 

Let MPNQ be a great circle of 
the sphere ; ABCD the circumscribed j^ 
square : if the semicircle PMQ and 
the half square PADQ are at the 
same time made to revolve about the 
diameter PQ, the semicircle will ge- 31 
nerate the sphere, while the half square 
will generate the cylinder circumscri- 
bed about that sphere. j^ 

The altitude AD of that cylinder is 
equal to the diameter PQ ; the base 
of the cylinder is equal to the great circle, its diameter AB 
being equal to MN ; hence (523.), the convex surface of the 
cylinder is equal to the circumference of the great circle mul- 
tiplied by its diameter. This measure (535.) is the same as 
that of file surface of the sphere : hence the surface of the 
sphere is equal to the convex surface of the circumscribed cylin- 
der. 

But the surface of the sphere is equal to four great circles; 
hence the convex surface of the cylinder is also equal to four 
great circles : and adding the two bases, each equal to a great 
circle, the total surface of the circumscribed cylinder will be 
equal to six great circles ; hence the surface of the sphere 
is to the total surface of the circumscribed cylinder as 4 is to 
6, or as 2 is to 3 ; which was the first branch of our Propo- 
sition. 

In the next place, since the base of tlie circumscribed cylin-- 
der is equal to a great circle, and its altitude to the diameter, 
the solidity of the cylinder (516.) will be equal to a great 
circle multiplied by its diameter. But (546.), the solidity of 
the sphere is equal to four great circles multiplied by a third 
of the radius, in other terms, to one great circle multiplied 
by I of the radius, or by f of the diameter ; hence the sphere 
is to the circumscribed cylinder as 2 to 3, and consequently 
the solidities of these two bodies are as their surfaces. 

550. Scholium. Conceive a polyedron, all of whose faces 
touch the sphere ; this polyedron may be considered as form- 
ed of pyramids, each having for its vertex the centre of the 
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sphere, and for its bate one of the polyedron's faces. Now 
it is evident that all these pyramids will have the radius of the 
sphere for their common altitude : so that each pyramid will 
be equal to one face of the polyedron multiplied by a third of 
the radius : hence the whole polyedron will be equal to its 
surface multiplied by a third of the radius of the inscribed 
sphere. 

It is therefore manifest, that, the solidities of polyedrons 
circumscribed about the sphere are to each other as die surfaces 
of those polyedrons. *rhus the property, which we have 
shown to be true with regard to the circumscribed cylinder, 
is also true with regard to an infinite number of other bodies. 

We might likewise have observed that the surfaces of poly- 
gons, circumscribed about the circle, are to each other as their 
perimeters. 



PROBLBM. * 

561. If a circular segment he supposed to make a revolution about 
a diameter exterior to it, required the value of the solid so pro- 
duced. 

Let the segment BMD revolve about AC. 

* 

, On the axis, let fall the perpendiculars 
BE, DF ; from the centre C, draw CI 
perpendicular to the chord BD; also 
draw the radii CB, CD. 

The solid described by the sector BC A 
is equal toK CB^.AE (546.) ; the solid 
described by the sector DCA=fflr'. CB.* 
AF ; hence the difference of these two ^C 

solids, or the solid described by the sector DCB=f«'.CB*. 
(AF— AE)=K CB».EF. But the solid described by the 
isosceles triangle DCB (543.) has for its measure J*.Cl3.EF; 
hence the solid described by the segment JBMD=:Jflr.EF. 
(CB* — CI*). Now, in the right-angled triangle CBI, we 
have CB*— CP=BP=iBD* ; hence the soUd described by 
the segment BMD will have for its measure Jir.EF.iBD*, 
ori*.BD*.EF. 

b52. SchoUum. The solid described by the segment BMD 
is to the sphere, which has BD for its diameter, as i«'*BD*.EF 
is to i^'JSDS or as EF to BD. 
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653. Every segment of a spJiere, included between two paratkl 
planes^ is measured by the half-sum of its bases multiplied by its 
dltilude^ plus the solidity of a sphere whose diameter is this same 
dUitude* 

Let BE, DF (see the preceding figure), be the radii of the 
segment's two bases, £F its altitude, the segment being, pro- 
duced by the revolution of the circular space BMDFE about 
the axis F£- The solid described by the segment BMD is 
equal to ^.BD*.EF (552.) ; and (5270 the truncated cone 
described by the trapezoid BDFE is equal to K EF (BE»+ 
DF*-hBE.DF) ; hence the segment of the sphere, wMch is 
the sum of those two solids, must be equal to |«'.EF* (2BE'+ 
2DF»+2BE.DF+BD). But, drawing BO paraUel to EF, 
we shall have DO=:DF— BE, hence (182.) DO»=DF -42 
DF.BE+BE» ; and consequently BD'=BO'+DO'=EF»+ 
DF— 2 DF.BE+BE". Put this value in place of BD^ in 
the expression for the value of the segment, omitting the parts 
which destroy each other ; we shall obtain for the solidity of 
the segment, 

J*EF. (3 BEH 3 DF+ EP), 
an expression wnsch may be decomposed into two parts ; the 

one, ^*.EF. (3BEH3DP), orEF( ^'°^'"^^''^^ ) being 

the half sum ofdie bases multiplied by the altitude ; while 
the other ^^r. EFrepresents (548.) the sphere of which EF is 
the diameter : hence every segment of a sphere, &;c. 

554. Cor* If either of the bases is nothing, the segment 
in question becomes a spherical segment with a single base ; 
hence any spherical segment^ vdth a single base^ is equivalent 
to half the cylinder having the same Imse and the same altitude^ 
plus ike sphere of which this altitude is the diameter. 

General Scholium. 

555. Let R be the radius of a cylinder's base, H its alti- 
tude : the solidity of the cylinder will be flrR^XH, or nrR'H* 

Let R be the radius of a cone's base, H its altitude : the 
solidity of the cone will be <R'XiH, or JflrRTI. 
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Let A and B be the radii of the bases of a truncated cone, 
H its altitude : the solidity of the truncated cone will be ^. H. 
(A'' + B +AB). 

Let R be the radius of a sphere ; its solidity will be ffl'R". 

Let R be the radius of a spherical sector, H the altitude of 
the zone, which forms its base : the solidity of the sector will 
bef^RH. % 

Let P and Q be the two bases of a spherical segment, H its 

altitude: the solidity of the segment will be ^ .H-f Jir.H^-* 

If the spherical segment has but one base, the other being 
nothing its solidity wiU be iPH+j^fl'. 



APPENDIX TO BOOKS VI. AND VII. 



OP SPHERICAL ISOPERIMETRICAL POLYGONS. 



THEOREM. 

556. Let S be the number of solid angles in a polyedrony H the 
number of its faces ^ A the number of its edges ; then in all cases 
we shall have S+H=A+2. 

Within the polyedron, take a point, from which draw 
straight lines to the vertices of all its angles ; conceive next, 
that from the same point as a centre, ^a spherical surface is 
described, meeting all tliese straight lines in as many points ; 
join these points by arcs of great circles, so as to form on the 
surface of the sphere polygons corresponding in position and 
number with the faces of the polyedron. Let ABODE be 
one of these polygons, n the number of its sides ; its surface 
will be 8 — 2n H- 4, « being the sum of the angles A, B, C, D, E. 
(506.) If the surface of each polygon is estimated in a simi- 
lar manner, and afterwards the whole are added together, we 
shall find their sum, or the surface of the sphere, represented 
by 8, to be equal to the sum of all the angles in the polygons 
minus twice the number of their sides, pltis 4, taken as many 
times as there are faces. Now, since all the angles which 
lie round any one point A are equal to four right angles, the 
^um of all the angles in the polygons must be equal to 4 taken 

31 



$98 GEOMETRY. 

as many times as there are solid angles ; it is therefore eqaal 
to 4S. Also, twice the number of sides AB, BC, CD, &c. 
is equal to four times the number of edges, or to 4A ; be- 
cause the same edge is always a side in two faces. Hence 
we have 8=4S— 4A + 4H; or dividing all by 4, we have 
2=S— A+H; hence S + H=A + 2. 

557. Car. From this it follows, that the sum of all the 
plane angles^ which form the solid angles of a poUgedrams^ is 
equal to as many times four right angks as there are umis in 
S- — 2, S being the number of solid armies in the polyedron. 

For, examining a face the number of whose sides is n, the 
sum of the angles in this face (79.) will be 2n — 4 right an- 
gles* But the sum of all these 2fi'«, or twice the number of 
sides of all the faces will be 4A .; and 4 taken as many times 
as there are faces, will he 4 H : hence the sum of the angles in 
all the faces is 4A — 4H. Now by the Theorem just demon- 
i^trated, we have A — H = S — 2, and consequently 4A — 4H=4 
(3—2). Hence the sum of all the plane angles^ &c. 



THEOREM. 

558. Of all the spherical triangles formed vrith ttoo given sides, 
and a third assumed at pleasure, the greatest is the one in.wkich 
the angle contained by the given sides, is equal to the sum of the 
two other angles of the triangle. 

Let AC, CB, be the given sides, and C the contained angle. 

Produce the ^ 

two sides AC, ^ — '*" 7 

AB till they -_::::^^ ^t^a: 

meet in D' ; you j, , V ---^^ \ ' v / 7 

will have a sphe- j y<^/^^^^^^L^ 

rical triangle, Y :/->?^\ \ 

BCD', in which ,A ///' • .V• 
theangleDBC PM ^- ^ 
will also be equal \^'' ^ .^^^-^^^""""^ "" 
to the sum of D 

the two other angles BD C, BCD'. For, BCD' + BC A' being 
equal to two right angles, and likewise CBA'+CBD', we have 
BCD'+BCA=CBA +CBD'; and adding on both sides BD'C 
=BA'C, we shall have BCD+BCA +BDC=CBA+CBD' 
+B A C. Now, by hypothesis, BC A' = CBA' + BA C ; hence 
CBD'=BCD+BDC. 

Draw BI, making the angle CBI=BCD', and consequently 
IBD=BD'C ; the two triangles IBD, IBC will be isosceles. 
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and we shall have IC=IB=ID'. Hence the point I, is at 
equal distances from the three points B, C, D'. 

Now, suppose CA 
==CA', and the an- V^ 

gleBCAzBCA;if p 
AB be joined and 
the arcs AC, AB 
produced till they 
meet in D, the arc j}< 
DC A will be a se- 
micircumference, as 
well as DC A' ; therefore, since we have CA=CA', we shall 
also have CD=CD. But in the triangle CID, we have CI 
+ID7CD ; hence ID 7 CD— CI, or ID 7 ID'. 

In the isosceles triangle CIB, bisect the angle I at the ver- 
tex, by the arcEIF, which will also bisect BC at right angles. 
If a point L is assumed between I and E, the distance BL, 
equal to LC, will be less than BI ; for it might be shown as 
in Art 41. that BL+LC^BI-hlC ; and taking the halves 
of each, that BL^ BI. But in the triangle DLC, we have 
DL7DC— CL, and still more DL7DC— CI, or DL7DI, 
orDL>BI; hence DL>BL. Hence if in the arc EIF, 
we seek for a point equally distant from the three points B, 
C, D, it can only be found in the prolongation of EI towards 
F. Let r be the point required, such that we have Dr==Br 
=Cr ; the triangles rCB, I CD, TBD being isosceles, we 
shall have die equal angles I BC=rCB, IBD=IDB, rCD = 
I DC. But the angles DBC + CBfA are equal to two right 
angles, and likewise DCB + CBA are equal to two right an- 
gles ; hence 

DBr+rBC+CBA=2 
BCI— ICD + BCA=2. 

Add the two sums, observing that I BC=BCr, and DBI'— 
rCD=:BDr— rDC=CDB=CAB ; we shall have 

21BC-hCAB+CBA+BCA=4. 
Hence CAB+CBA+BCA — 2 (which measures the area of 
the triangle ABC (501.) =2 — 2IBC ; so that we have area 
A'BC=2— 2 angle I BC ; likewise, in the triangle ABC, we 
should have area ABC =2 — 2 angle IBC. Now the angie 
I BC has already been proved greater than IBC ; hence the 
area ABC is less than A'BC. 

The same demonstration would lead to the same conclusion, 
if taking always the arc CA=CA', the angle BCA (see the 
figure of the last page) were made greater than BCA' ; hence 
A BC is the greatest of all those triangles, having two fides 
given^ and the third to be assumed at will. 
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559. Scholium. The triangle ABC, 
the greatest of all those which have two 
given sides CA, CB, may be inscribed in ^1 
a semicircle, the diameter of which is the 
chord of the third side AB ; for O being 
the middle point of AB, the distances OC, 
OB, as we have seen, are equal ; hence the 
circumference of a small circle described 
from the point O as a pole, with the dis- 
tance OB, will pass through the three points A, B, C. More- 
over, the straight line AB is a diameter of this small circle ; 
for the centre, which must lie at once in the plane of the small 
circle, and (456.) in the plane of the arc of the great circle 
BOA, must of necessity be found in the intersection of those 
two planes, which is the straight line BA ; hence BA will be 
a diameter. 

560. Scholium 2. In the triangle ABC, the angle C being 
equal to the sum of the other two A and B, the sum of all 
the three angles must be double of the angle C. But (489.) 
that sum is always greater than two right angles ; hence C is 
always greater than one. 

561. Scholium 3. If the sides CB, CA are produced till 
they meet in E, the triangle BAE will be equal to the fourth 
part of the surface of the sphere. For the angle E— C=^ 
ABC + CAB; hence theUhree angles of the triangle BAE 
are equivalent to the four ABC, ABE, CAB, BAE, whose 
sum is equal to four right angles ; hence (505.) the surface of 
the triangle BAE=4 — ^2=2, which is the fourth part of the 
surface of the sphere. 

562. Scholium 4. There could be no maximum^ if the 
sum of the two given sides CA, CB were equal to, or greater 
than, the half-circumference of a great circle. For, since 
the triangle ABC must be capable of being inscribed in a 
semicircle of the sphere, the sum of the two sides BA, CB 
will be less (460.) than the semicircumference BCA, and con- 
sequently less than half the circumference of a great circle. 

The reason why there can be no maximum, when the sum of 
the two given sides is greater than the semicircumference of 
a great circle, is, that in this case the triangle continues to 
augment as the angle contained by its two given sides aug- 
'ments ; and at last, when this angle becomes equal to two 
right angles, the three sides lie all in the same plane, and 
form a whole circumference ; the spherical triangle has then 
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increased to a hemisphere, but it has at the same time ceased to 
be a triangle. 




THEOREM. 

563. Of all the spherical triangles formed with a given side and 
a given perimeter, the greatest is thai in which the two undeter- 
mined sides are equal. 

Let AB the given side be com- 
mon to the two triangles ACB, 
ADB, and let AC + CB=.AD + 
DB ; we are to show that the isos- 
celes triangle ACB, in which AC 
=CB, is greater than ADB, which 
is not isosceles. 

Since those triangles have the 
common part AOB, it will be 
enough to prove that the triangle 
BOD is less than AOC. Now, 
the angle CBA, equal to CAB, is greater than OAB ; there- 
fore (497.) the side AO is greater than OB. Take OI=OB, 
make OK=:OD, and join KI ; the triangle OKI (497.) will 
be equal to DOB* Now if the triangle DOB, or its equal 
KOI, is not admitted to be less than OAC, it must be either 
equal or greater ; in both which cases, since the point I lies 
between A and O, the point K must be found in the prolon- 
gation of OC, otherwise the triangle OKI were contained in 
the triangle CAO, and therefore less than it. This granted, 
since the shortest path from C to A is CA, we have CK-f-KI 
+IA CA. ButCK^OD— ( O, AI=AO— OB, KI=BD; 
.hence OD— CO + AO— OB + BD>CA, or by reduction, 
AD— CB+BD7CA, or AD + BD>CA + CB. But this 
inequality is at variance with the supposition of AD + BD= 
CA-f CB ; hence the point K cannot fall in the prolongation 
of OC ; hence it falls between O and C, and consequently the 
triangle KOI or its equal ODB is less than ACO ; hence the 
isosceles triangle ACB is greater than ADB, which is not 
isosceles, and has the same base and perimeter. 

564. Scholium. The last two Propositions are analogous 
to Art. 63 and 69, of the Appendix to Book IV.; and from 
them may be deduced, in regard to spherical polygons, the 
same consequences as we found above to be true with regard 
to rectilinear polygons. The chief are as follows : 
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565. Of aU ike iioperimebiad pdljfgcm hairing a given 
mmberof sides ^ the greatest is an equUateral polygon. 

Same demonstration as in Art. 301. 

566* Of aU the spherical pciygonSy formed with sides all 
given except one, which may be assumed at pleasure j the great- 
est is that polygon which may be inscribed in a semicircle, hav- 
ing for iis diameter the chord of the undetermined side. 

The demonstration is deduced from Art. 559, in the man- 
ner exhibited in Art. 303. It is requisite for the existence of 
a maximum, that the sum of the given sides be less than the 
semicircumference of a great circle. 

567. T%e greatest of aU the spherical polygom, formed 
trith given sides, is that which can be inscribed in the drdt of 
the sphere. 

Same demonstration as in Art. 303. 

568. The greatest of all the spherical polygons, having 
ihe same perimeter and the same number of sides, is that whiai 
has its angles equal and its sides equal. 

This results from the^r<^ and the tidrd of these corollaries. 

Note. All the propositions about maxima in spherical po- 
lygons, are, at the same time, applicable to solid angles, of 
which those polygons are the measures. 



THE REGULAR POLYEDRONS. 

569. There can only be five regular pofyedrans. 

For, regular pofyedrons were defined as having equal regu- 
lar polygons for tlieir faces, and all their solid angles equal. 
These conditions cannot be fulfilled except in a smsdl number 
of cases. 

FHrsi. If the faces are equilateral triangles, polyedrons 
may be formed of them, having solid angles contained by three 
of those triangles, by four, or by five : hence arises three re^ 
enlwthf>^SfAetetraedrom,^octaedrmjiheicosaeirott. No 
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other can be formed with equilateral triangles ; for six angles 
of such a triangle are equal to four right angles, and (356«) 
cannot form a solid angle. 

Secondly. If the faces are squares, their angles may be 
arranged by threes : hence results the hexaedron or cube. 
Four angles of a square are equal to four right angles, and 
cannot form a solid angle. 

Thirdly. In fine, if the faces are regular pentagons, their 
angles likewise may be arranged by threes : the regular dode* 
caedran will result. 

We can proceed no farther : three angles of a regular hex- 
agon are equal to four right angles ; three of a heptagon are 
greater. 

Hence there can only be five regular polyedrons ; three 
formed with equilateral triangles, one with squares, and one 
with pentagons. 

570. Scholium. In the following Proposition, we shall 
prove that these five polyedrons actually exist ; and that all 
their dimensions may be determined, when one of their face^ 
is known. 



. PROBLEM. 

671. One of the faces of a regular polyedron being given, or only 
a side of U, to construct the polyedron. 

This Problem subdivides itself into five, which we shall now 
solve in succession. 

Construetion of the Tetraedron. 

B12. Let ABC be the equilateral tri- 
angle which is to form one face of the 
tetraedron. At the point O, the centre 
of this triangle, erect OS perpendicular Af 
to the plane ABC ; terminate this per- 
pendicular in S, so that AS-=AB ; join 
SB, SC : the pyramid SABC will be the 
tetraedron required. 

For, by reason of the equal distances 
OA, OB, OC, the oblique lines SA, SB, SC are equally re* 
moved fi'om the perdendicular SO, and consequently equal. 
One of them SA=AB ; hence the four faces of the pyramid 
SABC are triangles, equal to the given triangle ABC. And 
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the solid angle of this pyramid are all equal, because each of 
them is formed by three equal plane angles: hence this pyra- 
mid is a regular tetraedron. 

Construction of the Hexaedron* 

573. Let A BCD be a given square. On ^ 
the base A BCD, construct a right prism 
whose altitude AE shall be equal to the side 
AB. The faces of this prism will evidently 
be equal squares ; and its solid angles all 
equal, each being formed with three right 
angles : hence this prism is a regular hex- 
aedron or cube. 



D 



m 



\ 





Construction of the Octaedron. 

574. Let AMB be a given equi- 
lateral triangle. On the side AB, 
describe a square A BCD ; at the 
point O, the centre of this square, 
erect TS perpendicular to its plane, 
and terminating on both sides in T 
and S, so that OT = OS=OA ; then 
join SA, SB, TA, &c. : you will 
have a solid SABCDT, composed 
of two quadrangular pyramids 
SABCD, TABCD, united toge- 
ther by their common base ABCD; this solid will be the re- 
quired octaedron. 

For, the triangle AOS is right-angled at O, and likewise 
the triangle AOD ; the sides AO, OS, OD are equal ; hence 
those triangles are equal, hence AS=AD. In the same man- 
ner we could shew, that, all the other right-angled triangles 
AOT, BOS, COT, &c. are equal to the triangle AOP ; hence 
all the sides AB, AS, AT, fac. are equal, and therefore the 
solid SABCDT is contained b^ eight triangles, each equal to 
the given equilateral triangle ABM. We have yet to shew 
that the solid angles of this polyedron are equal to each other; 
that the angle S, for example, is equal to the angle B. 

Now, the triangle SAC is evidently equal to the triangle 
D AC, and therefore the angle ASC is right ; hence the figure 
SATC is a square equal to the square ABCD. But, com- 
paring the pyramid BASCT with the pyramid SABCD, the 
base ASCT of the first may be placed on the base ABCD of 
the second ; then, the point O bemg their common centre, the 
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aldtnde OB of the first wUl^;oincide with tfie altitude OS of 
the second ; and tiie two pyramids will exactly apply to each 
other in all points ; hence the solid angle S is equal to the 
solid angle B ; hence the solid SABCDT is a regular octae- 
dron. 

575. Scholium* If three equal straight line? AC, BD, ST 
are perpendicular to each other, and bisect each other, the ex- 
tremities of these straight lines will be the vertices of a regu- 
lar octaedron. 



Construction of the Dodecaedron. 

676. Let ABCDE be a given regular pentagon ; let ABP, 
CBP be two plane angles each equal to the angle ABC. 
With these plane angles form the solid angle B ; and by Art. 




361., determine the mutual inclination of two of those planes ; 
which inclination we shall name K. In like manner, at the 
points C, D, E, A, form solid angles equal to the solid angle 
B, and similarly situated : the plane CBP will be the same 
as the plane BCG, since both of them are inclined at an 
equal angle K to the plane ABCD1 Hence in the plane 
PBCG, we may describe the pentagon BCGFP, equal to the 
pentagon ABCDE. If the same thing is done in each of the 
other planes CDI, DEL, &c., we shall have a convex surface 
PEGH, fcc. composed of six regular pentagons, all equal, 
and each inclined to its adjacent plane by the same quantity 
K. Ltet pfgh, he. be a second surface equal to PFGH, &c. ; 
we assert that these two surfaces may be joined so as to form 
only a single continuous convex surface. For the angle opf, 
for example, may be joined to the two angles OPB, BPF, to 
make a solid angle P equal to the angle B ; and in this junc- 
tion, no change will take place in the inclination of the planes 
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BPF, BPO, thut iq^ation beiag already sucli a^is r6(|aiced 
to form the solid angle. But whilst the solid fingle |? is form- 
ing, the side pf will apply itself to its equal PF| and a^ fhe. 
pointF will be found three plane angles PF0,j^,6/^, ignited and 
forming a solid angle equal to each of the solid angles already 
formed : and this junction, like the former, will take place 
without producing any change either in the state of the angle 
P or in that of the surface efghf &c« ; for the planes PFGt 
ejp already joined at P, have the requisite inclination K, as 
well as the planes efgy efp. Continuing the compagrison, in 
this way, by successive steps, it appears that the two surfaces 
will adjust themselves completely to each other, and form a 
single continuous convex surface ; which will be that of the 
regular dodecaedron, since it is composed of twelve equal 
regular pentagons, and has all its solid aAgles equal. 




Comtructian of ihe Icasaedran. 

677. Let ABC 
be one of its faces. 
We must first form 
a solid angle with 
five planes each 
equal to ABC, and 
each equally in- 
clined to its adja- 
cent one. To effect 
this, on the side B'C, equal to BC, construct the regular 
pentagon B'C'HTD' ; at the centre of this pentagon, draw a 
Cue at right angles to its plane, and terminating in A', so that 
B'A'=B'C'; join A'C, AH', AT, A'D': the solid angle 
A/ forqaed by the five planes B'AC', C'A'H', fee, will be the 
solid angle required. For the oblique lines A'B', A'C', &c. 
are equal ; one of them A'B' is equal to the side B'C ; hence 
^1 the triangles B'A'C, C'A'H', &lc. are equal to each other 
and the given triangle ABC. 

It is further manifest that the planes B'A'C, C'A'H', &c. 
are each equally inclined to their adjacent planes ; for the 
solid angles B', C, &c. are all equal, being each formed by 
two angles of equilateral triangles, and one of a regular penr 
tagon. Let the inclination of the two planes, in which are the 
equal angles, be named K ; which K may be determined by 
i^. 361. ; the angle K will at the same time be the inclina- 
tion of each of the planes composing the solid angle A.' %o 
%i^ adjacent planes. 
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l^his being granted, if at eacli of the points* A, B, C, a 
soHd angle be ifornied eqiial to the angle A', we sbclll have 
a convex surface DEFG, &c. composed often equilateral tri- 
angles, every one of which will be inclined to its adjacent tri- 
angle by the quantity E ; and the angles D, E, F, be. of 
its contour will alternately combine three angles and two 
angles of equilateral triangles. Conceive a second surface 
equal to the surface DEFG, &c* these two surfaces will 
adapt themselves to each other, if each triple angle of the one 
is joined to each double angle of the other; and, since the 
plclnes of these angles have already the mutual inclination K, 
requisite to form a quintuple solid angle equal to the angle A, 
there will be nothitig changed by this junction in the state of 
either surface, and the two together will form a single con- 
tinuous surface, composed of twenty equilateral triangles. 
This surface will be that of the regular icosaedron^ since all 
its solid anglies are likewise equal. 

PROBLEM. 

578. To Jkd Ae mdinafwn of two aijaeemt fctce$ of a regaUiT 

j^ytdron. 

This inclination is deduced immediately from the construc- 
tion we have just given* of the five regular polyedroas ; taken 
in connexion with Art. 361., by means of which, the three 
plaiie angles that form a solid angle being given, the angle 
which two iA these plane angles form with each other may be 
determined. 

In the tetraedron. Each solid angle is formed of three an- 
gles of equilateral triangles; therefore seek, by the Problem 
referred to, the angle which two of these planes contain be- 
tween them : it will be the inclination of two adjacent faces 
of the tetraedron. 

£i the hexaedroun The angle contained by two a<yacent 
faeetf is a right angle* 

In the octaedron. Form a solid angle with two angles of 
equilateral triangles and a right angle : the inclination of the 
two planes, in which the triangular angles lie, will be that of 
two adjacent faces of the octaedron. 

In the dodecaedron. Every solid angle is formed with 
thr^e angles of regular pentagons: the inclination of the 
planes of t#o of these angles, #iU be Aat of two adjacent fates 
<if flie dodecaedron. 
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In ike tcosaedran. Form a solid angle with two angles^ of 
equilateral triangles and one of a regular pentagon ; the in- 
clination of the two planes, in which the triangular an^^es lie, 
will be that of two adjacent faces of the icosaedron* 




PROBLEM. 

579. The Me of a regular polyedron being given^ to find tie radii 
of ike spheres^ ineerUfed in tkU polpedron and circmMcribing U. 

« 

It must first be shown, that every regular 
polyedron is capable of being inscribed in a 
sphere, and of being circumscribed about it* 

Let AB be the side common to two adja* C\ 
cent faces ; C and £ the centres of those 
faces; CD, ED the perpendiculars let fall 
from these centres upon the common side AB, 
and therefore terminating in D the middle 
point of that side. The two perpendiculars 
CD, D£ make with each other an angle 
which is known, being the inclination of two 
adjacent faces, and determinable by the last 
Problem. Now, if in the plane CDE, &t right 
angles to AB, two indefinite lines CO and OE be drawn per- 
pendicular to CD and ED, and meeting each other in O ; 
this point O will be the centre of the inscribed and of the cir- 
cumscribed sphere, the radius of the first being OC, that of 
the second OA. 

For, since the apothems CD, DE are equal, and the hy- 
potenuse DO is common, the right-angled triangle CDO must 
(56.) be equal to the right-angled triangle ODE, and the 
perpendicular OC to OE. But, AB being perpendicular to 
the plane CDE, the plane ABC (349.) is perpendicular to 
CDE, or CDE to ABC ; likewise CO, in the plane CDE is 
perpendicular to CD, the common intersection of the planes 
CDE, ABC ; hence (351.) CO is perpendicular to the plane 
ABC. For the same reason, EO is perpendicular to the plane 
ABE ; hence the two straight line% CO, OE, drawn perpen- 
dicular to the planes of two adjacent faces through the cen- 
tres of those faces, will meet in the same point O, and be 
equal to each other. Now, suppose that ABC and ABE re- 
present any other two adjacent faces ; the apothem will still 
continue of the same magnitude ; and ajso the angle CDO, 
the half of CDE : hence the right-angled triangle CDO, and 
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its side CO, will be equal in all the faces of the polyedron; 
iiencey if from the point O as a centre with the radius OC, a 
sphere be described, it will touch all the faces of the polye- 
dron at their centres, the planes ABC, ABE, be. being each 
perpendicular to a radius at its extremity: hence the sphere 
will be inscribed in the polyedron, or the polyedron circum- 
scribed about the sphere* 

Again, join OA, OB : by reason of CA=CB, the two 
oblique lines OA, OB, lying equally remote from the perpen- 
dicular, will be equal ; so also will any other two lines drawn 
from the centre O to the extremities of any one side : hence 
all those lines will be equal ; hence, if from the point O as a 
centre, with the radius O A, a spherical surface be described, 
it will pass through the vertices of all the solid angles' of the 
polyedron ; hence the sphere will be circumscribed about the 
polyedron, or .the polyedron inscribed in the sphere. 

This being settled, the solution of our Problem presents no 
further difficulty, and may be effected thus : 

One face of the polyedron being ^ p 

given, describe that face ; and let CD j^ 
be its apothem. .Find by the last ^ 
Problem, the inclination of two 
adjacent faces of the polyedron, 
and make the angle CDE equal to 
this inclination : take DII=CD ; 
draw CO and EO perpendicular to 
CD and ED respectively : these two 
perpendiculars will meet in the point 
O ; and CO will be the radius of the 
sphere inscribed in the polyedron. 

On the prolongation of DC, take CA equal to a radius of 
the circle, which circumscribes a face of the polyedron ; AO 
will be the radius of the sphere circumscribed about this same 
polyedron. 

For, the right-angled triangles CDO, CAO, in the present 
diagram, are equal to the triangles of the same name in the 
preceding diagram : and thus, while CD and CA are the radii 
of the inscribed and the circumscribed circles belonging to 
any one face of the polyedron, OC and OA are the radii of 
the inscribed and the circumscribed spheres which belong to 
the polyedron itself. 

580. Scholium. From the foregoing Propositions, several 
consequences may be deduced. 

1. Any regular polyedron may be divided into as many 
regular pyramids as the polyedron has faces; the common 
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Ttrtelc of these pjmmids will be the centre of the polyedron ; 
and at the same time^ that of the inscribed and of the circum- 
scribed sphere. 

2. The solidity of a Regular polyedj^on is eqiial to its sur- 
face multiplied by a third part of the Radius of the inscribed 
sphere. 

3. Two regular polyedrons of the same name are two si- 
milar solids, and their homologous dimensions are proportion- 
al: hence the radii of the inscribed or the circumscribed 
spheres are to each other as the sides of the polyedrons. 

4. If a regular polyedron is inscribed in a sphere, the planes 
drawn from the centre, through the different edges, will divide 
the surface of the sphere into as many spherical polygons, all 
equal and similar, as the polyedron has faees* 
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Gn iome Ntfmet ami B^Miiomt, 

SoMS tiievf es^pfessioosimd definitions hare b«eii employed iathiji.Worky 
where they aeeined lifce^ to giye more iiccnracy and precision to g«o- 
metrical language. We mean here to give some account of those ch^ffV^r 
and to propose a few others, which might ^cfsomplij^h the same pvfpose 
more completely. 

In the ordinary definition of the rectangular parcUUlogtum and ot, the 
Mquare^ it is usual to say, that the angles of those figures are right ; it 
would be more correct t^ sav, that their angles are eqn^. For, to sup- 
pose that the four angles of a quadrilateral can be right, ^nd OYon that 
the right angles are equal to each other, is to assupie two propositions 
which require demonstration. This ioconyenience, and several others of 
the same sort, might be avoided, if, instead of placing the defimtions« ac- 
cording to the common practice, at the head of each Book, we were to 
disperse them over the course of the Book, each at the place where all it 
assumes is already proved. 

The word paraHdogramy according to its etymology, signifies parallel 
lines; it no more suits the figure of lour sides^ than ii does that of sii^, 
of eight, &c. which have their opposite sides parallel. In like manner, 
the word paratlelopipedon signifies para//eZ planes; it no more designates 
the solid with Bi}( faces, than the solid with eight, ten, &c. of which the 
opposite faces are parallel. The names, pai^elogram and parailelopi- 
pedon, have the additional inconvenience of being very long. Perhaps, 
therefore, it would be advantageous to banish them altogether from 

geometry ; and to substitute in their stead, the names rhombus and rAovi- 
nd, retaining the term lozenge^ for quadrilaterals whose si^es are all 
«qnal. 

It might also be useful to extend the meaniog of the word inclination ^ 
so as to make it synonymous with angle : both of them indicate a particu- 
lar relation of two lines, or of two planes, which meet together, or would 
meet if produced. The inclination of two lines is nothing, when their 
angle is nothing ; in other words, when the lines coincide, or lie parallel 
to each other. The inclination is greater when the angle is greater, or 
when two lines form together a very obtuse angle. The quality of sloping 
has a different meaning ; a line slopes the more towards another, the more 
it deviates from the perpendicular to that other. 



9M NOTE L 

It k CQtComary with Euclid, and yarioot geometrical writen, to ^re 
the oame eqwtl triangles^ to triangles which are equal only in surface ; 
and of equal solids^ to solids which are equal only in solidity. We bare 
thought it more suitable to call such triangles or solids eqtthtalent: re- 
■erving the denomination equal triai^leSf or iolidif for such as coincide 
when applied to each other. 

In solids, and curve surfaces, it is further necessary to distinguish two 
•orts of equality, which differ in some respects. Two solids, two solid 
angles, two spherical triangles or polygons, may be equal in all their con- 
stituent parts, and yet be incapable of coinciding when applied to each 
other, — ^an obserration which seems to have escaped the. notice of elemen- 
tary writers, as their inattention to it has vitiated certain demonstratioiw 
relying on the coincidence of figures, where no such coincidence c&n 
exist. Such are the demonstrations by which the equality of spherical 
triangles is sometimes imagiifed to be shewn, in the same manner as that 
of rectilineal triangles which are similarly related. A striking eatample 
of this oversight is exhibited by Bobert Simson,* when this geometer im- 
pugns the demonstration of Euclid^s Prop. 28. XL, yet falls himself into 
tiie error of grounding his own demonstration upon a coincidence which 
cannot take place. For these reasons, we have judged it necessary to 
assign a particular name to this kind of equality, which is not accompanied 
hy coincidence ; we have called it equality by tymmetry^ the figures to 
which it applies being called iymmetricioLl* 

Thus the terms equal figures, tymmetncdl figures, equivalent figures, 
refer to different objects, and should not be confounded in the same de- 
nomination. 

In those propositions which relate to polygons, solid angles, and polye- 
drons, we have formerly excluded all figures, that have re-entrant an- 
gles. Our reason was, that, besides the propriety of limiting an elemen- 
tary work of the simplest cases, if this exclusion had not taken place, 
several propositions either would not have been true, or, at least, would 
have required some modification. We thought it better to restrict our 
reasoning to those lines which we have named convex^ and which are such 
that a straight line cannot cut them in more than two points. 

We have frequently employed the expression, product of two or more 
linei ; by which is meant, the product of the numbers representing those 
lines, when valued according to a linear unit, assumed at will. The sig^ 
nification of the phrase once fixed, there can be no objection against using 
it. In the same manner must be understood what is meant by the product 
of a surface by a line, of a solid by a surface, &c. It is enough to have 
settled, once for all, that such products are, or ought to be, considered as 
|>roducts of numbers, each of the kind proper to it. Thus, the product 
of a surface by a solid, is nothing but the product of a number of superficial 
units by a number of solid units. 

In oridioary language, the word angle is often employed to designate the 
point situated at the vertex. This expression is inaccurate. It would be 
more correct and precise to use a particular name, such as that of verOcet 
for designating the points at the corners of a polygon or (^ a polyedroo. 
The denomination ijerticea of a folyedron^ as employed by us, is to be un- 
derstood in this sense. 

. We have followed the common definition of similar rectilineal Jigures ; 
we must observe, however, that it contains three superfluous conditions. 
In order to construct a polyedron, the number of whose sides is n, it is 
necessary first to know one side, and, next, the position of the vertices of 



* See his work entitled : Eudidis Elemeniorum Ubri sex, fyc, Glasgou), 1756. 
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&li the angles situated oat of this side. Now^ the number of those angles 
is n — 2, and the position of each rertex requires two data ; hence, the 
whole number of data requisite for constructing a regular polygon of n 
sides is l-f-2 r»— 4, or 2 n — 3. But in the similar polygon, one side may 
be assumed at will, therefore the number of conditions regulating the simi- 
larity of a polygon to a given polygon, is 2 n — 4. Now the common defi- 
nition requires, fritf that the angles be equal each to each, which amounts 
to n conditions; secondly, that the homologous sides be proportional, 
which amounts to n — 1 conditions. Consequently, there are 2 f^— 1 con- 
ditions in all, therefore three too many. To obviate this inconyenience, 
the definition might be subdivided into two, as follows : 

First. Two triangles are similar, when they have two angles in each re* 
spectively equal. 

Second. Two polygons are similar when both may he divided into the 
same number of triangles, similar each to each, and similarly placed. 

But to prevent this latter definition itself from including any superfluous 
conditions, the number of triangles must be fixed equal to the number of 
the polygon's sides, minus two ; which may be accomplished in either of 
the following ways : from the vertices of two homologoi;^ angles, diagonals 
may be drawn to all the opposite angular points ; in which case, all the 
triangles formed in each polygon will have a common vertex, and their 
sum will be equal to the polygon : Or, let all the triangles formed in one 
polygon, have a side of it for their common base, and for vertices, the ver- 
tices of the different angles opposite to this base* In both cases, the nuok- 
ber of triangles formed in the respective polygons being fir— 2, the condi- 
tions of their similarity will amount to n— 4 ; the definition will contain 
nothing superfluous whatever ; and this being once settled, the old defini- 
tion will become a theorem susceptible of immediate demonstration. 

l£ the definition of similar rectilineal figures usually given in elementary 
works is imperfect, that of similar solid polyedrons is much more so. 
Euclid makes this definition to depend on a theorem which is not proved ; 
in other treatises it has the inconvenience of being very redundant. We 
have, therefore, rejected those definitions of similar solids, and substilnted 
one in their place, which is founded on the principles just explained. But 
as many other observations upon the subject solicit our attention, we shall 
return to it in a separate Note. 

Our definition of the perpendicular to a plane may be looked upon as a 
theorem ; that of the inclination of two planes likewise requires to be sanc- 
tioned by a train of reasoning ; several others do the same. Accordingly, 
while in conformky to custom, we have retained the old definitions, care 
has been taken to refer the reader to those Propositions where their accu- 
racy is demonstrated ; or, in other cases, to subjoin a brief explanation. 

The angle formed by the meeting of two planes, and the solid angle 
formed by the meeting of several planes at the same point are magnitudes 
each of its own kind, to which perhaps it would be convenient to give 
separate names. As they stand at present, it is difficult to avoid obscuri- 
ties or circumlocutions, when speaking of the arrangement of the planes 
which compose the surface of a polyedron. And as the theory of those 
solids has hitherto been little investigated, no great inconvenience could 
arise from introducing any new expressions which are called for by the 
nature of the objects. 

The angles formed by two planes, I should therefore propose to denomi- 
nate a comer : the edge or ridge of the corner, might designate the com- 
mon intersection of the two planes. The corner might be named by means 
of four letters, the middle two cerresponding to the edge. A right comer 
would be the angle formed by two planes perpendicular to each other. 
Four right corners would fill up all the solid angular space about a given 
line. Under this new denomination, the corner would still, not the leas^ 

33 



842 NOTE U. 

lave for its measure^ the angle formed by the two perpendicnlan, drawn 
each in its own plane, at the same point, to the edge or common intersec- 
tion. 



NOTE IL 

On the Demonstration of Art 58. Book I. and of some ofthew 
fundamental Propositions in Geometry* 

Phop. (58.), is only a particular case of the famous pcMfti/o/e, on which 
£uclid has founded the doctrine of parallels, and likewise' the theorem coo- 
ceming the sura of the three angles of a triangle. This postulate has 
never hitherto been demonstrated in a way strictly geometrical, and inde- 
pendent of all considerations about infinity,— a circumstance attributable, 
doubtless, to the imperfection of our common definition of a straight line, 
on which the whole of geometry hinges. But viewing the matter in a 
more abstract light, we are furnished by analysis with a very simple 
method of rigorously proving both this and the other fundamental proposi- 
tions of geometry. We here propose to explain this method, with all re- 
quisite minuteness, beginning with the theorem concerning the s^um of the 
three angles of a triangle. 

By superposition, it can be shewn immediately, and without any pre- 
liminary propositions, that itpo tricmgles are equal when they hove tu)o an- 
gle$ and an interjacent side in each equal. Let us call this side j9, the two 
adjacent angles A and B, the third angle C. This third angle C, there- 
fore, is entirely determined, when the angles A and B, with the sidep, are 
known; for if several different angles C might correspond to the three 
given magnitudes A, B; p, there would be several different triangles, each 
having two angles and the interjacent side equal, which is impossible ; 
hence the angle C must be a determinate function of the three quantities 

A, B, jp, which I shall express thus, C=4> : (A, B, p). 

Let the right angle be equal to unity, then the angles A, B, C, will be 
numbers included between and 2 ; and since 0=.^ : (A, B, j[>) I assert, 
that the line p cannot enter into the function ^. For we have already 
seen that C must be entirely determined by the given quantities A, B,j7 
alone, without any other line or angle whatever. But the line p is hete- 
rogeneous with the numbers A, B, C ; and if there existed any equation 
between A, B, C,/?, the value of p might be found from it in terms of A, 

B, C; whence it .would follow, that p is equal to a number; which is 
absurd : hence p cannot enter into the function 4>, and we have simply €= 
^'i (A, B).* 

* Against this demonstration it has been objected, that if it were applied 
word for word to spherical triangles, we should find that two angles being 
known, are sufficient to determine the third, which is not the case in that spe- 
cies of triangles. The answer is, that in spherical triangles, there exists one 
element more than in plane triangles, the radius of the sphere, namely, which 
must not be omitted m our reasoning. Let r be the radius ; instead of C=f 
<A, B, p), we shall now have C=:^ (A, B, j9, r) or by the laws of homogeneity 

simplyCs:^/ A, B,^ J. But since the ratio ^ is a number, as well as A, 6, 

C, there ia nothing to hinder ~ from entering the function ^, and consequently 
we have no right to infer firom it, that 0=0 (A, B). 
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This formula already prov^, that if two angles of one triangle are 
equal to two angles of another, the third angle of the former must also be 
e<]ual to the third of the latter ; and this granted, it is easy to arrive at the 
theorem we have in view. 

First, let ABC be a triangle right-angled at A ; 
from the point A, draw AD perpendicular to the hy- 
potennse. The angles B and D of the triangle 

ABD are equal to the angles B and A of the trian- 

gle BAC ; hence, from what has just been proved, ^"^^ 1^ 
the third angle BAD is equal to the third C. For a like reason, the angle 
DAC=:B, hence BAD+DAC, or BAC=B+C ; but the angle BAC is 
right; hence the two acute angles of a nghl-angled triangle are together 
equal to a right angle* 

Now, let BAC be any triangle, and BC a side 
of it not less than either of the other sides ; if 
from the opposite angle A, the perpendicular AD 
is let fall on BC, this perpendicular will fall 
within the triangle ABC, and divide it into two ^' 
right-angled triangles BAD, DAC. But in the 
right-angled triangle BAD, the two angles BAD, ABD are together equal 
to a right angle ; in the right angled triangle DAC, the two DAC, ACD 
are also equal to a right angle ; hence ail the four taken together, or, 
which amounts to the same thing, all the three BAC, ABC, ACB-are to* 
gether equal to two right angles ; hence in every triangle^ the nan of iU 
three angles is equal to two right angles. 

It thus appears, that the theorem in question does not depend, when 
considered aprioriy upon any series of propositions, but may be deduced 
immediately from the principle of homogeneity ; a principal which must 
display itself in all relations subsisting between all quantities of whatever 
sort. Let us continue the investigation, and shew that from the same 
source, the other fundamental theorems of geometry may likewise be 
derived. 

Retaining the same denominations as above, le us farther call the side 
opposite to the angle A by the name of m, and the side opposite B by that 
of n. The quantity m must be entirely determined by the quantities A, 

Ml 

B, j9 alone ; hence m is a function of A, B, i>, and — is one also ; so that 

P 

we may put — = 4 ; (A, B, p). But — is a number, as well as A and 
B ; hence the function 4 cannot contain the line p, and we shall have sim- 
ply — = 4 : (A, B), or m=jp4 : (A, B). Hence, also, in like manner 
n=4p(B, A). 

Now, let another triangle be formed with the same angles A, B, C, and 
with sides m\ n\ p\ respectively opposite to them. Since A and B are not 
chanered, we shall still in this new triaufirle. have m!=^v^±r r A. Bh and 
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From tMs general pn^Ki^oii, ire 
ciQ deduce, at a. particular case, the 
property aBanioed id tha text for 
demooitratiog Art. 58. For the 
triaoglea AFG, AML have each trro 
Buglei reepeclirely equal, namely, 
tbe angle A commoo, aDd a right 
angle: hence they are equiangular, 
hence we have tbe pri^ortion AF : 
AL : : AG : AM by means of which 
Art 68 ii completely prored. 

Tha proposition concerning' tbe 
■quare of the bypotenuae, ire alrea- 
dy know, is a conaeqaence of that 
coDcerniDg eqaiangular triauglea. 
Here tbea are three fundamental . 
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s and aimilar 



pTopoaitioDS of geometry ; that ci 

ceming the three angles of a tri'du- 

g;le, that concerning equiangular , . 

trianplea, and that conceroiog the square of the hypotennse, wbioh may 

be rery simply and directly deduced from the consideration of functions. 

Id tbe same way, the propositions relating to similar figure- ""'* °'""''"- 

■olids may be demonstrated trith great ease. 

Let ABCD be any polygon. Haring taken 
any side AB, upon it, as a base, form as many 
triai:«leB ABC, ABD, &c. as there are angles 
C, D, E, &c. lying out of it. Put the base 
AB^p J let A and B represent the two angles 
of tbe tciai^le ABC, which are adjacent to tbe 
aide AB ; A' and B' the two angles of the tri- 
angle ABD, which are adjacent to the same 
side AB, and so on. Tbe figure ABCDE will 
be entirely determined if the side p with Che 
angles A, B, A', B', A", B", &c. are known, | 
and tbe number of data will io all amount to 
2n — 3, n being the number of the polygon's ■ 
sides. This being granted, any side or line x 
mj how drawn in tbe polygon, and from the 
data alme wbicb serre to determine this poly- 3? 



gon will be a function of those given quantities ; and si 
nnmber, we may suppose -^.J, : (A, ] 



A', B', 



- must I>e I 



r T=p 4 (A, B, 



A', B', Ac.), and the function 4 will not contain p. If with the same aji- 
glet, and another side p", a second polygon he formed, the line 3/ corree- 
poodiog or bomologooa to x will hare for its value a/^p' f : (A, B, A', B', 
Ac.) ; bence x:x',::p:p'. Figures thu9 constructed might be defined 
as timilar figures ; hence in similar figures the komalogoua lines arc pro- 
portional. Thus, not only the homologous sides and the homologous dia- 
gonals, but also the lines terminating tbe same way in the two figures, are 
Io each other as any other two homologous lines whatever. 

Let ns name the surface of the first polygon B ; that surface b bomoge- 

neous with the square p' ; hence — must be a number, cont^niog no^ng 

; so'that we shall have S=p'# : (A, B, 
1, S' being the surface of the second poly- 
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gtOi, we shall hare S'rsp^ : (A, B, A', BS Ac.). H^noe BiWtifPip'^; 
hence the surfaces of swrular figures are to each other as the squares cf 
their homologous sides. 

Let us now proceed to poljedrons. We may take it for g^ranted that a 
face is determined by means of a giyen side p, and of the several given 
angles A,B, C, Ac* Next, the vertices of the solid angles which lie out 
of this face, wiU be determined each by means of three given quantities, 
which may .be regarded as so many angles ; so that the whole determina- 
tion of the polyedron depends on one side, />, and several angles A, B, C, 
&c. the number of which varies according to the nature of the polyedron. 
This being granted, a line which joins two vertices, or more generally, 
any line x drawn in a determinate manner in the polyedron, and from the 
data alone which serve to construct it, will be a function of the given 

quantities j9, A, B, C, &c. ; and since - must be a number, the function 

X 

equal to -'will contain nothing but the angles A, B, C, &c., and we may 

P 
put xz=zpp : (A, B, C, &c.). The surface of the solid is homogeneons to 
p^i hence that surface may be represented by p^ : (A, B, C, &c.] : its 
solidity is homogeneous with jp^, and may be represented by p^n : (A, B, 
C, &c.], the functions designated by 4 and n being independent of p. 

Suppose a second solid to be formed of the same angle A, B, O, &c., 
and a side // different from p ; and that the solids so formed are called 
similar solids. The line which in the former solid was p <p : (A, B, C, 
&c.), or simply p ^ will in this new solid become // ^ ; the surface which 
was/?^ 4 ^^ ^^^ ^^^9 ^ill ^0^ become p'^ 4 in the other; and, lastly, the 
solidity which was p^ n in the one, will now become j?** n in the other. 
Hence, first, in similar solids, the hoTnologous lines are proportional ; 
secondly, their surfaces are a>s the squares of the homx>logous sides; thirdly, 
their solidities are as the cubes of those same sides. 

The same principles are easily applicable to the circle. Let c be the 
circumference, and s the surface of the circle whose radius is r ; since 
there cannot be two unequal circles with the same radius, the quantities 

C 8 

— and -^ must be determinate functions of r: but as these quantities are 

numbers, the expression of them cannot contain r ; and thus we shall have 

c s 

-=a, and -::=:§, a and ^ being constant numbers. Let c' be the cir« 
T T* 

cumference, and ^ the surface of another circle whose radius is r' we 



/ 



shall, as before, have -,=a, and -;r=§. Hence c: c' : : r : r', and * : 

fl : : r' : r*^ ; hence the circumferences of circles are to each other as their 
radii, and their surfaces as the squares of those radii. 

Let us now examine a sector whose radius is r. A being the angle 
at the centre, let x be the arc which terminates the sector, and y Sie 
surface of that sector. Since the sector is entirely determined when r 
and A are known x and y must be determinate functions of r and A ; 

XV X 

hence -,and -- are also similar functions. But - is a number as well as 
r r^ r 

y 

-^ ; hence those quantities cannot contain r, and are simply functions of 
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A ; so that we have - = ^ : A, and — = 4 : A. Let a/ and y be the 

arc, and the surface of another sector, whose angle is A, and radius r' ; 
we shall call those two sectors similar : and since the angle A is the same 

in both, we shall have -7=9 ' A, and Sj^^ • ^' ^®°c® x : x^ : : r : r^^ 

and y:y'::r^:r^^\ hence similar arcs, or the arcs of similar sectors are 
to each other as their radii ; and the sectors themselves are 09 the squares 
of the radiu 

By the same method, we could evidently shew, that spheres are as the 
cubes of their radii. 

In all this, we have supposed that surfaces are measured by the product 
of two lines, and solids by the product of three ; a truth which it is easy 
to demonstrate by Analysis, in like manner. Let us examine a reGtangle> 
whose sides are p and q ; its surface, which must be a function ofp and q, 
we shall represent by : (p, q). If we examine another rectangle, whose 
dimensions are p-^pf and 9, this rectangle is evidently competed of two 
others, of one having p and q for its dimensions, of another having p* and 

q ; so that we may put : (/>+p'> 9)=0 • {p> 9)+^ • (l^» ^\ Let j/=i|>'; 
we shall have <p (2 p, 9)=:2^ (p, q). Let pl^s3p ; we shall have ^ (3 j9, 
9)=:0 (p, 5)4. (2p, 5f)=3^ (p, g). Let p'-^sz.^p ; we shall have ^ (4p, 5) 
= 0(Pi ^)4-^(3p» ?)=^^(j'>9)* Hence, generally, if A; is any whole 

number, we shall have ^{kp^ q)z=.k<^{p,q\ or = — ^ — - ; from 

p lip 

which it follows that is such a function of p as not to be changed 

by substituting in place of p any multiple of it kp* Hence this function 
is independent of jp, and cannot include any thing except q. Bat for the 

^ ( I') 9) ^ ( P) 9) 

same reason must be independent of o : hence includes 

q ^ pq 

neither p nor q, and must therefore be limited to a constant quantity cu 

Hence we shall bave ^{p, q)z=.cLp q ; and as there is nothing to prevent 

us.from taking a=l, we shall have <^(p, q)=p 9; thus the surface of a 

rectangle is equal to the product of its two dimensions. 

, In the very same manner, we could shew that the solidity of a right-an- 
gled parallelopipedon, whose dimensions are p, 9, r, is equal to the pro- 
duct p qr q{ its three dimensions. ' 

We may observe, in conclusion, that the doctrine of functions, which 
thus affords a very simple demonstration of the fundamental propositions 
of geometry, has already been employed with success in demonstrating the 
fundamental principles of Mechanics. See the Memmrs t^ Tvriny %^ U. 



ADDITION TO NOTE II. 

{Furnished by M. Legbndbb, for this Edition.) 

T.™ celebrity which Professor Leslie of Edinburgh so justlf enjoys, 
forbids me to pass over in silence the objections which this learned geom«- 
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ter has addnced against the foregoing theorjr, and particularly against my 
proof of the equation C=9( A, B), from which our theorem concerning the 
three angles of a triangle is derived. 

The objections alluded to, first made their appearance in the second edi- 
tion of Mr. Leslie's Elements of Geometry, pp. 403 et seq. and though they 
were refuted, quite completely as 1 think, in the equally severe and judi- 
cious criticism of that work, published by Mr. Play fair, in the Edinburgh 
Review^ vol. xx ; though I replied to them in a private letter addressed lo 
the author; yet Mr. Leslie in his Sd edition,U817, {pp. 292 et seq.), has 
again brought forward his objections, inserting along with them an extract 
from my letter* (which, as may be gathered from the end of the quotation, 
was not in any way designed for publication], and subjoining, in favour of 
his opinion, the testimony of a mathematician whom he does not name, but 
declares to be at the head of British geometers. 

Without entering into any profound discussion of this question, I shall 
restrict myself to place before the reader the principal point of the diffi- 
culty. I am required to show, in opposition to Mr. Leslie's opinion, that 
a line, which is an absolute length, cannot be determined solely from an- 
gles, which are represented in calculation by their ratios to the right angle 
assumed as unity, that is to say, by numbers always included between 
and 2. Thus the side c of a triangle cannot be determined solely from 
the angles A, B, C of this triangle ; for these angles being only numbers, 
they can of themselves serve only for determining numbers. Accordingly, 
what information would you gain, if the value of the side c, as determined 
by calculating the function which represented it, were to come out -j^, for 
example? 'Is it y\ of an inch, -j?^- of a foot, -X of the earth's radius, or 
1^ of the sun's distance ? You cannot^ay, unless the question offer some 
other linear datum as unit, or* which may serve for unit. With angles, 
however, the case is different, because the right angle is their natural unit, 
and any angle is completely determined, whenever we have discovered the 
value of its numerical ratio to the right angle. 

If it is absurd to suppose that the line c can be determined by the nu- 
merical quantities A, B, C alone ; hence there can exist no equation b^ 
tween the quantities c, A, B, C Hence the equation C=:0(A, B, c), which 
is given immediately by the principle of superposition, can exist only on 
condition that c disappear from the second member of it ; otherwise, we 
aire taught by Analysis that an equation containing at once the four quan- 
tities A; B, C, c, would allow us to determine c by means of angles A, B, €• 
Hence we have simply C=0(A, B) ; that is, in every triangle, two given 
angles determine the third. From this property, it is easy to deduce the 
theorem concerning the three angles of a triangle, either by the de- 
monstration given above, or by that which Mr. Leslie himself proposes, 
which is very simple, but subject to exception in the case of the equilateral 
triangle. 

Mr. Leslie endeavours to draw an argument agfainst this theory, from 
the case where the angle C, and the two sides a and h which contain it are 
given. Here, the thini side c must be entirely determined by those data, 
which is expressed thus : c=:0(a, 6, C). Mr. Leslie adds, (page 93, 
3d edit.) 

** But the angle C being heterogeneous to the sides a and 6, cannot coa* 
lesce with them into an equation, and consequently the base c is simply a 
function of a and 6, or it is the necessary resvdt merely of the other 
two sides. Such is the extreme absurdity to which this sort of reasoning 
would lead." 



♦ Two errors 
be corrected 



>T8 of the press have found their way into this extract ; they may 
by putting c in place of C, page 296, line 31, &c. 
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Bnt the only absurdity here is the reasoningf employed by the objector, 
of which certainly I did not give him the example. Though an angle C| 
measured by a number, is undoubtedly heterogeneous to each of the quan* 
tities a and 5 which are lines, it is not on that account heterogeneous to 

thieir ratio -; and consequently there is no reason to expunge C from the 

function <p (a, 6, C). In the present case, where the function is to repre- 
sent the line <p c, this line c must be homogeneous with the lines a and 6, 
and of one dimension; or what amounts to the same, it must be the 

product of a by a function of- and of C ; hence we shall have simpljr 



:=a 4 Q^> c\ ; 



so that the function of three quantities is, in this case. 



reduced to s^ function of two quantities only. Such is the common doc- 
trine of analytical writers. See the IntroducL in AfuU. of £uler, p. 65. 

It is evident, moreover, that the equation c=4i 4 I -* ^ I ^Lg^M cooo* 

1-| — ^— — cos C 1. 

From this, therefore, no objection against my theory can be drawD, bat 
rather a full and entire confirmation of it. 

To shew in a manner, if possible still clearer, that the law of homoge- 
neity, combined with the known principles of the theory of functions, can 
lead to no results but what are accurate, let us consider an isosceles tri- 
angle formed by two equal sides a, a, and the angle C contained by them. 
Since this triangle is entirely determined by the given quantities a and C, 
the angle A opposite the side a must be a determinate function of the 
quantities a and C ; we shall express it thus : A=:^ (a, C). Now, if the 
quantity a does not disappear from the function 0, then from the equation 
A=^ (a, C), the value of a might be deduced in terms of A and C. Bat 
m line a not being referred to any unit, cannot be equal to a function of 
two numbers A and C, which must itself be a numbev. Hence we have 
simply A==^ (C) ; that is to say, in every isosceles triangle, the angle at 
the base is determined by the angle at the vertex, and conversely. From 
the vertex to the middle of the base, draw a straight line ; it will divide 
(he isosceles triangle into two equal right-angled triangles, and yoa will 
infer that in these right-angled triapgles, one acute angle determines 
the other. Hence we conclude, as in the first demonstration, that the 
two acute angles of a nght-angled triangle are together equal to a right 
angle ; and then that in every triangle the sum of all the angles is equal 
to two right angles. 

Let us now proceed to the chief objection made by the anonymous ma* 
them^tician whose suffrage Mr. Leslie brings to bear against me. He 
maintains that I have done nothing but elude the difficulty ; and that my 
method, or what he calls the mise en ^qtiation of the problem, involves a 
supposition equivalent to £uclid's postulate, because I have considered as 
existing, and already constructed a triangle in which the angles amount to 
a sum as near two right angles as we please. If I had indeed made this 
supposition, my critic were undoubtedly in the right; but in reality, I 
make no supposition. I reason with regard to any triangle already con- 
structed, and actually existing; I study its properties, and find from stu- 
dying them, that in every triangle the sum of all the angles is equal to t^ 
right angles. So soon as this principle is established, I can easily (as I 
have done in the third edition of my Elements, Prop. 24. 1.), construct a 
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triangle baying a given base €, 2M two adjacent angles A and B* whose 
sum differs from two right angles as little as we please ; and by this con- 
gtruction, EucHcl's. postulate is demoostfated in the most rigorous manner. 
~ I shall extend my observations no farther ; I might even have forborne 
to write on this subject at all, since M. Maurice of the ^ademy of Sci- 
ences has undertaken the task of replying to the objections of Mr. Leslie 
and his learned correspondent, in the B&Ho&ieque UniverHlle of Geaersi^ 
Oct. 1819; and his dissertation (excepting one or two passages, perhaps 
liable to dispute, but having no influence on the question) completely ful- 
fils the object of its author, and establishes in a manner as solid as Inminous, 
the theory which Mr. Leslie has attempted to overturn. 

May I observe, in conclusion, that. Mr. Leslie, who has hitherto ap- 
peared in the character of an assailant, has not sufficiently secured his 
own defence, having left without reply the very strong objection alleged 
against his demonstration of Prop. 22, by Mr. Playfair, at p. 88 in the vo- 
lume of the Edinburgh Review already quoted. In reality, this demon- 
stration supposes, that through a given point, no more than one parallel to 
a given line can be made to pass, or that there is only one position in which 
the line meant to be drawn will not meet the given line. SuchUn assump- 
tion is identically the same aftEuclid^s postulate. There is only this dif- 
ference between Mr. Leslic^s method and that of Euclid, that the ancient 
geometer does not dissemble the difficulty, but presents it, on the contrary, 
in all its breadth, and requires to have that granted which hecvinot prove ; 
while the modern geometer envelopes the difficulty in a shadow of demon- 
stration which, though doubtless it has seduced himself, is certainly any 
thing but rigorous. It is difficult to conceive how such a mistake could 
proceed from a mathematician so well versed as Mr. Leslie is in the geo- 
metry of the ancients ; who has shewn himself acquainted with all its 
most subtle refinements, and has himself invented many demonstrations 
which the ancients would not have been ashamed to own. One would 
have expected him to look more narrowly into a subject, which has 
formed the great difficulty of geometers ancient as well as modem ; and 
not to give out as rigorous, a demonstration, which is very far from be- 
ing so. 



NOTE in. 

f On the Approximation employed in Art. 206. 

So soon as we have found a radius too great and a radius too little which 
agree in their first oiphert, the calculation may be completed in a very 
speedy manner by means of an algebraical formula. 

Let a be the defectivid radius, and 6 the excessive one, their diffisrence 
being small ; let a' and h' be the radii next in order deduced by the fcv- 

(a+6v 
a. I . What we are in quest of is the last 

term of the series a, a\ al'^ Sic*, which at the same time will be the last of 
the series 6, b\ V^ &c. Let this last term be named x, and put &=ra(l-|-6i)) ; 
we can suppose ar=:a (14.Paj-f-Q(*>34.&c)., P and Q being indetermmate 
co-efficients. Now tbe values of V and a! give 

34 
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m 

And if, in like manner, we pat 6^=</ (I^g/), we shall have 

«'= Jgj — ^w' &c. 

Bat the ralue of x mast be the same whether tRe sferies a, c^, a', &c« 
begins with a or^o'; hence we shall hare 

Sabstitate, in this eqaation» the values of a' and o' in terms of a and u ; 
and oomparing the similar terms, we shall deduce from it P^e|, and Q=: 
— ^t hence 

If the radii a and b agree in the first half of their ciphers, the tenn u^ 
maj be rejected in the calculation, and the preceding value wiU be 

reduced to ar=a (l-|-^)ss:a.{ — ^ . Thus making a=l. 1282657, and 



(=1.128606S. we shall immediately deduce from it x^lA283792. 

If the radi a and b zgree only in the first third of their ciphers, we shall 
have to take in the three terms of the preceding formula ; and thus making^ 
0=1.1265639, and 5=1.1320149, we shall find 2:=l.t283791. 

We might suppose a and b to be still further different ; but in that case 
it would be requisite to calculate the value of a; with a greater number of 
terms. 

The approximation exhibited in Art. 294, the author of which is James 
Gregory, is susceptible of similar abridgments. We refer to Gregory^ 
book, entitled Vera CircuH et HyperifoicR QuadrcUwrOy a work of g^reat 
merit, considering the time when it appeared. 



NOTE IV. 

Shewing that the Ratio of the Circumference to the Diameter ^ and 
dUo Us squarcy are irraHaiud Numbers. 

Let us examine the infinite series 

1 4- —4-1. I _1_ ° j^_ 

^ x^2 z.z+l'^2.2 z.z+l.x+2'^^ f 

of which the general term is ,_ ^H 

1.2.3. . . n z. z+l.z+2.... (r-H»— t) 

and suppose that <p : z represents the sum of it Putting « + 1 in place of 
*> ^ ('+ 1) '^W in like manner be the sum of the series, 

"*" z+l "*T z+l.z+2'^2^' z^l.z+2,z+3 "^ *'^* 

Subtract the one of these series from the other, term by term ; we shall 

have : «— ^ : (2+ 1 ) for the sum of the remainder, which, in its expanded 

form, will be 

g a^ 1 a» 

z,z+l '^«.z+l.z+2+2* z.z+l.z+2.'z+9 + ^' 
But this' remainder may be put under the form 
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a ,j . ^ . 1 g^ t frr - 

and then it is reduciBle to p- <p : («+2). Hen^^ gei^rally, we 

shall hare 

# : r-^ : (r+l)= -^ : («+2). 

DiTide this equation by <p : (z-)-t], and to simplify the result, let 
a : z be a new function of z, such that 4, : z:sz - • - ' r \— > we may 

then put — ; — instead of — , ' f , . , and ^^"^ ^ ''^ ' ^^'^ ' instead of 

\ ; ^\ « This substitution being made, we shall have 
^ : (ar+1) ® 

But by successively inserting z-f-l, x-{.2, &c., in place of z in this equa- 
tion, there will result from it 

Hence the value of 4 : 2:, may be expressed by the continued fraction, 

a 

<b • *=: — d 

' — z+ ** 

*+^+«+2+&C- 
Reciprocally this continued fraction, produced to infinity, has for its 
sum 4 : jsr, its equal - • • ^ "*" ^ ; which sum, developed into its two 
ordinary series, becomes 

1 4. -JL- 4-i. ^ L &c. 






,-T-a z.«-f 



Nt>w suppose z :=: I ; the continued fraction will become 

2a 
1 H— STT" 4 a 






953 NOTE IV. 

ia which all the numeraton, es^cept the first, are equal to 4a, and the de- 
oominators form th^ series of odd numbers, 1, 3, 5, 7, &c. The Talue of 
this continued fraction may, therefore^ be expressed by 

t 1- 4a . 16 g^ , 64a» . . 

^ + T:3'+2.3.4.6+2.3..7 + *''* 
2a. 



- , 4a , 16 a2 , 64 a» , . 
^ + -r+ 2 . 3 . 4 +^737776 + ^' 

But these series hare a relation to some admitted formulas ; and it is well 
known that, putting^ e for the number vfhose hyperbolic log^ithm is I, the 
forgoing expression becomes 

~Ti — ,^ /q • V' a ; SO that we shall have, generally, 
^«_^a/« 4 „ 

^ ** ^ 5 + &c. 

From this, two principal formulas are derived, according as a is positive or 
negative. Firsts let 4 a=ar' we shall have 



5 -t- ^* 
Next let 4 a = — • «^ ; and agreeably to the demonstrated formula 

— J -1- = \/ — 1 • tang. T, we shall have 

tang.^=;^_^ 

3— x2 

7 — &c. 

This formula will serve as the basis of our demonstration. Before pro 
ceeding to it, however, we must prove the two following Lemmas. 



Lemma I. Suppose 



m 
— m 



n+-7 , to" 
I fir 4* — 

^ n" + &c. 

to be a conUnuid fraction prolonged to infinity ^ in which all the numbers 
m, n, m', n', are poHiwe or negatioe integers; if the component /ractions 

m m' m" . 

— » -7-9 --ff-y &c. are cUl less than unityy then will the total value off ike con- 

timed ffraeHon be of necessity an irroHonal number. 



4 



NOTE IV. 3S3 



In the first pl^ce, ibis ralue is less than, tmitj. For, without ioter- 
feriog with the general applicahilily of the coDtinued fraction, we are at 
liberty to suppose all the denominators, n, n', f»", &o. to be positive ; in 
which case, taking a single term of the proposed series, we shall, by kygo- 

thesis, have — < 1. Taking the first two, by reason of -7 < 1, it is evi- 
fi fi 

dent that fi-l— 7> ^ greater than n -^ 1 : but tn is less than n; and since 



m' 



they are both int^g;ers, m will also be less than n-|--7. - I^eqce the ralue 
which results from the two terms 



m 



is less than tinity. Calculate three terms of the proposed continued frac- 
tion ; and in the first place, as we have just seen, the value of the part 

ft" 

win be leM thra onity. Call Oils Taloe w ; it ia pliin that this-r- 

will still be less than unity ; hence the value which results from the three 
terms 

m 

is lesa than unity. By continuing the same process, it will appear, that 
whatever number ef terms in the proposed continued fraction be calcula- 
ted, the value resulting from them is less than unity ; hence the total value 
of the fraction prolong^ to infinity, is also less than unity. It cannot be 
equal to unity Qxcept in the single case, when the proposed fraction had 

theibrra 

m , 

in every other case it is less. 

This being proved, if the value of the contmued fraction ip not admit- 
ted to be an irrational number, suppose it to be a rational number, to be 

B 

T-, for example, B and A being any integers ; we shall then have 

B 

** + V'+ &c. 
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Let C, D, E, &c. be iadeterminate quantities, such that 

•^ n" -i- — 



D m" 



m*^ 



and so on to infinitj. These different continued fractions have all their 

B C D £ 
terms less than unity, their values or sums , g-, ^, ^, &c. will be less 

than unity, as we have proved above ; and thus we shall have B < A, C < B, 
D< C, ^. ; so that the series A, B, C, D, £, &jc. goes od decreasing^ to 
infinify. But the oombination of the continued fractions we are treatio^ 
of gives 

?=^ C 

A fi-|. -^ ; whence lesults C sz m A — * n B, 

B 
B hTj-- ; wfaenceresultB D = m' B — »'C, 

P-^ E 

C'^n''+:^ ; whence results E = mf'-^W D, 

d&e« &c. 

• 

And since the two first numbers A and B are int^pers by hypothesis, it 
follows that all the others C, D, E, &jc. which were hitherto undeter- 
mined, are also integers. Now it imf^es a contradiction to suppose 
that an infinite series A, B, C, D, E, &c. can at once be decrc»Biii|r 
and composed of integer numbers ; for, besides, no one oi the numbers 
A, B, C, D, E, &c. can be zero, since the proposed continued fraction ex- 

B C D 

tends to infinity, and therefore the sums represented by p ^> p > &c. 

must always be something. Hence our hypothesis, that the sum of the 
proposed continued fraction was equal to a rational quantity, cannot stand; 
hence that sum is of necessity an irrational number. 



Lemma (I. 7^ same suppositions continuitiff as in the former 

m m' m^ 
Lemma, if the component fractions - , — „ -^p &c. are of any mag- 
nitude whatever at the beginning of the series, provided after a 
certain interval they becoms less tJuin unit ; we assert, that the 
proposed continued fraction, if it stiU extends to infinity, will have 
an irrationdl value* 
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For if, reckoning from -fj} — for example, all the fractions 

Hi'" my wC 

—^y — , -^, &c. to infinity, are less than unit, then by Lemma I, the 

continued fraction 

*• n^ -{- &c. 

will have an irrational value. Call this Yalue ca^ the proposed continued 
fraction will become 

m , 



But if we successively put 






it is evident that ^ being irrational, all the quantities cj', cj^, («/'', must be 
so likewise. But (jI" the last of these, is equal to the proposed continued 
fraction, hence the value of this fraction is irrational. 

We are now in a condition to resume our subject, and demonstrate this 
general proposition. 



THEOREM. 

If an arc is commensurable with the radius^ its tat^emk wiU be in' 

comimensuraUe with that radius. 



Put the radius =1, and the arc x^z - , m and n being the whole num- 

n 

bers; the formula found above, making (he proper substitution, will 
give us, 

mm 
tang.-ss- m3 

^ ^-^^^ m2 

5^ .^ 

In — &c. 

Now this continued fraction falls under Lemma II ; for since the de- 
nominators Sn, 5n, 7n^ &c. increase continually, whilst the numerator 
m^ continues of the same magnitude, the component fractions will evi- 
dently be, or at least will soon become, less than unit ; hence the value of 

tang. ~ is irrational ; hence if the arc is C(mt7nensurable with the ra- 
n 

dius, its tangent viiU be incommensurable vrith it. 
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Fvom this, we dedace, as an immediate consequence, the propaeitioD 
which forms the object of this note. Let r be the semicircumference of 

which the radius is 1 ; if r were rational, the arc -r woold be so too, and 

therefore its tangent would be irrational : but the tangent of tiie arc -- is 

4 

well known to be equal to the radius 1 ; hence r cannot be irrational. 
Hence the ratio of the circumference to the dia/meter is an irrational 
number.* 

It is probable that this number r is not even included among algebraical 
irrational quantities, in other words, that it cannot be the root of an alge- 
braical equation having a finite number of terms with rational co-effi- 
cients : but a rigorous demonstration of this seems very difficult to find ; 
we can only show that the square of ^ is also an irrational number. 

Thus, if m the continued fraction, which denotes tang, x, we put :r=r» 
since tang. x^O, we must have 

«=»--?- ^' ** 

7 — — 

9 — &c. 

But if f^ were rational, and we had <^=s — » m and n being whdle nam- 

n 

hers, there would result from it 

3 zszrr- *» 

5» — -- m 

In — — m 

lln — &c. 

Now, as this continued fraction evidently comes under Lemma II., its value 
also nmst be irrational, and cannot be equal the number 3« I^nce the 
square of the roMo between the circumference and^ the diameter is 
an irrational number. 



* This pfopontion wap first demonstrated by Lambert, in the Memoirs of 
Berlin, onns 1761. 
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ON 



TRIGONOMETRY. 






Trigonometry has for its object the solution of triangles, 
that is, the determination of there sides and angles, when a 
sufficient number of those sides and angles is given. 

In rectilineal triangles, it is sufficient to know three of the 
six parts which compose them, provided there be a side among 
these three. If the three angles only were given, it is obvious 
that aU similar triangles would answer the question. 

In spherical triangles, any three given parts, angles or sides 
are always sufficient to determine the triangle; because, in 
triangles of this sort, the absolute magnitude of the sides is 
not considered, but only their relation to the quadrant, or the 
number of degrees which they contain. 

In the Problems annexed to Book II., we have already seen 
how rectilineal triangles are constructed by meaus of three 
given parts. Propositions 361 and 363 of Book V. give 
likewise an idea of the constructions, by which the analogous 
cases of spherical triangles might be resolved. But tibose 
constructions, though perfectly correct in theory^ would give 
only a moderate approximation in practice,* on account of the 
imperfection 6f the instruments required in constructing them: 
they are called graphic methods. Trigonometrical methods, 
on the contrary, beiAg independent of all mechanical opera- 
tions, give solutions with the utmost accuracy ; they are found- 
ed upon the properties of lines called sineSf cosines^ tangenUj 
be. which furnish a very simple mode of expressing the rela- 
tions that subsist between the sides, and angles of triangles. 



* We are naturally requirQd to distinguish the figures which serve 
only to direct our reaj30^ing in the demonstratioA or a theorem or the 
solution of 1^ problem, from the figures which are constructed to find 
some of their dimensions. The first are always supposed to be exact ; 
the second, if not exactly drawn, will give false results. 

35 
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We shall first explain the properties of those lines, and the 
principal formulas derived from them ; formulas which are of 
great use in all the branches of mathematics, and which even 
furnish means of improvement to algebraical analysis. We 
shall next apply those results to the solution of rectilineal tri- 
angles, and then to that of spherical triangles. 

JDIYISION OF THS CIRCUMFERENCE. 

• 

I. For the purposes of trigonometrical calculations, the 
circumference of the circle is conceived to be divided into 360 
equal parts, called degrees ; each degree into 60 equal parts, 
called minutes ; and each minute into 60 equal parts^ called 
seconds. 

The semicircumference, or the measure of two right angles, 
contains 180 degrees; the quarter of the circumference, usu- 
ally denominated the quadrant, and which measures the right 
apgle, contains 90 degrees. 

II. Degrees, minutes, and seconds, are respectively desig- 
nated b^the characters : ^, \ " : thus the expression 16^ 6' 15" 
represents an arc, or an angle, of 16 degrees, 6 minutes, and 
15 seconds. 

III. The camidemetit of an angle, or of an arc, is what 
remains after taking that angle or that arc firom 90°. Thus 
an angle of 25° 40', has for its complement 64^ 20' ; an angle 
of 12° 4' 32', has for its complement 77? 55 28". 

In general, A being any angle or any arc, 90° — A is the 
complement of that angle or arc. Whence it is evident that^ 
if the angle or arc is greatier than 90°, its complement. will be 
negative. Thus the complement of 160° 34 10' is — 70° 
34' 10^. In this case, the complement, positively taken, would 
be the quantity requiring to be subtracted from the given an- 
gle or arc, that the remainder might be equal to 90°. 

The two angles of a right-angled triangle, are, together, 
equal to a right-angle : they are, therefore, complements of 
each other. 

• 

IV. The supplement of an angle, or of an arc, is what 
remains after taking that angle or arc firom 180°, the value of 
two right angles, or of a semicircumference. Thus A being 
any angle or arc, 180° — A is its supplement. 

In any triangle, an angle is the supplement of the sum of 
the two others, since the three together make 180°. 
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The angles of triangles rectilineal and spherical, and the 
sides of. the latter, have their supplements always positive ; for 
they are always less than 180^. 




OBNEBAL IDEAS RELATING TO SINES, COSINES, TANGENTS, &C« 

V. The sine of the arc 
AM, or of the angle ACM, 
is the perpendicular MP let 
fall from one extremity of 
the arc, on the diameter 
which passes through the 
other extremity. 

If at the extremity of the 
radius CA, the perpendicu- 
lar AT is drawn to meet 
the production of the radius 
CM, the line AT, thus ter- 
minated, is called the tangent, and CT the secant of the arc 
AM, or of the angle ACM. 

These three lines MP, AT, CT, are dependent upon the arc 
AM, and are always determined by it and the radius ; they 
are thus designated : MP =sin AM, or sin ACM, AT =ta7^ 
AM, or tang ACM, CT =sec AM, or sec ACM. 

VI. Having taken the arc AD equal to a quadrant, from 
the points M and D draw the lines MQ, DS perpendicular to 
the radius CD, the one terminated by that radius, the other 
terminated by the radius CM produced ; the lines MQ, DS 
send CS, will, in like manner, be the sine, tangent, and secant 
of the arc MD, the complement of AM. For the sake of 
brevity, they are called the cosine, cotangent, and cosecant, of 
the arc AM, and are thus designated : MQ=ca9 AM, or cos 
ACM, DS=co^ AM, or cot ACM, CS=cosec AM or cosec 
ACM. In general, A being any arc or angle, we have cos A 
==«« (90° — A), cot k^tang (90° — A), cosec k=sec (90^-— 
A). 

The triangle MQC is, by construction, equal to the trian-* 
gle CPM; consequently CP=MQ : hence in the* right-an- 
gled triangl^ CMP, whose hypotenuse is equal to the radius, 
the two sides MP, CP are the sine and cosine of the arc AM. 
As to the triangles CAT, CDS, they are similar to the equal 
triangles CPM, CQM ; hence they are similar to each other. 
From these principles, we shall very soon deduce the differ- 
ent relations which exist between the lines now defined : ber 
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fore doing so, however^ we mast examine the progresuve marcli 
of those lines, when the arc to which diey relate increases irom 
zero to 180°. 

VII. Suppose one extremity of the arc remains fixed in 
A, while the other extremity, marked M, runs successively 
throughout the whole extent of the semicircumference, frooi A 
to B in the direction ADB. 

When the point M is at A, or when the arc AM is zero, the 
three points T, M, P, are confounded with the point A ; 
whence it appears that the sine and tangent of an arc zero, 
are zero, and the cosine and secant of this same arc, are each 
equal to the radius. Hence if R represents the radias of the 
circle, we have 

sin o=ro, tang oc=:o, cos o=:R, sec o=::R. 

VIII. As the point M advances towards E, \he sine in 
creases, and likewise the tangent and the secant ; but the co- 
sine, the cotangent, and the cosecant, diminish. 

When the point M is at the middle of AD, or when the arc 
AM is 45°, and also its complement MD, the sine MP is equal 
to the cosine MQ or CP ; and the triangle CMP, having be- 
come isosceles, ^ves the proportion MP : CM : : 1 : v^2, or 

R 

«n45° : R : : 1 : V2. Hencenn 45°=ca»45° = — =iRV2. 

In this same case, the triangle CAT becomes isosceles and 
equal to the triangle CDS ; whence, the tangent of 45° and 
its cotangent, are each equal to the radius, and consequently 
we have tang 45°=- cot 45°=:R. 

IX. The arc AM continuing to increase, the sine increases 
till M arrives at D ; at which point the line is equal to the ra- 
dius, and the cosine is zero. Hence we have tin OO^aR, cos 
90°sso ; and it may be observed, that these values are a conse- 
quence of the values already found for the sine and co»ne of 
the arc zero ; because the complement of 90° being zero, we 
have Hn 90°=eof o°=R, and cos 90^szsin o°aso. 

As to the tangent, it increases very rapidfy as the point M 
approaches D ; and finally when this point reaches D, the 
tangent properly exists no longer, because the lines AT, CD, 
being parallel, cannot meet. This is expressed by saying that 
the tangent of 90° is infinite; and we write tang 90°:c:a) . 

The complement of 90° being zero, we have tang o ^coiy 
90°^ and cot o^taaig 90*. Hence cot 90° ^o,2aiAcoto^a>. 
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X# The ^mt M continuidg to advaoce from D towards B, 
the siaes dimiiiiftb and the connes increase. Thus MP' is 
the sine of the arc AM , and M Q, or CP its cosine. But 
the ^rc MB is the supplement of AM, since AM -hMB is 
equal to a semicircumference ; besides, if MM is drawn pa- 
rallel to AB, the arcs AM, BM , which are included between 
parallels, will evidently be equal, and likewise the perpendi- 
culars or sines MP, MP. Hence, the sine of an arc or of 
an angle is equal to the sine of the supplement of that arc or 
angle. 

The arc or angle A has for its supplement 180^-*-A: hence 
generally, we have 

sin A-sin {ISO''— A.) 

The same property might also be expressed by the equation 
sin (90''4-B)=:=sin (OO'^-B), B being the arc DM or its 
equal DM'. 

XI. The same arcs AM', AM which vre supplements of 
each other, and which have equal sines, have also equal co« 
sines CP', CP ; but it must be observed, that these cosines lie 
in different directions. This difference of situation is expressed 
n calculation by a difference in the signs, so that if the co- 
sines of arcs less than 90° are considered as posUive or af- 
fected with the sign +i the cosines of arcs greater than 90^ 
must be considered as negative or affected ?riith the 8ign«<^. 
Hence, generaHy, we shall have 

cos A= — cos (180'' — A) 

or cos (90^ + B)=s— <r(w(90"— B); that is, the cosine of an 
a/rc or ofa» angle greater than 90^ is equal to the cosine of 
its supplement taken negatively. 

The complement of an arc greater than 90^ being nega- 
tive (Art. 3.), it is natural that the sign of that complement 
should be negative : but to render this truth stiU more palpa- 
ble, let us seek the expression of the distance from the point 
A to the perpendicular MP. Making the arc AM=a;, we 
have GV^cos x, and the required distance AP^R — cos x. 
The same formula must express the distance from the point 
A to the straight line MP, whatever be the magnitude of the 
arc AM originating in the point A. Suppose then that the 
point M come to M', so that x designates the arc AM ; we 
have StiU at this point APssR-^cos x: hence cos x=^R — 
AP a:A&^AP=s — ^CP ; which shews that cosxh negative 
in that case : and because CFsCP— cos (180°-— a;), we have 
cos z^'^'^os (180^— ^x)y as we found above. 
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From this il appears, that an obtuse angle has the same sine 
and the same cosine as the acute angle which forms its sup- 
plement ; only with this difference, that the cosine of the ob~ 
tuse angle must be affected with the sign — . Thus we have 
sin I35°=«n 45°= i R\/2, and cos 135° ==— cos 45°== 
~} Ri/2. 

As to the arc ADB, which is equal to the semicircumfe- 
rence, its sine is zero, and its cosine is equal to the radius 
taken negatively: hence we have sin 180^=0, SLudcos 180^ 
= — R. This might also be derived from the formulas sin 
A = IMI (180° — A), and cos A = — cos (180° — A,) by 
making A= 180°. 

XII. Let us now examine what is the tangent of an arc 
AM' greater than 90°. According to the Definition, this tan- 
gent is determined by the concourse of the lines AT, CM* 
These lines do not meet in the direction AT ; but they meet 
in the opposite direction AV ; whence it is obvious that the 
tangent of an arc greater than 90° must be negative. Also, 
because AV is the tangent of the arc AN, the supplement of 
AM' (since NAM' is a semicircumference), it follows that 
the tangent of an arc or of an angle greater than 90° is equal 
to that of its supplement^ taken negativdy ; so that we have 
tan^ A= — tang (180° — ^A). 

The same thing is true of the cotangent represented by 
DS', which is equal to DS the cotangent of AM, and in a 
different direction. Hence we have likewise cot A = — cci 
(180°— A). 

The tangents and cotangents are therefore negative, like 
the cosines, from 90° to 180°. And at this latter limit, we 
have tar^ 180° =o and cot 180. = — cot o = — oo. 

XIII. In trigonometry, the sines, cosines, &c. of arcs or 
angles greater than 180° do not require to be considered; the 
angles of triangles, rectilineal as well as spherical, and the 
sides of the latter being always comprehended between and 
180^. But in various applications of geometry, there is fre- 
quently occasion to reason about arcs greater than the semi- 
circumference, and even about arcs containing several cir- 
cumferences. It will therefore be necessary to find the ex- 
pression of the sines and cosines of those arcs whatever be 
their magnitude. 

We observe in the first place, that two equal arcs AM, AN. 
with contrary signs, have equal sines MP, PN with contrary 
algebraic signs ; while the cosine CP is the same for both* 
Hence we have in general. 
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sin ( — x)=: — «« X 
cos (— *«) = cos X, 



formulas which will serve to express the sines and cosines of 
negative arcs. 

From 0° to 180° the sine^ are always positive, because they 
always lie on the same side of the diameter AB ; from 180^ to 
360°, the sines are negative, because they lie on the opposite 
side of their diameter. Suppose ABN =x an arc greater than 
180° ; its sine P'N is equal to PM, the sine of the arc AM=5 
X — 180°. Hence we have in general 

sin x= — sin (x — 180°) 

This formula will give us the sines between 180° and 360°, by 
means of the sines between 0° and 180° : in particular it gives 
sin 360?= — sin 180=0; and accordingly, if an arc is equal 
to the whole circumference, its two extremities will evidently 
be confounded together at the same point, and the sine be re- 
duced to zero. 

It is no less evident, that if one or several circumferences 
were added to any arc AM, it would still terminate exactly at 
the point M, and the arc dius increased would have the same 
sine as the arc AM ; hence if C represent a whole circumfe- 
rence or 360°, we shall have 

sinx=^sin {C+x)=sin (2C+x)=«n (3C+x,) &c. 

The same observation is applicable to the cosine, tangent, &c. 

Hence it appears, that whatever be the magnitude of x the 
proposed arc, its sine may always be expressed, with a proper 
sign, by the sine of an arc less than 180°. For, in the first 
place, we may subtract 360° from the arc x as often as they 
are contained in it ; and y being the remainder, we shall have 
sin x^siny* Then ify is greater than 180"^ make y= 180°+ 
2, and we have siny^ — sin z. Thus all the cases are reduced 
to that in which the proposed arc is less than 180° ; and since 
we farther have sin (90*'4-x)=«» (90° — a:), they are likewise 
ultimately reducible to the case, in which the proposed arc is 
between lero and 90^. 

XIV. The cosines are always reducible to sines, by means 
of the formula cos A=«ii(90^ — ^A); or if we require it, by 
means of the formula cos A=m (90^+ A) : and thus, if we 
can find the value of the sines in all possible cases, we can 
also find that of the cosines. Besides, the figures will easily 
shew us that the negative cosines are separated from the posi- 
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tive cosines by the diameter DE ; all die arcs whose extremi- 
ties fall on die left side of DE, having a positive cosine, 
while those whose extremities fall on the right have a nega- 
tive cosine* 

Thus from 0° to 90° the cosines are positive ; from 90^ to 
270"* they are negative ; from 2W to 360° they again be- 
come positive ; and after a whole revolution, they assume the 
same values as in the preceding revolution, for cos (960° +:r) 
^cos X. 

From these explanations, it will evidently appear, that the 
sines and cosines of the various arcs which are multiples of 
the quadrant have the following values: 

^ 0°=sO mn 90°:=::R c&$ 0°=R cos 90''=0 

»n 180°=:0 9m 270""=— R cos 180°n=_R cot STO^'^O 

Mft360°»0 4fJi450°=:R eof360°=^R eot 450'' =0 

»ii540°=0 ««i630^=— R CM 540°=— R cm 630° =0 

m720°=0 m810°=R co* 720°=^R cm 810° =0 
&c. &c. &;c* be. 

And generally, k designating any whole number we shall 
have 

sin 2ft. 90°=0, cos (2ft+l) . 90°=0, 

sin (4ft-hl) . 90° =R, cos 4k . 90°«R, 

sin (i— 1) . 90°=^— R, cos (4ft +2) • 90°=— R. 

What we have just said concerning the sines and corines 
renders it unnecessary for us to enter into any particular de- 
tail respecting the tangents^ cotangents, &z;c« of arcs greater 
than 180°; the value of these quantities are always easily 
deduced from those of the sines and cosines of the same tuxsz 
as we shall see by the formulasi which we now. proceed to 
explain. 
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THEOBEMS J^SH^ FORMULAS KBI.ATING TO SI1VB8, COSINES, 

TAjfGBNTS, &C. ' 

XV. The sin0 of an arc is half the chord which subtends a 

daubk arc. 



For the radius CA, per^ 
pendicular to the chord MN, 
bisects this chord, and like- 
wise the are. MAN; hence 
MP, the sine of the arc 
MA, is half the chord MN 
which subtends the arc 
MAN, the double of MA. 

The chord which sub- 
tends the sixth part of the 
circumference is equal to 
the radius ; hence sin 
360^ 




12 



or sin 30°=:^R, in other words, the sine of a third part 

of the right angle is equal to the radius. 

XVI. The square of the sine of an arcy together with &e 
square of the. cosine^ is equal to the square of the radius; so 
that in general terms we have sin ^A-f cos ' A=R^.* 

This property results immediately from the right-angled 
triangle CMP, in which MP«+CP"=CM^ 

It follows that when the sine of an arc is given, its cosine 
may be found, and fyke versa^ by means of the formulas 
cos A=i± v'(K»— «««A), and sin A-± V(R*-^o«' A). The 
sign of these formulae is ambiguous, because the same sine 
MP answers to the two arcs AM, AM', whose cosines CP, 
GPare equal and have contrary signs; as the same cosine CP 
answers to the two arcs AM, AN, whose signs MP, PN are 
also equal, and have contrary signs. 

Thus, for example, having found sin 30°=JR, we may de- 
duce from it m 30^ or , sin 60^= V(R*— iR^)= \^4R^ = 

XVIL The sine-and cosine of the arc A being given^ the 



* By nn *A is here meant the square of rin A ; and, ift like manner, by 
cat •A is 'meant the square of cos A. 

36 
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tamtentj secant^ cotangent 9 and cosecant of the same arc, may 
hefoimdljf thefoUowing formulas: 



tang A 3= 


R sin A 

7-, sec A = 

cos A ' 

R2 


R* 

cos A" •* 


cot A = 


Rco^ A 
sin A 


cosec A = 


a 









sm A 

For, the triangles GPM^ CAT, CDS, being gimilar, wehave 
the proportions : 

RftiiA 
CP : PM : : CA : AT; orcosAisinA : : R : toi^A= y 

cos A. 

R* 

CP : CM : r CA : CT ; or co« A : R : : R : «jc A == 



€OSA 

PM : CP : : CD : DS; or.«n A: cos A y.Ri co<A==5^ 

sin A 

PM : CM : : CD : CS; or ^« A : R : : R : cosec A=— ^ 

sinA 
from which are derived the four formulas required. It may 
also be observed, that the last two formulas migbt be deduced 
from the first two, bjr simply putting 90°— A instead of A. 

From these formulas, may be deduced the ^ues, with tbe 
proper signs, of the tangents, secants, &c. belonging to any 
arc whose sine and cosine are known ; and since the progres- 
sive law of the sines and cosines, according to the difierent 
arcs to which Aey relate, has been sufficiently developed in 
the preceding chapter, it is unnecessary to say more of the 
law which tangents, secants, be. likewise follow. 

By means of these formulas, several results, which have 
already been obtained concerning tsmgents, maybe confirmed. 
If, for example, we make A=90^, we shall have sin A=R, 

cos A«a ; and consequently tang 90^=-^ , an expression 

which designates an infinite quantity ; for the quotient of ra- 
dius divided by a very small quantity, is very great; I^ence 
the quotient of radius divided by zero is greater than any 
finite quantity. And since zero may be taken with the 
sign+, or with the sign — , we have the ambiguous value 
tof^90^=±cD. 

Again suppose A =180° — ^B ; we have sin A^sin B, and 

cos A^—cosB, hence /a«ff (180«-^B)=^f^=— 5f^ 

^^ ' —cosB cosB 

=s — tang B, which agrees with Art 12. 
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XVIU* The formulae of the preceding Article, combined 
with each other and with the equation Wn*A+cof^A=R', 
famish some others worthy our attention. 

First we have R* + tang^ A = R^ + _ 

R» (««» A+co^» A) R* 

"^ ^^T^A ""^ ^?^ ' ^""^"^^ ^' "^ ^^"^^ ^""^^' ^' * 

formula which might be immediately deduced from the right- 
angled triangle CAT. By these formulas, or by the right* 
angled triangle CDS, we have also R'-^cot^A=co8e(^A. 

Lastly, by Caking the product of the two formulas tangA== 
R m A Rcas A 

^j^ j^' fBndcotA = ^„ j^ J we have iangAXcot A=R*,a 

R^ R* 

formula which gives cot A= ;-, and tanff A = r. 

tang A cot A 

R^ 
Likewise we have cot B = fangB' Hence cot A: cotB : : 

tang B : tang A ; that is, the cotangents of two arc$ are in the 
invene ratip of their tangents. 

This formula cot Axtang A=R* might be deduced imme- 
diately from comparing the similar triangles CAT, CDS, 
which give AT : CA : : CD : DS, or tat^ A:R iiB,; eot A. 

XIX* The sines and cosines of two arcs a and b, being 
given f the sine and cosine of the sum or difference of these arcs 
may be found by the foUomng farnmUis. 

9 

• / . iL\ **^ ^ cosb^-sin b cos a ,^ , 
sin («+6)= r:^ (1) 

XV 

• J T.\ 9in a COS b-^^n b cos a .^^ 
sin {a—b):sz — (2) 

R 

/ . , . cos acosb'-'^nasinb ,^^ 
cos (a +6)= g (3) 

^ /- iv co$a.cotb+sinatinh ,,. 
co«(a— ft)= g (4) 



1 
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Suppose the radius AC=R, the arc 
AB=i:a, the arc BD=6, and conse- 
quently ABD =a+b. From the points 
B and D, let fall the perpendiculars 
BE, DF upon AC ; from the point D, ^ 
draw DI perpendicular to BC ; lastly, 
from the point I draw IE perpendicu- 
lar, and IL parallel to, AC. V T^ 'K'E' ':b< 

The similar triangles BCE, ICK -^^ ***- 
give the proportions, 

« sin Of cos h 
CB : CI : : BE : IK, or R: cosh:: sin a: IK= g — ' 




CB : CI : : CE : CK, or R : cos b :: cos a: CK= 



cosa cos b 
R • 



The triangles DIL, CBE, having their sides perpendicular 
each to each, are similar and give the proportions, _ 

^^ •*• ^^ ^» « . , -r-».T cos a sin b 
CB : DI : : CE : DL, or R:sinb :; cos a: DL=^ =r — * 

sin asinh 



CB : DI : :* BE : IL, or R : ^'n & : : sin a ; 1L=^ 



R 



But we have 

IK+DL=DF=«i« (a+b), and CK^IL==CF=«>« (a+6). 

Hence 

. i . i\ sinacosb+sinbcos a,^. 
m{a+b)=^ ^ (1) 



R 






cosa cos b — sin asinb 



R 



(3) 



The values of sin (a — b) and of cos (a — b) might be easily 
deduced from these two formulas ; but they may be found 
directly by the same figure. For, produce the sine DI till it 
meets the circumference at M ; then we have BM=BD=6, 
and MI=ID=ri« b. Through the point M, draw MP per- 
pendicular and MN parallel to AC : since MI=DI, we have 
MN=IL, and IN=DL. But we have IK--IN=MP=m 
(a— 6), and CK+MN=CP=c(W (a— i) ; hence 

. , , . sin a cos b — sin bcosa ,^, ^ 
stn{a — 6)= = (2) 

. ,v cos a cosb+sinasinb ,^. 
eos(a^)^ _ (4) 

These are the formulas which it was required to demonstrate. 
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The preceding' demonstration may seem defective in point 
of generality, since,, in the figure which we have , followed, the 
arcs a and 6, and even a +6, are supposed to'be less dian 90^« 
But first the demonstration is easily extended to the case in 
which a and b being less than 90 , their sum a+b is greater 
than 90\ Then the point F would fall on the production of 
AC, and the only change required in the demonstration would 
be that of taking cos (a-4-6)~ — CF ; but as we should, at the 
same time, have CF IL — CK, it would still follow that co* 
{a+b)f=CK — IL, or R cos (ai-b)=co8 a cos 5— «f» a sin b. 

Now suppose the formulas 

R sin (a+b) = sin a cos b+sin bcos a 

R cos (a-{'b)=cos a cos b — sin a sin b 

to be acknowledged as correct for all the values of a and b less 
than the limits A and B ; then will they also be true when 
these limits are 90*+ A and 90° +B. 

For, in general, whatever be the arc x, we have 

sin (9()!^ +x)=cos x 
co« (90°+a;)== — sinx. 

These equations are evi- 
dently accurate when 
XZ. 90°; and we easily disco- 
ver their correctness what- 
ever be the value of a:, by 
inspecting this figure, in 
which MM' and M'M' ' are 




two diameters perpendicu** 
lar to each "^ other; and in 
which we may substitute for 
X the values AM, ADM', 
ADBM ADEEM ',or these 
values increased by as ma- 
ny tircignferences as we please. 

This being granted^ put 3^=m+b ; we have 
sin {90^^ +m+b)=cos{m+b) 
cos (90° 4-m+ft)=— m {m+b). 

But, by hypothesis, the values of the second members are 
known, so long as m and b do not exceed the limits A and B ; 
hence, according to this same b3^othesis, we have 

R sin (90°+m+6)=co« m cos b — sin in sin b 
R cos (90^+w+6)= — sin m cos b-^^os m sin b. 
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Pitt 90^+M^a ; since sin (90°+m)^ca»mmd ca» (90""+^) 

ss-^nftn in, it foUovirs that cot m^sin a and sin mss^-oof a ; 

hence, by substituting in the preceding equations, ire have 

Rsin (a+6)=sin a cos b+cosa sin h 

R cos (a+i)=ca« a cos b — sih, a sin b. 

From which it appears that these formulas, at first proved 
only within the limits a^ A, &ZB, are now proved within the 
more extensive limits a^90°+A, i^B. But, in the very 
same way, the limit of & might be carried 90"" farther ; then 9Q 
also might that of a, and the process might be continued inde- 
finitely ; hence the formulas in question hold good whatever 
be the magnitude of the arcs a and (. 

Since the arc a is formed from the sum of the two arcs a-— S 
and 6, by the preceding formulas we shall have * 

R sin a=^sin (a — b) cos b+oos {or^) sin &, 

K cos a=:cos {a — b) cos b — sin (o^— 6) sin b. 

And from these we find 

R sin (a — b) =st9i a cos 6— ^n b cosa 

R cos {ar^^)=cos a cos b+sin a sin b. 

XX. If, in the formulas of the preceding Articbf we make 
b^ay the first and the third will give 

. _ 2sinacosa ^ cos^ a Hn^ a 
stn 2a^ -^ , cos 2ar= =^ ; 

formulas which enable us to find the sine and cosine of the 
double arc, knowing the sine and cosine of the simple affc. 
This forms the problem of doubling an arc. 

Riciprocally, to divide a given arc a into two equal parts, 
let us, in the same formulas, put ^a instead of a : we shall have 

2 sin ia cos ia cos^ hir^'Wii^ la 
sm a= '= ^— , cos a= ^i— ^ i- ; 

MX K. 

Now,*lBince we have at once, co«' ^a+sin^^a—K^y and co^^a- — 
siri^ ia=R cos a, there results by adding and subtracting 
cos' }a=^R^+^R cos a,%ad sin ia==JR'-— JR cos a ; 
whence 

sin \ar=^{\lR? — JR cos a) 

cos Ja-v^(iR^+iR cos a). 
Thus, making a=90°, or cos^Om^i^y we have sin AB^^cos 45^^= 

i/^R^crRV J ; next making a^45°, which gives cos «=^R\/i, 
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we shall hzv« am 2(2° 3»»R( Vi-4 Vi)> u>d coc 281° SO* =R 

*XXI. The values of Hn ^ and cos ^a may also be ob- 
tained in terms of sin a f which will be useful on many occa- 
sions. These values are : 

sin ia=i V(R'+R «« a)— J^^(R»— R Hn a), 
cos Ja= J V(R'+R sin a) + J ^(R»_R m <x). 

Accordingly, by squaring the first, we shall have sin^^^ 
i(R'+R sin «)+i(R'~R m a)-4 V(R*— R 'wn" a) =iR^ 
^Kcosa; in like manner, we should have ca^^=j^R'+^R 
cos a ; values which agree with those already found for sin ^a 
and cos ^. It must be observed, however, that if cos a were 
negative, the radical '/(R' — ^R sin a) would require to be 
taken with a contrary sign in the values of «in ^a and cos ^; 
and thus the one value would be changed into the other. 

XXII. The formulas of Art. 19, furnish a great number 
of consequences ; among which it will be enough to mention 
those of mos.t frequent use. The four which follow, 

sin a cos 6=*=^ R sin (a4-6)+i R sin(a — 6) 
sin bcosa^^K sin («+ 6) — | R sin{a — b) 
cos a cos b=i R cos (a — b)+^ R cos{a+b) 
sin a sin 6=^ J R cos (a — ft) — \ R eot(a+ft) 

serve to change a product of several sines or cosines into 
linear sines or cosines, that is, into sines and cosines multiplied 
only by constant quantities. 



*Let (ar— zVJrrrV't^R'—JR cot a)z=:im |a ; then will ar^— Sarr+z^ 
=R3'— R C09 a. 'Assume x^'-^'Z^zszVi'^ ; then will 2«ar=:R. cos a, and eli« 

minating r, gives «'4.--^— — =rR' : hence x«— RJ^ar34.}R4=}Ra(R^— 

R2 , 

co*2 a)=:}R2.««2a; and a?2 — zs-j-iR, sin a ; or dr=:-v/|R(R±«no). 



Hence zs=±x/^R(K=f tin a) 



Therefore w— jrzrV'Jv^RCRi «no)=FV'i\/R(RT sin a] ; 

or, (x— zjv'irs Jv^R±«in a) TW'^i'^Tsina) \ 

or, fm)ar=^R24.R «n a— Jv'R'— R «n a. 
In a similar manner, the value for com ^ is obtained. 
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XXIII. If in these formulas we pat a+b=sp^ Or^^q^ 
which gives g= ^ , 6=^1^, we shall fiad 

2 * 

sinp+$in 9=-^ «« i (i'+y) ^^* 1 (l^— ?) 

2 
sin]^''^nq=± =- «» J (jp — g) cos i (i^+j) 

2 
c(»p+c(» ?=^ «» i^ (l'+5') <^ i (l'-^) 

2 

new formulas, which are often employed in trigonometrical 
calculations for reducing two terms to a single one. 

XXIV. Finally, from these latter formulas, by dividing, 

... , «iia taw a R , . . 

and copsidenng that = — ^ — = —— , we denve the 

^ coia R . cot a 

following : 

9in'p'\'nn q __ sin\ d^+^y^Kl^ — ?) _ ta7^\ (P'^9) 
Hnp — Hn q ~~ cos^ {p+p)sin\{p — q) "~ twng\ (p— 5^) 

nnp+Hnq ^rin\ {p+q) _tomg\{pr\-q) 
cosp+co8q^ cos^ {p+q)^ R 

Hnp+iinq ^cos^ (p — q) ^cot^ {p — y) 
casq — sinp" sin^ {p — y) ~~ R 

sinp'-'^n q _ sinj (p -^) _ tong-J ( j>— 9) 
€osp+cogq^co8^ {p — y)"" R 

finp — sinq^^c ot^ (j^+g) _ ^^ (j^+g) 

cosq — cosp^sini^ iP'^^) ^ 

cosp+cosq cos^ {p-^q) cos^(p — q) coi^ (p+q) 

cos q — cos p sin^ {p + q) sin^ {p — q) tang^ {p — q) 

sin (p+q) _ 2gfn^ (P+g) cosj (p +q) _ cos^ (p+q) 
sin p+9in q ~" 2sin^ (p+9) co«i (p — q) "~ cos^ (p — q) 
sin (p+q) __ 2sin^ (p+q) cos\ (p+q) _ sin\ (p+q) 
sinp-'^n q ~ 2sini (p — q) cosi (p+q)'' sin^ (p—q) 
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Formulas which are the expression lof so many theorems. 
From the first, it follows that the sum of the sines of two arcs • 
is to the difference of these sines, as the tangent of half the 
sum of the arcs is to the tangent of half their difference. 

XXy. Making 6= a, or 5^=0, in the formulas of thetiiree >^ 
preccjrfing Articles, we shall have the following results : 

co^a=itB?+\B.cos2a 
«V «=i R'— JR co« 2a 

xy , 2 cof ip 

R 

tj 2 sin^ ip 

R 

2sinip cosip 
stn p= ^ 2£: 

•R 

sinp tang ip R 



R+cosp" R '^cot ip 
sin p cot ip R 



I ' 



R — cos _p"~ R "^tang i p 
'&-\-cosp coPip R' 

B^—cosp^ B? ^tang'ip 

XXVI. In order likewise to develope some formulas rela- 
tive' to tangents, let us consider the expression 

tang^a^-b)^ ,^ , % m which, by substitutmg the 

values of m (a+ft) and cos (a 4-6), we shall find 

/ . r\ R (^w a cos b+sin b cos a) . 

tang (a+6)= — ^^ 7 ^-r-^ -* 

° cos a cos b — stnbstna 

• 

•KT I. • ^^^ ^ fan^p a , . , co« b tans h 

Now we have sm a= :g— ^ — ,and^n6== _ ^ ; 

K R 

substitute these values, dividing all the terms by cos a cosb ; 
we shall have • 

. / , I \ R"* (^^g* a+tang b) 

37 
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wUch is tke value of the taDgent of die sum of two arcs, ex- 
pressed by the tangents of each of these arcs. For the tan- 
gent of their difference, we should in like manner find 

tans {a^^\ ^^ ^^^ a-^ng b} 
^ ^ ' W+tangatang b 

Suppose 6 =:a; for the duplication of the arcs, we shall 
have the formula 

2"^ tang a 
whence would result 

Suppose 6=2 a ; for their trifdication, we shall have the for- 
mula 

^ R^ — tang a tang 2 a 

in which, substituting the value of tang 2 a, we shall have 



3 'S^tanff a — tans^a 



ON THE C0X^3TRUCTI0N OF TABLES. 

XXVIL The tables jti common use, for tlie purposes of 
trigonometrical calculations, are tables which show the va- 
lues of the logarithms of the sines, cosines, tangents, cotan- 
gents, he. for all the degrees and minutes of the quadrant, cal- 
culated to a given radius. 

XXVIII. If the radius of the circle is taken equal to 1, 
and the lengths of the lines representing the sines, cosines, 
tangents, cotangents, &c. for every minute of the quadrant be 
ascertained, and written in a table, this would be the table 
usually called a table oi natural sines, cosines, &c. 

• 

XXIX. If such a table were known, it would be easy to 

calculate a table of sioes, &c. to any other radius ; since, in 
different circles, the sines, cosines, &c. of arcs containing the 
same number of degrees, are to each other as their radii. 
Also, if the natural, or numeral sines, cosines, he. were known, 
it would be easy to calculate from them the logarithmic ones. 
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XXX* Ije^ u« gtance for a moment at one of the xnediods 
of calculating a table of natural sineB* 

The radfus of a circle being 1, the» semicircumference is 
known, to be 3.14159265358979. This being divided suc- 
cdfjflvely *by 180 and 60, or at once by 10800, gives 
.00P2908882086657, for tbe arc of 1 minute. Of so small 
an arc the sine, chord, and arc, differ almost imperceptiblji; 
from the ratio of equality ; so that the first ten of the pre- 
ceding figures, that is, .0002908882 may be regarded a& the 
sine of 1^; and in fact the sign given in the tables which run 
to seven places of figures is .0002909. By Art. 16, we have 
for any arc, cos = -/(l — sitfj. This theorem gives, in the 
present case, eos 1' = 9999999577. Then, by Art. 22, we 
shall have 

2cosV y. sin V ~ sinrtf =x:sin2f=: .0005817764 
Zxos V X sin 2'-^ sin r = sm3! = .0008726646 
, 2 cos V X sin 3' — sin 2' = sin ^ ^ .001:1835626 
2 cos r X 5fw 4' — sin 3' =^ sin 5' = .0014544407 
2 cos r X sin 5'— sin 4' = sin& = .0017453284 
&c. &c. &c. 

Thus may the work be continued to any extent^ the whole 
difficulty consisting in the multiplication of each successive 
result by the quantity 2 cos 1' = 1.9999999154. 

*Or, the sines of 1' and 2' being determined, the work might 
be continued by the last proposition, thjis : 

sin r : sin Z — sin I' : : sin 2' + sin 1' : sin dl 

sin 2! : sin 3' — sin I' : : sin 3' + sinl^ : sin 4' 

sin 2! : sin 4! -^ sin T : : sin 4' + sin V : sin 5' 

sin 4* : sin 5' — sin V : : sin S -h sinV : sin & 
&c. iac, &LC. 

In like manner, the computer might proceed for the sines of 
degrees, fac. thus : 

sin 1° : sin 2° — sin 1° : : m 2° + sin V : sin 3° 
sin 2° : sin 3° — «w 1"* : : sin 3° + sin V : sin 4° 
sin 3° : sin 4° — sin V : : sin 4° + sin V : sin 5° 
fcc. fcc. fac. 



* Multiply together the first and second formulas of Art. XIX. substi- 
tute for co8% R2 — siri^b and recollect that the difference of the squares 
of two quantities is equal to the product of their sum and difference. 
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To check and verify operations lilie these, the proportions 
should be changed at certain stages. Thus, «^^ 

Hn 1° : «Ji 3° —jnn 2«» : : «« 3° + rin 2° : «« S"" 
sin V : »JI 4° — Hn 3° : : nn 4* + m 3° : sin 7° 
sin 4° :sinT — sin2'':: sin 7° + sin 3° : sin 10° * * 

The coincidence of the results thus obtained, with the analo- 
gous results in the preceding operations, will manifestly esta- 
blish the correctness of bot)^ 

The sines and cosines of the degrees and minutes up to 30°, 
being determined by these or other processes, they may be 
continued thus : 

sin 30° r =z cbsl' — sin 29° S9f^ 
rin 30° 2 = aw 2' — rin 29° 58' 
»« 30° 3' = ^ 3- — *«i 29° Sf 

And these being continued to 60°, the cosines also become 
known to 60° ; because 

cos 30° 1' = rin 59° 59' 

CM 30° 2^ = rin 59° 5& «*^- 4lb 

The sines and cosines from 60° to 90°, are deduced from 
those between 0° and 30°. For 

rin 60° 1' = cos 29° 59' 
rin 60° 2' =. cos 29° 58' 
&c. &Bt. &c. 

The sines and cosines being found, the versed rines are de- 
termined by subtmcting the cosines from radius in arcs less than 
90°, and by adding the cosines to radius in arcs greater than 
90°. 

The tangents may be found from the sines and cosines. 

For since tan=^ — , 

cos 

rinX.^ 

we have tan 1' = ;=co^ 89° 59' 

cosV 

rin!^ 
^« 2' =— — =co^ 89° 58' 
cos2f 

&C* &C. •&€. 



♦Take the first formula of Art. XXIIL, makep=3(y 1', o=29*» 69', 

^^^« ^^t^i^^^=iRyOT ii R being equal to 1. Then let 
|>=:30P S', 9=5 29° 68', &c. 
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Above 45° the process miay be considerably simplified by 
the theorem for the tangents of the sums and cUfferences of 
arcs.^ For, when. the radius is unity, the tangent of 45° is 
also unity, and tan (a+b) ynll be denoted thus : 

jA^n t' N l+tcm B 
to«(45°+B)=-- 



I — tan B 



And this, again, may be still further simplified in practice. 

The secants inay readily be found from the tangents by ad- 
dition. For sec A=tan A+tan ^ comp a. Or, for the odd 
minutes of the quadrant the secants may be found fi*om the 



expression sec=s^— 

^ cos 



Other methods for all the trigonometrical lines are deduced 
from the expressions for the sines, tangents, &c. of multiple 
arcs ; but this is not the pl]^ce to explain them, even if it were 
requisite to introduce them at large into a cursory outline. 






PRDICIPLES FOR THE SOLUTION OF RECTILINEAL TRIANGLES. 

XXXI. In aU right-angled triar^les^ the radius is to the 
Ane of me of the acute angles^ as the hypotenuse is to the side 
opposite this 'angle. 

Let ABC be the proposed ^ 
triangle, right-angled at A : 
from the point C as a centre, 
with a rstdius CD equal 4o the 
radius of. the tables, describe - 
the arc DE, which will measure 
the «ngle C; on«CD let fajl q* 
the perpendicular EF, which ^-^ 

will be the sine of the angle C. The triangles CBA, CEF, 
are similar, and give the proportion CE : EF : : CB : BA ; 
hence 

R : m C : : BC : BA. 

XXXII. In aU right-aisled triangles, radius is to the tan- 
gent of one of the acute angles, as the side lying adjacent to 
this angle is to the side lying opposite. 
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' Having deseribed the arc D£ (see the last figure), as io the 
preceding Article, draw DG perpendicular to CD ; it will be 
the tangent of the angle C. From the similaf trianglies CDG, 
CAB, we shall have the proportion CD *: DG : CA : AB ; 
hence 

R : ^ftn^ C : : CA : AB. 

XXXIIL In any rectilimal triangle^ the sines of the angles 
are to each other as the opposite sides* 

Let ABC be the proposed triangle ; AD A, 

the perpendicular, let fell from the vertex 
A on the opposite side BC: there may be 
two cases. 

First. If the perpendicular falls within 
the triangle ABC, the right-angled trian- B 
gles ABD, ACD (Art. 31.) will give 

R : «m B : : AB : AD. 
R : «» C :,: AC : AD. 

In these two propositions, the extremes are equal ;^ hence with 
the means we shall have 

sinC : sin3 : : AB : AC. 

Seco/ndly^ -If the perpendicular falls without the triangle 
ABC, (see the fig. in the next page) the right-angled trian- 
gles ABD, ACD will still give the proportions. 

R : sin ABD : : AB : AD, - 

R:«t«C ::AC:AD; 

from which we derive sin C : sin ABD : : AB ; AC. But 
the angle ABD is the supplement of ABC or B ; hence sin 
ASD^sin B ; hence we again have 

sin C : 5tn B : : AB ; AC. 



« • 



XXXrV. In allrectUineai triangles, the cosine of one angle 
is to radius as the sum of the squares of (he sides which con- 
tain it, minus the square of the'third side, is to twice the ree- 
tangly of Hie two former sides ; in other words, we have (last^^J 

cosBiRi: AB'+BC'^AC : 2AB . BC, or 

^ ^ AB^+BC^-^AC^ 

From the vertex A, let AD be agauq drawn perpendiculaur 
to the side BC. 
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First. If this perpeitdicnlar falls within the triangle (see the 
preceding figure) we shall have AC'= AB^+BC— 2BC X BD 

(Art/l91.) ; hence BD=-:^^?!i^=:^. Butin the right- 
angled, triangle ABD, we have R : iin BAD : : AB : BD ; 
also the angle BAD being the complement of B, we have 

4ffi HAD^cos B ; hence cos B= — ^^^ — , or by substituting 

the vahie^ of BD, 

cosB^R^ ^^+^-^^\ 

2ABXBC 

Secondly* If the perpendicular falls . 
without the triangle, we shall have 
AC2 = AB^+BC^+2BCxBD (Art. 

1QON 1, vtT^ AC^— AB'— BCa 
192-); hence BD= ^gc • 

Bat in the right-angled triangle BAD, D B 

RxBD 

we still have sin BAD or cos ABD= — Tr~" 5 ^^^ the angle 

ABD being supplemental to ABC, or B, we have cos B=r — 

RxBD^ 

CO* ABD = — — TW" (Art. 11); hence by substituting the value 

of BD, we shall again have 

„ „ AB' + BC— A(? 
* c^B=RX 2ABXBC • 

XXXV. Let A, B, C, be the three angles of any triangle ; 
a, 6, c, the sides respectively opposite them : by the last Article, 

^'+c? — b\ 
we shall have cos B=RX ^-j- . And the same principle 

when applied to each of the other two angles will in like 

manner irive co* A=RX -, ,andco* C=Rx — ,— 

^ '2bc ^ 2ab 

These three formulas are of themselves sufficient for solving 
all the problems of Rectilineal trigonometry; because, when 
three of the six quantities A, B, C, a, b, c, are given, we have 
by tbese £[N*mulas tbe equations necessary for determining the 
other three. The principles already explained, and whatever 
other maybe added to them, can, therefore, only be consequen- 
ces of these three principal formulas. 
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Accordingly the value o( eo»B gives 

^^ (2 a' fc + 2a' c'+2 6' c'-^'— 6^— c') : hence 

**^^- ^, • (2a'6'+2 a2 0^ + 2 fc^ c*— a*— *^— c')- 
6 2aoc 

The second member being a function of a, by c, in which diese 
three letters all occur under the very same form, we may evi- 
dently change two of these letters at will, and thus have 
^nBiinAjinC . ^^^.^j^ .^ .^^^^ principtc of Art. 33. And 

b a c 

from this, the principles of Art. 20, and 32, are easUy deduci* 
hie. ^^ 

XXXVI. In any rectilineal trumgley the sum of two sides 
is to their difference, as the tangent of half the sum of the an- 
gles opposite those sides, is to the tangent of half the difference 
of those same angles. 

From the proportion AB : AC : : sin C : sin B (see the 
fig-ures in Art. 33, 34.) ; we derive AC+AB : AC— AB : : 
sin "B+sin C : sin B — sin C. But, according to the formulas 
of Art. 24, we have 



B+C 
sin B+sin C : sin B — s%n C : : tang — ^ — • ^^ — « 

hence 

. ^ B+C B— C 

AC+AB : AC — AB : : tang — -^ : tang — 5 — 

which is the property we had to demonstrate. 

With this small number of principles, we are enabled to 
solve all the cases of rectilineal trigonometry. 

SOLUTION OF RIGHT ANOLEP TRIANGLES. 

XXXVII. Let A be the right angle of the proposed right 
angled triangle, B and C the other two angles ; let a be the 
hypotenuse; 6 the side opposite the angle B, c, the side oppo- 
site the angle C Here we must consider that the two angles 
C and B are complements of each other ; and that conse- 
quently, according to the different cases, we are entitled to as- 
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sume sin C=cos B, sin B=cos C, and likewise tang IR^cot 
C9 tang C^=cot B. This being fixed, the different problems 
concerning right-angled triangles are all reducible to the four 
following cases : 

' FIRSrr CASE. 

XXXVIII. Given the hypotenuse a, and a side b, to find 
the other side and the acute angles. 

For determining the angle B, we have (Art. 31.) the pro- 
portion a : 6 : : R : m B. Knowing the angle, we shall also 
know its complement 90° — B=C ; we might also find C di- 
rectly by the proportion a \b i I'Ri cos C 

As to the third side c, it may be found in two ways. Hav- 
ing found the angle B, we can either (Art» 32.) form the pro- 
portion R : co^ B : : 6 : c ; or the value of c may be obtained 
directly from the equation c^=a' — 6^ which gives c= y/(a^ — V)y 
and consequently 

log c=^^log{a-\-h)-\-^og{a — 6). 

SECOND CASE. 

XXXIX. Given the ttoo sides h and c of the right angled 
triangle f to find the hypotenuse a, and the angles. 

We shall have the angle B (Art. 22.) from ^he proportion 
c : J : : R : tang B. Next we shall have C=90° — B. We 
might also find G directly by the proportion 6 : c : : R : tangC. 

Knowing the angle B, we shall find the hypotenuse by the 
proportion ^n B : R : : 6 : a / or a may be objtained directly 
from the equation a= i/(6'+c^) ; but as 6^+c^ cannot be de- 
composed into factors, this expression is incommodious in cal- 
culating with logarithms. 

THIRD CASE. 

XL. Given the hypotenuse a, and an angle B, to find the 
other two sides b and c. 

Make the proportions R : ^n B : : a : 5, R : cos B : : a : c/ 
they will give the values of 6 and c. As to the angle C, it is 
equal to the complement of B. 

FOURTH CASE* 

XLL Given^ a side b of the right angled triangle^ mth one 
of the acute angles, to find the hypotenuse and the other side. 

38 
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Knowing one of the acute angles, we shall likewise know 
the other ; hence we may look upon the side b and the oppo- 
site angle B as given. To determine a and c, we shall then 
haiM the proportions 

sin 3 : R : : b : a^K : cot 3 : : b : c. 

m 
a 

SOLUTION OP RECTIUNEAI. TRIANGLES IN GENERAL. 

Let A, B, C be the three angles of a proposed rectilineal 
triangle ; a, 6, c, the sides which are respectively opposite 
them : the diflferent problems which may occur in determining 
three of these quantities by means of the other three, will all 
be reducible to the four following cases : 

FIRST CASE. 

XLII. Given the side a and two angles of the triangle^ to 
jivd the two other sides h and c. 

Two of the angles being known will give us the third ; 
then the two sides b and c will result from the proportions 
(Art. 3a). 

sin A : sinB : : a : b, 

sin A: sin C : : a : c. 

SECOND CASE. 

XLIII. Given the two sides a and b, with the angle A oppo- 
site to one ofthemy to find the third side c and the other two 
angles B and C. 

The angle B may be had by the proportion 

a:b::sinA: sin B. 

Let M be the acute angle whose sine is ; from the va- 

a 

iue of sin B, we may either take B=M, or B = 180° — M. 
This ambiguous solution will not occur, however, except we 
have at once A an acuta angle and b7a. K the angle A is 
obtuse, B cannot be so ; hence we shall have but one solu- 
tion; and if, A being acute, we have 6^ a, there will equally 
be only one solution, because in that case we shall have M Z. A, 
and by making B = 180°— M, we should find A +B 7 180°; 
which it cannot be. 

Knowing the angles A and B, we shall also know the third 
angle C. Then we shall obtain the third side c by the pro- 
portion. 
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- sin A : tinC : : a : c. 

COS A. 

We might also deduce c directly from the equation— =r— = 

— ^ — , which gives c= ^ ± V [or ^, — J . But 

this value will not admit of being computed by logarithms, 
except by help of an auxiliary angle M or B, which briBgs it 
back to the foregoing solution. 



THIRD CASE. 



XLI V. Criven ttoo sides a and b, with their included angle 
C, to find the other two angles A and B, and the third side c. 

Knowing the angle C, we shall likewise know the sum of 
the other two angles A+B=180° — C, and their half-sum 
J(A + B)=90'' — JC. Next we shall compute the half-differ- 
ence of these two angles by the proportion (Art* 36.) 

a-Vb I a — h : : tang J(A+B) orcof JC : tang\{A. — B,) 

in which we consider a7hy and consequently A7B. 

Having found the half difference, by addkig it to the half> 
sum, J(A+B), we shall have the greater angle A; by sub- 
tracting it from the half- sum, we shall have the smaller angle 
B. For, A and B being any two quantities, we have always 

A=i(A+B)+i(A— B), 
B=i(A + B)— J(A— B). 

Knowing the angles A and B, to find the third side r, we have 
the proportion 

m A : «in C : : a : c. 

XLV. In trigonometrical calculations, it often happens 
that two sides a and b and the included angle C, are known 
by their logarithms ; in that case, to avoid the trouble of seek- 
ing the numbers which correspond to them, we need only seek 
the angle 9 by the proportion 6 : a : : R : tang (p. The an- 
gle 9 will be greater than 45 ', since we supposed a 76 ; sub- 
tract 9 from 45^ therefore, and form the proportion 

R : tang (9 — 45) iicot\C \ tang J (A — B) ; 

from which, as formerly, the value of J(A — ^B) may be ^le- 
termined, and afterwards that of the two angles A and B. 
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t 

This solution is founded on the property, that, to9ig'(45^ — 9) 
=^W^^S-°' °"^ to,^^=^.andto«gr45o=R; 

hence tang (<p — 45^) =— — y-^ ; hence a+t : a — b : : R : 

tang (<p — 45^) iicot^C : tang \ (A— B). 

As for the third side c, it may be found directly by means 

. . . cos C a' + 6«— c» u- u • 

of the equation -^g — = — - — 7 — , which gives 

ri 2t a 

But this value is inconvenient for calculating with logarithms, 
unless the numbers which represent a, 6, and cos C are very 
simple. 

We may observe that the value of c might also be put un- 
der these two forms : c = 

— rgf— J , which is easily verified by means of the formulas 

rfii»JC=iR'— iRco«C,c(?5^JC=JRHiRcosC. These 
values will especially be useful, if it is required to compute c 
with great precision, the angle C and the line a — b being at 
the same time very small. The latter value shows that c might 
be the hypotenuse of a right-angled triangle, formed with the 

sides (a+fe)- * and (a-6)^?^— ; a truth of which we 
may convince ourselves by this very simple construction. 

' Let GAB be the proposed tri- B A C D 

angle, in which are known the two fT jr~7 3^ 

sides CB=a, CA=6, and the in- \\ / V ,..>''" / 
eluded angle C. From the point \ \ / / V'"' / 

C as a centre, with the radius CB V\ ///*^ / 

equal to the greater of the two gi- ^^J^' ^-^ 

ven sides, describe a circle meet- ^ ' 

ing the side CA produce in D and E ; join BD, BE ; and 
draw AF perpendicular to BD. The angle DBE inscribed 
in the semicircle is a right-angle ; hence the lines AF, BE, 
are parallel, and we have the proportion BF : AE : : DF : 
AD ; ;. cos D : R. In the right-angled triangle DAF, we shall 
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in like manner have AF : DA : : ^nD : R. And substituting 
the values DA=DC+CA=a+6, AE=CE— CA=a— 4, 
D=j^C, we shall have 

R R 

Hence AB the third side of the proposed triangle is actually 
the hypotenuse of the right-angled triangle ABF, the sides of 

which are {a+b) — ^ — and (a — 6) — :J— . If in this same 

triangle, we find the angle ABF opposite the side AF, and 
subtract from it the angle CBD=^C, we shall have the angle 
B of the triangle ABC. From which it appears that the so- 
lution of the triangle ABC, wherein are known the two sides 
a and b and the included angle C, is immediately reducible 
to that of the right-angled triangle ABF, wherein are known 
the two sides containing the right-angle, namely, AF=(o+ft) 

sin iC ,__ . ,.cosiC -_,, . . . , 

— ~ — , andBF=(a — b) — :^ — . This construction might 

therefore supply the place of Art. 36« 



FOUBTH CASE. 

XLVI. Given the three sides a, b, c, to find the three an- 
gles A, B, C. 

The angle A opposite to the side a is found by the formula 

co*A=R* — r-T ; and the other two angles may be de- 

» 
termined in the same way. But a different solution may be 

obtained by a formula more commodious for computing with 
logarithms. 

Recurring to the formula R' — ^R cosK=^2sin^ \ A, and sub- 
stituting in it the value of cos A, we shall have 



a^ K'^^ + 26c a2 (b cv 

2sin J A=R\ ^^7^ ^^^ =R^ . ^FT^ = 
** 26c , 2bc 

2bc 
For the sake of brevity, put 
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J(«+H-c)=p, or a+6+c=2p; we shall have 0+6— c= 
2p— 2(, a— 6 + c=%>— ;26 ; hence 

A formula which also gives the proportion 

he : {p—b) . '^jJ^— c) : : R : «V J A, 
and which it is easy to calculate by logarithms. Knowing 
the logarithms of Hn \ A, we shall likewise know J A, the 
double of why:h will be the angle sought. 

There are other formulas equally proper for solving the 
question. Thus, first, the formula R -f R cm A=2 cos ^ A 



6 +c +26c — a 
46c 



^- 45i 



gives cos^ 4 A = R . 

^^{ b^c—a ) (A+c+a)^ u^^ .tui making a+&+c=2p, we 

4&C 
have 6 -I- c — a=2p^2a; hence 



COS 



And this value being afterwards combined with sin J A will 

R «ViJA 
give another formula ; for having tat^ J A = i a > 

obtain from it 



we 



-"..iA-R.f^^)). 



Examples of the Solution of Rectilineal Triangles. 

XL VII. Example 1, Suppose the height of a building 
AB were required, the foot of it being inaccessible. 

On the ground which we 
suppose to be horizontal or 
very nearly so, measure a 
base AD, neither very great 
nor very small in .comparison 
with the altitude AB; then 
at D place the foot of the 
circle, or whatever be the in- 
strument, with which we dre 
to measure the angle BCE 
formed by the horizontal line 
C£ parallel to AD, and by the visual ray directed to the 
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summit of the building. Suppose we find AD or GE=67.84 
yards, and the angle BCK=4I'' 04 : in order to find BE, 
we shall "have to solv? the right-angled triangle BCE, in 
which the angle C and the adjacent side CE are known. 
Here, according to Case 4, pe shall form the proportion R : 
(01^41° 04': -.67.84: BE. 

Log. tang 410 04' 9.9402638 

Log^. 67.84 1.8314858 

Sum— /tg-. R 1.7717495 

This logarithm corresponds to 59.130 ; hence we have BE= 
59.13 yards. To BE add the height of the instrument, 
which I suppose to be 1.12 yards, we shall have the required 
height AB=60.25 yards. 

If, in die same triangle BCE. we would know the hypote- 
nuse, form the proportion cos 41° 04 : : R : : 67.84 : BC. 

i:rf;g-.R. + Log-, 67.84 .... 11.8314858 
Log. CO* 41° 04' 9.8772784 

■ Difference 1.9542074=7^. BC. 

Note. Ifonlythe summit B of the building or place whose 
height is required were visible, we should determine the dis- 
tance BC by the method shewn in the following example ; 
this distance and the given angle BCE are sufficient for 
solving the right-angled triangle BCE, whose side, increased 
by the height of the instrument, will he the height required. 

XLVIII. Example 2 
To find upon the ground 
the distance of the point A 
from an inaccessible ob- 
ject B, we must measure a 
base AD, and the two ad- 
jacent angles BAD, ADB, 
Suppose we have found 

AD=5e8.4S yards, BAD ; 

= 103° 55 55", and BDA 
=36" 04- ; we shall thence 

get the third angle ABD=40*" 15' and to obtain AB, we 
shall form the proportion m ABD : $in ADB : : AD : AB. 
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Log. AD .... 2.7697096 
Log.iinADB . . . .9,7699689 . 

Sum 2.5396785 

Log.rinKVD . .* . 9.8080314 

Log. KB .... 2.7316471 

Hence the required distance AB=539.07 yards. 

If, for another inaccessible object C, we have found the 
angles CAD:s::35^ 15 , ADC^119o 32; we shall in lifce man- 
ner find the distance AC= 1202.32 yards. 

XLIX. Exampk 3. To find the distance between two 
inaccessible objects B and C^ (see the preceding figure,) we 
determine AB and ^^C as in the last example : we diaU, at 
the same time, have the included angle B AC=BAD — DAG.* 
Suppose AB has been found equal to 539.07 yards, AC= 
1202.32 yards, and the angle BAC=68^ 40" 44" ; to get 
BC, we must resolve the triangle BAC, in which are known 
two sides and the included angle. Now, by the third case, 

B+C 

we have the proportion AC-fAB : AC — AB : : ^fig — - — 

"o rj 

. tang—;^^ ^^ 1741.39 : 663.25 : : tang 55® 39* : tang 
B— C 



L. 663.25 2.8216773 

L. tang 550 39* 37" . . 10,1654748 



Sum ....... 12.9871521 

L. 1741.39 3.2408960 



L. /(wtg--— — . . . 9.7462561 



""It may happen that the four points A, By C, D are not iathe same 
plane ; in which case the angle BAC will no longer be the difierence be- 
tween BAD and DAC, and we shall require to have the value of that an- 
gle by a direct measurement. In other respects the operation will be 
exactly the same. 



J 
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Hence — — = 29° 08' 

But we have — Z-zl= 55° 39' 

2 

Hence B t=: 84^ 47' 

and C = 26^31' 

Now, to find the distance BC make the proportionj m B : 
sin A. :: AC : BC, or 

sin 84° 47' : sin 68° 40' 44' : : 1202,32 yds : yds : BC 
L. 1202.32 . . . . . 3,0800200 
L. sin 68° 40' 41' . . . 9.9692099 



^^■pp^"^ 



Sum 13.0492399 

L. sin 84° 47', .... 9.9982096 



L. BC 3,05 10203 

Hence the required distance BCa^ 1124.66 yards. 

L. Example 4. Three points A, B, C, in the map of a 
country being given, it is required to determine the position 
of a fourth point M, the angles AMB, AMC being known, 
and the four points lyin^ all in the same plane. 

On AB describe a aeg-^ 
ment AMDB capable of 
^ntainin^ the given angle 
BMA ; on AC describe 
another segment capable 
of containing the given 
angle AMC : the two arcs 
will cut each other in A 
and M; M will be the 
point required. For the 
points of the arc AMDB 
are the only ones from which AB can be seen under an angle 
equal to AMB ; those of the arc AMC are the only ones from 
which AC can be seen under an angle equal to AMC ; hence 
the point M, where those arcs intersect, is likewise the only 
point from which AB and AC can at once be seen under the 
angles AMB, AMC. We are now to calculate the position 
of the point M trigonometrically, from this construction. 

39 
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Suppose the given quantities, AB=2500 yards, AC =7000 
yds., BC=9000 yards, AMB=27« 43 12 , AMC = 109« 15' 
36". In the triangle ABC, whose three sides are known, we 
shall find the angle BAC (Art. 46.) by the formula »n^ ^ A= 

6750X2250 
^'•2500X7000 ' ^^^ which we obtain 2 hg sin. i A= 

19.9384483, log fin J A =r- 9.9692241, J A=68^ 41' 06', and 
finally, A=137^ 21 12 . Draw the diameter AD, and join 
DB ; in the triangle BAD, which is right angled at B, we 
shall have the side B A ^2500, and the opposite angle BDA 
=BMA~27'' 43 12'' ; whence results the hypotenuse AD=: 

. QPi A '^ 5374.6 yards. By drawing the diameter AE, in 

like manner, and joining CE, we shall have ACE a right- 
angled triangle in which are known the side ACsb7000, and 
the adjacent angle CAE=:AMC — 90''=19'' 15' 36' ; whence 

RxAC 

we shall conclude, that ^E=— g-rjg=7415 yards. 

Now, if MD and ME are drawn, the two angles AMD, 
AME being right, the line DME will be straight. It re- 
mains then to resohre the triangle DAE in which the line AM, 
whose magnitude and position we are required to determine, 
is perpendicular to DE. Now, in this triangle, we have the 
g^ven sides AD =5374.6, A£=7415, and the included angle 
DAE=BAC + CAE— DAB=94^ 20. Hence we shaV. ob- 
tain the angle ADE=5r 26' ; and, finally, by the right-an- 
gled triangle DAM, we shall have AM=4 190.83 yards. This 
distance and the angle BAM=100° 08', completely determine 
the position of the point M. 
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PRINCIPLES FOR THE SOLUTION OF RIGHT-ANGLED SPHERICAL 

TRIANGLES. 



LL In every righlrangled spherical triangle^ radius ts to 
the sine of the hypotenuse j as the sine of either of the oblique 
angles is to the sine of the opposite side. 

Let ABC be the proposed 
spherical triangle; A its 
right angle ; B and C the 
otiber two angles, which we 
shall call oUique, although 
one or both of them may be 
right : we shall have the pro- 
portion R : sin BC i: sin : 
B : sin AC. .• 

From O, the centre of the sphere, draw the radii OA, OB, 
OC ; then take OF equal to radius in the tables, and from the 
point F draw FD perpendicular to OA ; the line FD will be 
perpendicular to the plane OAB, because the angle A being 
right by hypothesis, the two planes OAB, OAC are thus per- 
pendicular to each other. From the point D, draw DE per- 
pendicular to OB ; and join EF ; the line EF will also be 
perpendicular to OB, and thus the angle DEF will measure 
the inclination of the two planes OBA, OBC, and be equal 
to the angle B of the triangle ABC. 

This being proved, in the triangle DEF, right-angled atD, 
we have R : sin DEF : : EF : DF ; now the angle DEF=B 
and since OF=R, we have EF=«n EOF=nn BC, DF« 
sin AC. Hence R : Wn B : : sin BC : sin AC, or 

R : sin BC : zsinS : sin AC. 

If we designate by a the hypotenuse or side opposite the 
right-angle A, by b the side o[^osite the angle B, by c the 
side opposite the angle C, we shall thus have 

R : «tii a : : m B : sin b : : sinC : sin c; 

a formula, which of itself furnishes two equations among the 
parts of the right-angled spherical triangles. 

LII. In every right-angled spherical triangle^ radius is to 
the cosine of an dbUque angle^ as the tasigent of the hypotenuse 
is to the tangent of the side adjacent to thai angle. 
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Let ABC again be the 
proposed tri-angle right-an- 
gled at A ; we are to show 
that R : co« B : : tang BC : 
tangkB. 

For, performing the same 
construction' as before, the 
right^angkd triangle DEF 
gives the proportion R : 
cos DEF : : EF : ED. But we have DEF=B, EF=stn BC 
OE^^cos BC ; and in the triangle OED, right-angled at £ 

OE tang DOE cos BC tang AB 
we have DE= ^ = -^-^ ; bence R : 

C08 BC tang AB R «m BC 
eof B : : m BC : g : : -^^ g^ : : tang AB; 

or finally, • 

R : CO j B : : tang BC : tBng AB. 

Making as above BC=a and AB=^c. we shall have R 

-^ *^ R ^n^ Cj . tanff € cola 

cosDi: tang a : tang c, or cos B=—: — -- — =, _ — 
^ tang a R 

The same principle applied to the angle C, will give cos C= 

R tang h tang b cota 

iang^^ R 

LIII. In every rigU-amgled spherical triangle, rmdba it U 
Ute coM^ cif a side containing if^ right angie, as the cosine of 
He other side is to the cosine of (he hypotenuse. »> - 

Let ABC (see the preceding figure) be the proposed trian- 
gle right-angled at A ; we are to show that R : cos AB : : 
cos AC : cos BC. 

For, the same construction remaining, the triangle ODF, 
which is right-angled at D and has the hypotenuse OF=R, 
will give OD=^cds DOF=cos AC : also the triangle ODE 

• 1.* U.J ^T' u * jT^Ty OD CO* DOE co«ACco*AB 
nght-angfcd at E, will give 0£= ^ ar- 

But Ir the rightHBfflgled triangle OEF, we have OEr=cot BC ; 

- o/^ ^^* ^C ^^* AB 

nence cos iJO=- ^ , or what amounts to the same^ 

R : CO* AC : : co* AB : cos BC. 
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This third priaciple is expressed by the equation R cof a= 
co$ b cos c ; it cannot form a second equation, like the two 
preceding principles, because a change of ft for c in it would 
produce no alteration. 

LIV, By means of these three general principles, thiee 
others may be found, which are requisite for the solutSos «f 
right-angled spherical triangles. They might be demon- 
strated directly, each by a particular construction ; but it 
seems preferable to deduce them, by way of analysis, from 
the three which are already proved. We shall now do so, 

rrii . _ R «> 6 ^ R ^^^ ^ 

The equations sin B= - ; , cob C = — r — ^^ — eive. by 

^ 8tn a tang a ^ ^ ^ 

...... cos C tang b sin a cos a 

their division,-r-rR=— 7— 5r • = 1 equal, by the 

stn B sin b tang a cos b ^ ' ^ 

cos c 
third principle, to 7^. Hence we have this fourth principle, 

sin B : cos C : : R : cos c, 
from which also, by changing the letters, there results, 

sin C : cos B : : R : cos 6. 
The first and the second principle give 

^ nsinb R tang c sinB 

sinB »— T— ^, C09 B :^ ~i^]^^ Z' 5 hence we deduce — -?; 
stna ^ tang a . cos B 

tang 3 sinb tang a K sinb 

""' ^W'^iiiri mng c=^7^ai;rnfc "^"^'' ^y *^ ^^ird 

R sin b iang b 

prindplei t« r ZT:. 4^^r, ^ ="I7rT* Hence for a fifth 

*^ ^ cos b cos c tang c sin c 

R tang b 

principle, we have the equation tang B = -~_;"- _ — , or the 

Stn c 

analogy 

R : tang B i i sinci tang b ; 

from which also, by changing the letters, there results 

R : tang C i i sinb i tang c; 

Lastly, these two formulas give 

B^iang b tang c R^ 
iang B <«vC>---7-^0-7-=^^Jft^J^equal,bythethird 

R» 

principle to • . Hence R'^cm a tang B tang C, or 
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cat B cat C=R ca$ a; or R: cat C :: cat B : cog a. 

This is the sixth and last principle : it cannot furnish another 
equation, because the change of B for C in it produces no 
alteration. 

We subjoin a recapitulation of these six principles, whereof 
four give each two equations : 

I. R Hn b ^ sin a sin B, R m c = rin a sin C. 

II. R tai^ b = tan^r a cas C, R tang c = tang a cos B. 

III. R cas a =:^ cas b cas Cy 

IV. R cas B = sin C cas 6, B cos C = m B cas c. 
V. R tang b = sin c tang B, R tang c =i sinb tang C. 

VI. R cas a =^ cat B cot C. 

From these are obtained ten equations including all tbe rela- 
tions that can exist between three of the five elements B, C, 
a, 6, e ; so that two of these quantities with the right angle 
being given, the third will immediately be discovered in the 
form of its sine, cosine, tangent or cotangent. 

LV. It is to be observed, that when any element is disco- 
vered in the form of its sine only, there will be two values for 
this element, and consequently two triangles that wilJ satisfy 
the question ; because,. the same sine which corresponds to an 
angle or an arc, corresponds likewise to its supplement. This 
will not take place, when the unknown quantity is determined 
by means of its cosine, its tangent, or cotangent. In all these 
cases, the sign will enable us to decide whether the element 
in question is less or greater than 90^ ^^ the element will be 
less than 90^, if its cosine, tangent, or cotangent has the sign 
+ ; it will be greater if one of these quantities has the sign — . 
On this point, likewise, some general principles might be 
established, which would merely be consequences of the six 
equations demonstrated above. 

From the equation R cos a = cas b cos c, for example, it 
results, that either the three sides of a right-angled spherical 
triangle are all less than 90** ; or thatof those three sides, two 
are greater than 90*", while the third is less. No other com- 
bination can render the sign of cos b cos c like that of cas a, 
as the equation requires. 

In like manner the equation R tung c = sin b tang C, in 
which sin b is always positive, proves that tang C has always 
the same sign with tang a. Hence in every right-angled sphe- 
rical triangle^ an obliqtte ansle and the side opposite to it are 
always of the same species ; in other wards y are boih'gireaier 
or both less than 90^. 
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SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES. 

LVI. A spherical triangle may have three right angles, 
and then its three sides are each 90S ; it may have only two 
right angles, in which case, the opposite sides are both 90S 
each, and there remains an angle and its opposite side, both 
of which are measured by the same number of degrees. 
These two kinds of triangles can evidently give rise to no 
problem ; we may, therefore, leave them out of view entirely, 
and limit our attention to such triangles as have only one 
right angle. 

Let A be the right angle, B and C the other two angles 
which are called oblique ; let a be the hypotenuse opposite 
the angle A ; b and c the sides opposite the angles B and C. 
Two of the five quantities B, C, a, 6, <r, being given, the solu- 
tion of the triangle will always be reducible to one of the si]( 
following cases. 

FIRST CASE. 

t 

LVII. CHven the hypotenuse a, and a side b ; the two an- 
gles B and C with the third side c may befinmd by the equa- 
tions^ 

R «» 6 tang b cot a B,cos a 

sin B= - . — , cos C-= 1> , cos c =- ^— . 

«tft a ' R ' cos b 

The angle C and the side c have in them no unt:ertainty as to 
their signs ; the angle B must be of the same species with the 
side b. 

SECOND CASE. 

LVIII. CrttTen b and c the two sides containing the right 
angle^ the hypotenuse a and the angks B and C may befinmd 
by the equations^ 

cos b cos c „ R tang b ^ R tans c* 

cos a= 5 , tang B= — r , ta;ns C= :-|— • 

R ' ° s%n c ^ ® stnb 

There is no ambiguity in any of these values. 

THIRD CASE. 

LIX. The hypotenuse a and an angle B being given, we 
shaU obtain the two sides b and c, with the other angle C, by 
the equations. 
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s%nb= ^ , tang c=— ^g ,cotC=^ R^~' 

The elements c and C are determined wi^ont ambiguity 
by these formulas ; the side 6 will be of the same species with 
the angle B. 

FOURTH CASE. 

LX« Given b, a side of the right angle^ with the oppoiite 
a$^le B, we shall find the three other elements a, c, and C, h/ 
iheformulas. 

Rsin b ^Jang b cot B ' ^ R aw B 

fill 41= — T^-rTf ^n c^- • ' ^' j^ ' " > s%n o=s- 3—. 

smB K cos 

In this case, the three unknown elements being determined 
by means of their sines, the question is susceptible of two so- 
lutions. It is evident, accordingly, 
that the triangle ABC and the tri- 
angle AB C, are both right-angled 
at A, 8^nd have both the same side 
AC^bf and the same opposite angle 
B^B'. It only remains for the A 
double values to combine so that c 
and C shall be of the same species ; 
then the species of c and b will de- 
termine that of a, according to the formula cos b cos c=R cos 
a. The value of a may also be derived immediately from 

R sin b 
the equation sin a =-t „ • 
^ stnB 

FIFTH CASE. 

LXL CHven b, a side of the right angle and the adjacent 
angle C, the other three elements a, c, B, may be found by the 
formulas^ 

^ cotb cos C ^ sin b tane C ^ cosbsinC 
cat a« ^ , tang c^ ---2 — , cos B= ^ — • 

^There is no uncertainty in this case, with regard to the species 
of the unknown elements. 

SIXTH CA8B. 

LXII. The oblique angles B and C being given^ the three 
sides a, b, c trill result from the formulas. 
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eciBcGtC . RcosB ReotC 

€0$ £r= 5 y. COSO^ — . ^ , COS c= 



In this case, again, there is no ambiguiQr. 



REMARK. 



LXni. The spherical triangley whose angles are A^B, C, 
the sides opposite them being a, 6, c, always corresponds to 
another polar triangle whose angles are supplements of the 
sides a, fr, «, while its sides are supplements of the mgles 
Ay B, C, so that, calling the angles of the polar triangle A', 
B% C% and the sides opposite them a', &, C, we shall have 

A'=I80**— a, B'=180o— *, C'=180<>— c 
a':=180«^— A, 6'=180<=*— B, c=180^— C 

This being settled, if a spherical triangle has one of its sides 
a equal to a quadrant, the corresponding angle A of the polar 
triangle will evidently be right, and thus that triangle will be 
right-angled. Hence, the two data which, in addidon to the 
side of 90*^, we must have before solving the proposed trian- 
gle, will likewise serve for solving the polar triangle^ and con- 
sequently for solving the proposed triangle. From this pro- 
perty, we derive formulas similar to the foregoing, for the 
direct solution of spherical triangles which haye one sfde 
Of90^. 

An isosceles triangle may be divided into two right-angled 
triangles which are equal in all their parts : hence the solu- 
tion of isosceles spherical triangles likewise depends on that 
of right-angled spherical triangles. 

Let ABC be a spherical trian- ^ 

gle such that the two sides AB, 

BCaresupplementsof eachothei^ Jf^ J \ J^tQ 

the sides AB, AC being produced 
till they meet, it is evident that 
BQ and BD will be equal, since they are supplements of the 
same side AB ; also it is plain that the parts of the triangfe 
BCD being known, those of the triangle ABC, which i& the 
remainder of the lune AD, are likewise known, and vice versa* 
Hence the solution of the triangle ABC, whereof two sides 
together make 180°, is reducible to that of the isosceles ^i- 
angle BCD, or to that of the right-angled triangle BIKE, 
which is the half of BCD. 

When the two sides AB,BC are supplements of each other, 
the opposite angles ACB, BAC must also be supplements of 
each other ; for BCD is the supplement of BCA» and BCD 

40 
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■sD^A* Hence we cannot have a+c=Fl80<*, without at the 
same time having A+C=180^, which is a reciprocal pro- 
perty. 

Thtts it appears that the solution of right-angled sphe- 
rical triangles includes, firsts that of spherical triangles having 
a side eqaal to a quadrant ; secondly y that of isosceles sphe- 
rical triangles ; thirdly ^ tliat of spherical triangles in which 
Ihft sum of two sides and also of their opposite angles is 180^. 

VtBaCSrVBB FOK the solution of 8PHE1UCAL TRIANGLES 

IN GENERAL. 

LXIV. In every spherical triable the sines, of the angles 
are as the sines of the opposite sides. 

Let ABC be any spheri- 
cal triangle : we are to 
show that nn B : «jn C : : 
sin AC : sin AB. 

From the vertex A, 
draw AD perpendicular 
to the opposite side BC ; 
the right-angled triangles ADB, ACD will give the propor- 
Uons, 

sin's iK :: sin AD : sin AB 
R: sinC : : sin AC : sin AD 

Multiplying together the terms of these two propcMrtions, 
omitting the common factors : we shall have 

sinBisinC : : sin AC : sin AB. 

K the perpendicular AD falls 
without the triangle we shall 
have the same two proportions, 
in one of which, sin C will de- 
signate sin ACD ; but the an- 
gles ACD and ACB being B< 
supplemental to each other, 
their sines are equal and we 
shall still have sin B isinC : : sin AC : sin AB. 

Let a, bf c be the sides respectively opposite to the angles 
A, B, C ; by this proposition we shall have sin Aisinai: 
mnJ^isinbiisinC: sin c ; which gives the double equation 

sin A _ sitt B _^ sin C 
sin a sin b^sin c 
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LXY. In every 9pherieal triangle the (mine of mn am^k^ 
4$ equal to the square of the radius muUipUed hy Ae cosine of 
the opposite side^ minus the product of the radius hy the cosines 
of the adjacent sides^ the whde divided by the product of the 
sines of those sides : in other words, toe shaU have, for angU 

R^cosc-Rcos a cos^. ^^ ^ ^^ ^^ ^^^^ 



sm a sm b 
weshaU in Uke manner have cos B=3 
R'cosa — R cos b cos c 



R' cos b <— R cos a cos c 



sm a sm c 



a7u/cosA= 



sin b sin c 




Let ABC be the proposed 
triangle, in which HC^^a^ 
AC =6, AB=c. From O, 
the centre of the sphere, draw 
the indefinite straight lines 
OA, OB, OC ; assume OD 
at will ; and through D draw 
DE in the plane OCA, and ^ 
DF in the plane OCB, both 
perpendicular to OD, and 
meeting the radii OA,OB 
produced, in E and F ; lastly 

join EF, 

The angle D of the trian- 
gle EDF is, by construction, the measure of the angle which 
is formed between the planes OCA, OCB ; hence the angle 
EDF is equal to the angle C of the spherical triangle ACB* 
Now (Art 34) in the triangles DEF, OEF, we have 

cos EDF ^ DE^+DF'— EFS 

R 2DE.DF 

cos EOF ^ OE^+OF^— EF. 

R 20E.0F 

Taking the value of EF^ in the second, and sttbstitadng it 
in the first, we shall have 

COS EDF DE'+DF'-OE'-OF+ 2 OE . 0J^~^ 

R 

R " aDETDf 

Bat OE'— DE'aOD', and OF'— DF'^OD', hence we have 
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„-.„ OE . OF . <!0» EOF— OZ>>^. 
CO. EDF^ ^pj,-pj, 

Wc have now only to substitute the values wMch relate to the 
spherical triangk ; but here 

CYP R R 

OF_ R _ R OT>_ coi DOE cog h 
BF^wi DOF *in a'DE^wn DOE""«» A' 

OD cQg DOF gw a „ 
DF"«»DOF^ma "^"^ 

R' cot c — ^R coi a cos b 



ciwC = 



nn a sin b 



This principle, being applied successively to the three 
angles, siffords three equations, which are sufficient {or solving 
all the problems of spherical trigonometry : it has the same 
generality of application in regard to spherical triangles, that 
Art. 34. has in regard to rectilineal ones. For, since we 
have always three given elements, by means of which the other 
three are to be determined, this principle will evidently far- 
nish the equations necessary for solving the problem ; equa- 
tions which it is die province of analysis to develope sdll fai^ 
ther, in order to deduce from them, according to the different 
cases, the formulas which are most simple and best adapted 
to logarithmic calculations. 

LXVL The principle in question being absolutely general, 
it mnst include all the other principles relating to spherical 
triangles, and particularly the principle explained in Art* 64. 
Of this it will be easy to satisfy ourselves. 

. J. - , , .^ 'R? COS c — Rcos acosh 

Accordingly, the equation cos C= ; r-r j 

siu d Sin o 

gives R' — cos^ C=mV Cs= 

R'«V a «V 6 — ^R' cos^ a cos^ b + 2R^ cos a cos b cose — ^R* cos^ c 



■•"••»•<«" 



sin^ a sin^b 

iSTow «fV a «V 6=(R«--^o«' a) (R'— coa' 6)=R*— R' co«' a— 
R' t0S^ b + cof a cos^ 6. Hence by substituting and extract- 
ing the root, we shall have sin C= 

R 

. ■ ' . - i ^llA,*''R^^CQs^ar'tbcofb-R^€os^c+2Rcosacosbco9c\ 
stnastnb ^ ' 
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For tlie sake of brevity, put Z = 

we shall then have 

RZ nnC RZ 



tin C gs ' j .„ » , or 



»» a m 6' AH c 9ina sin bsinc 

The values of cos. A and cos B would, in like manner, give 

Sin A RZ sinB RZ ^ ^ 

-: ==-: 7-£— : — , — ^-7-=-;: : . . ; for the quan- 

s%na stnastnbsinc* stnb stnastnosMc^ ^ 

dty Z does not change when a permutation is made between 

^ sin A sinB 

two of the quantities a^bjC; whence we have—r- — + ■ r = 

^n C 

— : — which is the principal Art. 64. 

LXVII. The values we have just found for cos C and sin 
C, may serve for discovering the emgles of a spherical trian- 
gle, when its three sides are known ; though some other for- 
mulas are more convenient for logarithmic calculation. 

Tbu^, if in the formula R— R cos C==2 sin" i C, the value 
of cos C is substituted, we shall have 

2 sin^^ C cosC cosacos b+sin a sin h — ^R cos c 

] R2 ~ "* R "' sin a stub "^ 

The numerator of this expression is reducible to R cos 
{a — by-'^cosc ; now by the formula (Art. 23.) R cos q — ^R 
cosp^2sin J (p+y) sm ^ (p— ^), we find R cos (a— i) — ^R 
cos c=2$in i {c — b+a) sin ^ (c — a+b) ; hence 

(e+b — a\ , /c4-«--4\ 
R2 — sin a sin b 

or«mJC==Rv Jstn — ^ stn x — >. 

^ sin asinb ^ 

We might evidently obtain similar formulas for eiqpressing 
nit ^ A and sin ^ B, by means of the three sides a, 6, c. 

'' LXVIII. The general problem of spherical trigonometiy 
consists, as we have already said, in determing three of the 
six quantities A, B, C, a, ft, c, by means of tibe other three 
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To efiect tbisy we ntfist have equations among four of those 
^uantitieg taken in every possible order : now six quantities, 

when combined four by four, or two by two, give JTToOrlS 

combinations ; hence^ there will be fifteen equations to form : 

thiMigh considering only. such of the combinations as are es- 

sentiaDy different, these fifteen equations are reduced to four. 

Thus, 

' 1* We have the comUnation a 6 c A, which by changing 

the letters, includes afr c A, a 6 c B, a 6 c C. 

2. The combination a 6 A B, from which there result a b 
AB, &cB C, ac AC. 

3. The combination a b AC, which includes the six a 6 A 
C,a6BC, acAB,acBC, 6cAB, 6cAC. 

4» liastly, the combination a A B C, which includes the 
three aABC, &ABC,cABC. 

In all, therefore, we have fifteen different combinations, but 
only four of them essentially different. 

LiXlX. The equation cos A= ; — i — :: 

^ stn b smc 

without any change, represents the first combination a 6 c A, 
and those which depend upon it. 

To form the equation corresponding to the combination a h 
A B, we must eliminate c from the two formulas, which give 
the values of coz A, and cos B. The elimination has already 

sin A sin B 

been performed (Art. 66.), and the result was — ; =-; — r 

^ ^ ' sm a stn o' 

The third combination is formed of the relation which sub- 
sists among a, 6, A, C. Here having the two equations 

cos A sin b sin c =:R^ ccs a — ^R cos b cos c, 
cos C sin b sin a =R^ cos c — ^R cos b cos a, 

we shall first eliminate cos c from them ; which will give R 
cos A sin c-^cos C sina cos 6=R cos asinb: then inserting^ 

• ..11^ sin a sin Cf 

in this the value stn c= : — j — we shall have for the third 

stn A 

combination, 

cot A sin C+cos C cos b=cot a sin 6. 

Finally, in order to discover the relation between A, B, O, 
a, we consider that, in the preceding equation, the term cci a 






^ 
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. , ^ sinh „ «m B . ,»*-*. 

^n 6=R cos a -: — =Rcosa-^^ — 7- ; hence, mahiEimncr this 

8tna sin A/ ' ^ r / o 

equation by m A, we shall have * . 

R cos A m C=R cos a sin B— «iV} A cos C cos h* 

If in this equation we mutually change the letters A and Bt 
and also a and &, we shall have 

R cos B sin C =R cos b sin A — sin B cos C cos a. 

And from these latter two, excluding cos &, we deduce 

R' cos A st» C +R cos B siTt C cos C^cos a sm B stV C. 

Hence finally 

R' cos A+R cos B cos C 

cos a= : — =0 — = — 7=1 5 

sin B sm C ' 

which is the required relation between A, B, C, a, or the 
fourth equation requisite for solving spherical triangles. 

LXX. This last equation between A, B, C, a, presents a 
striking analogy with die first, between a, ft, c, A ; the reason 
of which must be sought for in the properties of polar or sup- 
plemental triangles. We have already seen that the triangle 
haying A, B, C for its angles, and a, i, c for its opposite 
sides, always corresponds to a polar triangle whose sides are 
180*^— A, 180°— B, 180°— C, its opposite angles bdng 180° 
—a, 180°— A, 180°—^. Now the principle of Art. 65, when 
applied to this latter triangle, gives 

R'cos( 1 80°— A)— Rcos(l 8Q°— B)cos(l 80°-C) 
cos(180 —a)- ^^^^ 180°— B) sin (180°— C) 

which may be reduced to 

R^ cos A+R cos B cos C 

cos a= -^ u '^"n 

stn D sm Lf 

as we have found by another method. 

This formula immediately solves the case where it is re- 
quired to determine a side by means of three angles ; but, in 
order to obtain a formula more suitable for logarithmic cal- 
culation, we may substitute the value of cos a in the equation 

cos a 2sin'^la ■ . , .„ . sin^^a 

1— g-= — ga — , which will give '^S"^"~= 
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sin B sin C-^cas B coiC—B. cos A ^— RcQg(B+C)— RcggA> 
2 sin B sin C 2 sin B sin C 

And because (Art. 23.) we have generaJfy R cos p+R cos q 
=2 cos \ ip+q) cos \ (p — q)j this equation is reducible to 

sin^ J a_ —cos J (A+B+C) cos J (B + C— A) 
R» smWsmC * 

where it must be observed that the second member, though 
under a negative form, is nevertheless always positive. For, 

sin X cos 90° — cos x sin 90° 
generally^we have »n (a? — ^90°,= -^ [ g 

= — cos X ; hence 

M+B+C \ 

—cosi {A+B + C)=8in y- — ^ 90oy, 

a quantity which is. always positive, because A + B+C being 
always included between 180° and 540°, the angle J (A+B 
+ C) — 90° is included between zero and 180° : likewise cos 
i (B + C — A) is always positive, because B+C— A cannot 
exceed 180° ; for, in the polar triangle, the side 180° — A is 
less than the sum of the other two 180^ — ^B, 180^ — C. 
hence we have 180°— A< 360°— B—C, or B + C— Az 180^. 

Being thus assured that our result will always be po«rtive, 
for determining a side by means of the angles we shall haye 
the formula. 

. , jy^/i A+B+C B+C— A 

«m^a=RV^ y — cos ^ — ^^* o — 

stn B sin C 

LXXI. Before proceeding further, it may be observed, 
that from these general formulas we might deduce the for^ 
mulas wliich relate to right-angli^d spherical triangles. For 
this purpose, we shall make A =90°, both in the four princi- 
pal formulas and in the formulas derived from them by per- 
mutation of the letters. And in the first place, by this sub* 
stitution, the equation cos A sin h sin C=R^ cos a — ^R cos b 
cos c win give 

R cos a=^cos b cos c ' (1) 

The equations derived from this general equation do not 
contain A, and therefore do not give any new reladon in the 
case of A =90°. 



TRIGONOMETRY. 305 

Theequation^?^=^?^, in the case of A=90«, gives 
^ s$n a s$n o 

R iinB ^ . 

(2) 



ner gjye ^ ^f^Lr ; but this latter is itself derived from 



sin a sin b 

sin A sin C 1 1 • im 
And the derived equation ZITZ^II^' ^^"^^' ^^ ^® "^^" 

R sin C 
««n a"" sin c 

the equation (2). 

The equation cot A «» Ca-cosC cos b—cot a sin 6, in the 
case of A =90^, gives cos C cos b^cot a sin 6, or 

cos C tang a=R tang b (3) 

The derived equation cot C «» A+co« A cos b^cot c sin 6, 
in the same case, gives R cot C=cotcsin 6, or 

R tang c=sin b tang C. (4) 

Lastly, the fourth principal equation sin 3 sin C cos a= 
'R^cosA-\-RcosBcos C, and its derived equation sin AsinC 
cos 6=R^ cosB + Rcos A cos C, in the case of A=90«>, give 
sin B sin C cos a=R cos B cos C, and sin C cos 6=R cos B, 

or 

CO/ B cot C=R co« a, (5) 

sin C C05 6=R ctw B. (6) 

These are the, six equations upon which the solotion of right- 
angled spherical triangles depends. 

LXXIL We shall terminate these principles by demon- 
strating Napier* s Analogies which serve to simplify several 
cases in the solution of spherical triangles. 

By combining the values of cos A and cos C expressed in 
terms of a, 6, c, we have already (Art. 69.) obtained the 
equation 

R cos A sin c=R cos a sin b — cos C sin a cos b. 

By a simple permutation, this gives 

' BcosB sin c=R cos b sin ar-^cos C sin b cos a. 

Hence by adding these two equations and reducing, we shall 
have 

sin c {cos A+cos B)=(R— <»« C) sin (a +6). 

41 
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-. sine sin a sin b . 

But since -r-^=z~r i =-T-^> we have 
stnC stnA smB 

sin c {sin A+sin^)=isin C {sin a+sin b)^ 
and sin c {sin A — sin B)=^siu C {sin a — sin 6). 

Dividing these two equations successively by the preceding 
one ; we shall have 

sin A-\-sin B sin C sin a+ sinb 
cos A+cos B R — cosC* sin {a+b) 
sin A — sin B sin C sin a — sinb 
SOS A -How B^R — cosC' sin {a+b) 

And reducing these by the formulas in Articles 34. and 25., 
there will result 

Hence, two sides a and i, with the included angle C being 
given, the two other angles A and B may be found by the 
analo^es, 

awi(a+5) : €OS^{a — 6) : : cqHC : tattg4(A+B) 
sin^{a+b) : sin^{a — 6) : t co^C : tongri(A — B) 

If these same analogies are applied to the polar triangle of 
ABC, we shall have to put 180°— A, 180°— B, 180°— a, 
180°— &, 180° — c, instead of a, &, A^ B, C respectively; and 
for the result, we shall have these two analogies, 

co*J(A+B) : cosi{A — B) : : tangly : tang^a+b) 

sin^{A+B) : sin^{A — ^B) : : tangle : tang^{a — 6,) 

by means of which, when a «ide c and the two adjacent angles 
A and B are given, we are enabled to find the two other sides 
a and ft. These four proportions are known by the name of 
Napier* s AsuUcgi^. 
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SOLUTION OF SPHERICAL TBIANOLBS IN GENERAL. ' 

The solution of spherical triangles includes six general 
cases, which we shall now explain in succession. 

I FIRST CASE. 

LXXIII. The three sides a, b, c being given^ any anffle, 
for example the angle A opposite the side a, wUl be found by 
the formula : 

. a+b — c . a+c 




sin b sin c 

LXXIV. Given two sides a and b with the angle A oppo- 
site to one of them, to find the third side c, and the other two 
angles B and C. 

First. The angle B is found from the equation m B=3 
sin A s in b 
sina * 

Secondly. To find the angle C, we must solve the equation, 
cot A sinC + cos C cosb = cot a sin b. 
For this purpose take an auxiliary angle 9, such that we may 

nave tang 9 = ^-2 — ^ q^ cot A= -, ^ ; this value 

of cot A, being substituted in the equation to be solved, gives 

cos b 

jT— (co^ 9 m C -{-«•« 9 cosC)=zcot asinb; whence we obtain 

• /i-« ■ \ tans^ b sin 9 

stn (C+9)= f — -^. 

tang a 

By this artifice, the two unknown terms of the equation are 
now reduced to one, from which it is easy to find the angle C. 

Thirdly. The side c will be found by the equation 

sin a sin C 



£inc= 



^nA 



It might also be determined directly, by solving the equa- 
tion 

Rcosbcasc+cosAsiubsinc^B?cosa 



'•• 
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w,,. . . ^ Rcasb dmp 

For this purpose, put cos A stn 6= , or tang 9= 

-| ' ; we shall have 

(cos c cos p+sin c sin 9) =ll cos a. 

cos 9^ 

Hence, by first seeking the auxiliary quantity 9 from the equa- 
tion tang 9= i-v ^ , we shall have the side c by the equa- 
tion 

, . CO* a cos 9 

cos (C— 9)= 7 . 

This second Case may have two solutions, like the analo- 
gous Case in rectilineal triangles* 

THIBD CASE. 

LXXV. Given two sides a and b, with the included angle 
C, to find the other two angles A and B and the third side c. 

First. The angles A and B are found by these two equa- 

tiOBS 

csi a sin b—cos ccash 



cotA:= 



co«B= 



sin C 

C€4b sin a^^cos ccosa 
mC ' 



in which the second members may be reduced to a single tem^ 
by means of an auxiliary quantity* It is simpler, however, 
in this case, to make use of Napier's analogiest which give 

^ a * cos\{a-{-b) 

SecamUjf. Knowing the angles A and B, the third side c 

may be computed by the equation sin c=^sin a . -7-7; l^it 

ssn J^ 

fi>r detnmining c direcdy, we have the equation 

R' ea$ cs=«Mi a sin b COS C+R em a cos b. 
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Assame the auxiliary quantity 9, such that smbeof C^eoi b 

cos C tanff b . „ , 

iang 9, or iang 9= -n ? we shall have 



cosb , . 

cat c= Cog (a— -q>) 

cos (f> ^ 



FOURTH CA^E. 



LXXVI. Criven two angles A and B with the adjacent side 
c, to find the other two sides a and b with the third angle C. 

First. The two sides a and 6 are g^ven by the formulas 

. cot A sin B +co« B €e« c 

coia=^ ; , 

nnc ' 

, cot'B sin X-^-cos K cos c , 

cosi'=^ . ^ . 

sine 

They may, however, be computed more easily by Napier's 
analogies, namely, 

. A+B . A— B , , , a— 6 
«»-y- '«»-^ • • *Mg i c : to^f -^, 

A + B A— B ^ . ^ a+6 

Secondly. Knowing a and 6 we shall find C by the equation 
sin C =— ; ; but C may be also found directly, by the 

equation 

R' cos C=^cos c sin A sin B — "R cos A cos B. 

Assume the auxiliary quantity 9, such that 

. « » ^ ^^ cos ctang B 
cos c sin B=co« B cot <Pj or cof 9= —2 — ; 



We shall have 



»n9 



This case and the preceding one offer no ambiguity. 

LXXVIL Gioen two angles A and B, with the side a op- 
jposite one ofthen^ to find the other two sides b and cand the 
third angle C. 
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Firti, The Ade b is found by the equation 

. . m B 

stn o=nn a . -: — r- 

nn A 

Secandlji. The side c depends on the equation 
col a sin c — cos B cdsc=cot A sin B 

Patco/a=c<«B^^, or ««^ 9=221.^!^; we shall 

»- COS B , 
nave ; — {Hn c cos 9 — cos c sin (f)=:cot A sin B ; hence 

nn Ic — 9) = — ° : — • 

' tang A 

T^dljf. The angle C is found by solving the equation 
cos a sin B sin C — R cos B co« C=R» co» A. 

s"^- ♦US- -. I . -r^ R COS B cos a> 

J»or this purpose, make cos a sm B= ; — ■ — ^, or co^^rr 

cog a tang B co« B 

— ^^^ we shall have — — («f n C co« 9 — co« C nn 9)= 

R C05 A ; hence 

This fifth Case, like the second, is susceptible of two solu- 
tions, as happens in like manner in the analogous Case of 
rectilineal triangles. 

SIXTH CASE. 

LXXVIIL The three angles A, B, C being given, we can 

Jind (my stde, for example the side opposite the angle A, bv 

the formula . o ^ y 

m*a=Rv/(:=£gii(A+B+C)ca>i( B+C-A) \ 
^ V mBmC /• 

It may be observed, that of these six general Cases, the 
last tftree might have been deduced from the first three, by 
^e property, of polar triangles ; so that properly speaking, 
there are but three different cases in the general solution of 
spherical triangles. The first case is solved by a single 
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analogy, as in right-angled triangles ; the third is solved in 
a manner almost equally simple, by metms of Napier's analo- 
gies. , As for the second, it requires two analogies ; and also 
it sometimes admits of two solutions, while the first and tbird 
never admit of more than one. 

LXXIX. To distinguish whether, in the second Case, for 
the single given values of A, a, 6, there are two triangles 
which satisfy the question or only one, let us first suppose the 




angle AZ90^, and let the two sides AC, AB be produced till 
they may iflfeet again in A'. If we take the arc AC L 90*, 
and draw CD perpendicular to AB, the sides AD, CD of the 
right-angled triangle ACD will be each less than 90^ ; the 
line CD will be the shortest distance from the point C to the 
arc AB ; and taking DB =DB, the oblique lines CB , CB will 
be equal, and of greater length the more they diverge from 
the perpendicular. Put AC=6, CB=a ; it appears dien that 
a triangle which has AZ 90"^', hi_ 90~, and aLb-i must necessa- 
rily admit of two solutions ACB, ACB' : but if, A and h being 
still supposed less than 90"", and we have a > 6, in that case tfa^ 
point B would pass beyond the point D, and there would be 
only one solution represented by AB C. 

Next suppose AC >90^; if CD' is drawn perpendicular to 
ABA, we shall as before have CD Z A'C ; and the arc C B*' 
drawn between D and A will be greater than CD' and less 
than C'A' : hence making AC =6, CB — CB' =a the sup- 
position A/i90° and 6790° will evidently give two solutions, 
if a+6£ 180°, and only one if a+6 7 180°, because the point 
W would then pass beyond A'. 

By examining upon the same principles the case where the 
angle A is greater than 90% the circumstances which deter- 
mine, whether in Case second, the question admits of two 
solutions or only of one, may be established as follows. 
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A^90«,6Z90oJ«yJ one solution. 

ia^o two solutions. 

A y oAo h on- 5 ^"*"* 7 *®^° ^^^ solution. 
AZ W ,07 90^ a+6 ii 180^ two solutions. 

A^ MO b< 90O 5 '*'^* > ^®^' *'"'' solutions. 
A> 80 , 0^ »0 { d + 6 < 180^ one solution. 

A - -*.v« t^ -*«« ^ «>^ two solutions. 

la<b one solution. 

There will only be one solution if A=90®, whether a=6, 
or 11+6=180°. There will be two if 6=90^ 

LXXX. These same results may be applied to the fifth 
Case by means of the polar triangle ; and the following cir- 
cumstances may be deduced from it, to shew whether for given 
values of A, B, a, there are two triangles which satis;fy the 
question or only one. ^ 



a>90SB>90»|^<« one solution. 



B two solutions. 



a> 90- B< 90O 5 A + B < 180° one solution. 
a> 90 , ll< 90 J A^B > jQ^jo ^^ solutions. 

on S A. + ^ *^ 19^** two solutions. 

a< 90% B> 90° J ^^g ^ ^g^^ ^^^ ^^j^^^^ 

A ^ B two solutions. 

A 7B one solution. 



aZ 90% B^ 90° ] 



There will only be one solution, if any of the following 
equaJities have place, a=90°, A=B, A+B=180°. There 
willbetwo,ifB=90°. 

LXXXI. In every case, to avoid all useless or false solu- 
tions we must consider 

Firsty that every angle or every side n)ust be less than 180^ ; 

SecotuUjfj that the greater angles lie opposite the greater 
sides ; so that if we have AzB, we must likewise have aVby 
and vice versa. 
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Exam[ie8 of the Sokitiaris of Sphericcd Triangles. 

L2XXIL Example 1- Let O 
O, M, N be three points situ- / \ \ a 
aled itt a plane iaclined to the ' ^ \A 
horixon: if from these three 
points, the perpendiculars OD, ^/"'^^^---Xb \M1 
Mm, N n are drawn to the 
horizontal pldne DEF, the j^i 

objects situated in O, M, N, \ \ ^~m ^E 

will be represented on the ho- 
i4%ontal plane by iheir prof ec- 
tions D, III, n ; and the angle ^ 

MONbywDn. This being 
granted, suppose the angle p^ 

MON, and the inclinations of its two sides OM, ON, to the 
vertical line OD were given ; and that we had to find the an* 
gle of projection mT) n. 

From the point O as a centre and with a radius =1, de- 
scribe & spherical surface, meeting the sides OM, ON, and the 
vertical OD, in the points A, B, C ; we shall have a spherical 
triangle ABC whose three sides are known ; we shall there- 
fore be able to determine the angle C, equal to m D n, by the 
formula Case first. 

Suppose, forexample, the angle MON=AB— Sd"" 00' 50''| 
the angle DOM=AC=^88^ 18' 28", and the angle DON=BC 
=94^ 52' 40" ; by the formula referred to we shall have 

sin 25^ 43^ ly^ sin 32 ^ If 31^ 
*»^ * C=xR .^^ ggo 18' 28' sin 94°' 52' 40''* 

A value which may be computed thus : 

L.m 25^ 43' 19".. .9. 6373956 L. m 88'' 18'28"...9. 9998106 

L. ««n32° 17'3r...9 . 7276562 L.«n94*' 52'40^...9 . 9984242 

Sum+2L.R 39.3650518 19.9982348 

19.9982348 

2L. Hn i C 19.3668170 

L. sin J C 9,6834085 | * ^Z^l 4J ff*" 

Hence the angle 58^ OO' 50'', measured on a plane inclined to 
the hoirizon, is reduced to 57*^ 41' 05'' when it is projected on 
the plane of the horizon. 

42 
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This problem is useful in the art of taking plans, when the 
surface to be operated on presents any sensible inequalities, 
and it is at the same time required to determine the principal 
positions with great accuracy. 

LXXXIIL Example 2. Knowing the latitudes of two 
points on the globe, and their difference of longitude to find 
the shortest distance between them. 

Conceive a spherical tri- 
angle ACB to be formed by 
the North Pole C and the two 
places A and B, whose dis- 
tance we are required to find. 
In this triangle we shall know B 
the angle at the Pole ACB, 
since it is the difiereQce in ^^ 

longitude of the two points A and B ; we shall likewise know 
the two including sides AC, CB, since they are the complements 
of the latitudes of the points A and B. The third side AB 
may therefore be determined by the formulas of Case third. 

Let A and B, for example, be the observatories of Paris and 
Pekin : the north latitude of one of these places is 48'' 50' 14", 
that of the other is 39^ 54' 12', and their difference m longi- 
tude is 114° r 28'. Thus we shall have 

a = 4P 9' 46'. 
6 = SO^ 5' 48" 
C= 114° 7' 28" 

According to these data, for determining c we shall have the 

^ , cosC tang b cotb cos {a — ^) 
formulas Umg <p = g , cos c =:^ —^ 

which are computed thus : 

li.cosC . . 9.6114352 
Ij.tangb . . 10.0776707 



L. taiig (^ . . 9.6891059 



The angle q> answering in the tables to this logarithmic tan- 
gent is 26° 2' 53". We must consider, however that coi C 
is negfiAve, and that tang 9 being consequently negative, we 
mast take q)= — 26° 2' $9^. Having settled this and observ- 
ing that co$ ( — p)c7CO«9, ^^ sl^Il finish the calculation thus : 
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h. cos {a — ^) • • 9 . 5880938 
L. €o«(p. . . . 9.8071953 



M 



19 . 3952891 
L, eof (p. . . . 8 . 9554823 

lj.eosc. ... 9.4418008 
Hence the required distance c^^3'^ 56' 40''. 

LXXXIV. Example 3. To give an example of Case fifth, . 
let as undertake to solve the spherical triangle^ wherein are 
known the two angles A=70° 39', B=48^ 36', and the si^e 
op]|osite one of them a =89"^ 16' 53'. - By means of thi$, we 
find from the Table iti Art. 60., that there can be only one 
'solution, since we have at the same time a/. 90^, B^ 90°, and 
A>B. This solution is computed as follows : 

First The side i& will be found by the formula sin b^^ 

HnB 

sin a -, — r' 
stnA 

1a. sin a .... 9.9999659 

L.««B . . . . 9.8751256 

10— L..^9fA . . . . 0.0252525 

lj.gnb . . . . 0.9003440 



Which gives 6=52^ 39' 4', or its supplement 127'* 20' 56 ' ; 
but since the angle B is less than A, the side b must also be 
less than a ; hence the first value is the only proper one. 

Secondly. To find the side c we must put tai^ 9 = 

cos B tang a tang B sin 9 tang B foTAwn p 

R- «»('>-?) = tangh. =~ R^ 

L. <m (p 9.9999220 

L. «■« B . . 9.8204063 L. tang B— LR. 0.0S47193 
L.(a»y«—LR 1.9.9016731 L. a<<A . . •. 9.646S230 



mm 



L. tang (p . . 11.7220794 L. sin (0-9) . . 9.ef001649 

9=c=88'^ 54 48" c— 9=23'' 28' 9". 

Here we have again the choice of taking for c — 9 the vahie 
23^ 28' 9", or its supplement 156° 31' 5K; but by adopting 
the second value, we should have o700° ; therefore we must 
keep by the first, which gives c= 1 12^ 22' 57'^ 






